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h' 

jTnis volume consists of reprinted articles, on Electro- 

ifAtics and mathematically allied subject^, wbieli originally 
|>peftred at ditrerent times dining tin' last thirty years, in the 
%mbndtj( M<ithe}iuit\oil Jour/uil, the CamhrUhje and Dublin 
\f(iAeniafica! Ju'ir/ml, Liou\i)le\ Journal de MatJJnmtiques, 
ln'iijilitC'il Md'inziiie, Niclii'l's ('i/cIvjKrdtd, tlio Jiepmis of 
ntihk nitiou, the TnimotcilanH or Droceedings of the 
Si>(:u((t\i {f London and Edtnhvn the Royal Institution 
fo^ ‘cat Britain and the Bhdo^oplnral Sonciics (if Manchester 
ti Glasyoir. Tiie remaindiT, constituting alxeut a ijuailer of the 
is now ]>nnted for the first time fioiu manuscript, which, 
a Binall part about twenty > ears old, entitled “Electro* 
lias been writtoii for the jirescnt publication, to fill 
^JlOUglily gaps in the collect it»n. The original dates of the 
l^blished articles, the dates <»f all new matter appearing as 
)iia or notes in the course of those articles, and the dates 
bjsh articles have all been carefully indicatcHl, 
article on Atmospheric Electricity, extracted from 
^ Cychpcedia^ was originally written at the request of 
I friend and colleague the Ekliter; and for the permission 
pt it I am indebted to his son, my colleague, Professor 
^hol, and to the Messrs, Griffin, the publishers of Ihe 



VI 


VRKFAVE. 


The present volume includes m nearly as may Iw all tfmt I 
have hitherto written on (d(‘ctrosta(ics and magnet jMtn J 
excluded from it electrical pper^ in \\hnh (kIkt th^Tm,,. 
dynamics 01 the kinetics’ of tdcctiinn is pruning nf I ujtMjd 
that, as soon as possible, it shall he t>»lho\td a < dir< t. (j j-, , 
print of all my otlnu papem hula ifu publish* d 
I take this ejipoitunih el thanking Pn !• ’O's Chrk 
^udl and Tait foi much \aluabh .e^s^t-K, ^Oji* h fb^ 
given me in tlu' coiii''e ot this \\**ik 
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^ Uiir '* L{j I { K()oi,h 
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I.__ON THE UNIFORM MOTION OF HEAT IN HOMOGENEOUS 
SOLID BODIES, AND ITS CONNEXION WITH THE 
MATHEMATICAL THEORY OF ELECTRICITY* 

(Art. Ill of complete list m Mathematical and Fltysical Paper<<, Vol, i.) 

[Fiom Camhndge Mathematical Journal, Feb 1812 Rcpimted Philosophical 
Magazine (1851, liibt luilf-;)cai).] 

[Since the following article was written, f the writer finds 
that most of his ideas have been anticipated by M. Chasles 
in two Mdmoiies in the Journal de Malhe'niatiques ; the first, 
in vol. Ill , on the Determination of the Value of a certain 
Definite Integral, and the second, in vol v., on a new Method 
of Determining the Attraction of an Ellipsoid on a Point with- 
out it. In the latter of these Memoires, M Chasles refers to 
a paper, by himself, in the twenty-fifth Galder of the Journal 
de VEcole Poly technique, in which it is piobable there are still 
further anticipations, though the writer of the present article 

* [Note added June 1851] — This papci fiisfc appealed anonymously m the 
Camhndge Mathematical Joiunal in Fobuiaiy 1812 The text is reprinted 
without altciation oi addition. All the footnotes aio of the present date 
(March 1854) The gcneial conclusions established in it show that the laws 
of distribution of clectiic oi magnetic foice m any case whatever must be 
identical with the laws of distiibntion of the lines ot motion ot heat m certain 
perfectly defined ciicumstancos With developments and applications con- 
tained m a subsequent papei (ii below) on the Elcmcntaiy I^aws of Statical 
Electiicity {Camhndge and Dublin Mathematical Jounial, Nov 1845), they 
constitute a full theory of the characteiistics of lines of force, which have 
been so admirably investigated exiienmentally by Eaiaday, and complete the 
analogy with the theory of the conduction of heat, of which such terms as 
“conducting power for lines of force” {Kap. lies §§ 2797 — 2802) involve the 
idea. 

t [Note added June 1854,] — This preliminary notice was written some 
months later than the text which follows, and was communicated to the 
editor of the journal to be pielixed to the paper, which had been in his 
hands since the month of September 1841 The ideas m which the author 
had ascertained he had been anticipated by M Chasles, were those by which 
he was led to the determination of the attraction of an ellipsoid given in the 
latter part of the paper. He found soon afterwaids that he was anticipated 
by the same author in an enunciation of the geneial theorems regarding 
attraction , still later he found that both an enunciation and demonstration 
of the same general theorems had been given by Gauss, whose paper ap- 

1 
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Uniform Motion of Heat and ^ 

ha^ not had access to so late a volume of the latter journal. 
Since, however, most of his methods are very ditferent from 
those of M. Chasles, which are nearly entirely geometrical, the 
following article may be not uninteresting to some readers :— ] 

1. If an infinite homogeneous solid be submitted to the action 
of certain constant sources of heat, the stationary temperature 
at any point will vary according to its position ; and through 
every point there will be a surface, over the whole extent of 
which the temperature is constant, which is therefore called an 
isothermal surface In this paper the case will be considered 
in which these surfaces aie finite, and consequently closed 

2. It IS obvious that the temperature of any point without 
a given isothermal surface, depends merely on the form and 
temperature of the suiface, being independent of the actual 
sources of heat by whicli this temperature is produced, provided 
there are no sources without the surface. The temperature 
of an external point is consequently the same as if all the 
sources were distiibuted over this surface m such a manner 
as to produce the given constant temperature Hence we may 
consider the tempcratuic of any point without the isothermal 
surface, as the sum of the temperatures due to certain constant 
sources of heat, distributed over that surface 


pcareJ shortly after M Chasles’ enunciations, and after all, he found that 
these theoiems had been discovered and published in the most complete and 
general manner, with rich applications to the theories of electricity and 
magnetism, more than ten yeais previously, by Green 1 It was not until 
early in 1845 that the authoi, after having inquired foi it in vain for several 
years, m consequence of an obscure allusion to it in one of Murphy’s papers, 
was fortunate enough to meet with a copy of the remarkable paper (“An 
Essay on the Application of Mathematical Analysis to the Theones of 
Electricity and Magnetism,” by George Green, Nottmgham, 1828) in which 
this great advance in physical mathematics was first made. It is worth 
remarking, that, referring to Green as the originator of the term, Murphy 
gives a mistaken definition of “potential.” It appears highly probable that 
he may ne\ei have had access to Green’s essay at all, and that this is the 
explanation of the fact (of which any other explanation is scaicely conceiv- 
Treatise on Elcctncity (Murphy’s Electricity, Cambridge, 
18dd} ne makes no allusion whatevei to Gieen’s discoveries, and gives a 
theory in no lespect pushed beyond what had been done by Poisson. All 
the general theorems on attraction which Green and the other writers referred 
to, demonstrated by various purely mathematical processes, are seen as 
axiomatic truths m approaching the subject by the way laid down in the 
paper winch is now republished. The analog} uith the conduction of heat 
views are founded, has not, so fai as the author is ; 
been noticed by any other writer. 


aware, 
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I.] Mathematical Theory of Electricity. 


3. To find the temperature produced by ^ single source of 
heat, let r be the distance of any point from it, and let v be 
the temperature at that point. Then, since the temperature is 
the same for all points situated at the same distance from the 
source, it is readily shown that v is determined by the equation 

dr 

Dividing both members by r^, and integrating, we have 

A ^ 
v--~ -{-C. 
r 


Now let us suppose that the natural temperature of the solid, 
or the temperature at an infinite distance from the source, is 
zero : then we shall have C ~ 0, and consequently 


.( 1 ). 


4. Hence tliat part of the temperature of a point without an 
isothermal surface which is due to the souices of heat situated 


on any element, dcof of tlie suifiice, is 


wliere r, is the 


distance fiom the clement to that point, and p^ a quantity 
measuring the intensity of tlie sources of heat at difPeient 
parts of the surface. Hence, the supposition being still made 
that there are no sources of heat without the surface, if v be 
the temperature at the external point, we have 



the integrals being extended over the whole surface The 
quantity must be determined by the condition 

*» = «, ( 3 ). 

for any point in the surface, being a given constant tem- 
perature. 


5. Let us now consider what will be the temperature of a 
point within the surface, supposing all the sources of heat by 
which the surface is retained at the tempeiaturc i\ to be distri- 
buted over it. Since there are no sources in the interior of the 
surface, it follows that as much heat must flow out from the 
interior across the surface as flows into the interior, from the 
sources of heat at the surface. Hence the total flux of heat 
from the original surface to an adjacent isothermal surface in 
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the interior is nothing. Hence also the flux of heat from this 
latter surface to an adjacent isothermal surface m its interior 
must be nothing; and so on through the whole of the body 
within the original surface. Hence the temperature in the 
interior is constant, and equal to and therefore, for points at 
the surface, or within it, we have 

» 

Now, if we suppose the surface to be covered with an attrac- 
tive medium, whose density at different points is pioportional 

to 0 . , will be the attraction, in the direction of 

ddojj 

the axis of x, on a point whose rectangular co-ordinates are 
a’, y, z. Hence it follows that the attraction of this medium 
on a point within the surface is nothing, and consequently 
is piopoitional to the intensity of electridty in a state of equi- 
librium on the surface, the atti action of electricity in a state 
of equilibrium being nothing on an interior point. Since, at 

the sill face, the value of is constant, and since, on 

that account, its value within the surface is constant also, it 
follows, tliat if the attractive force on a point at the surface 
is pcrpendiculai to the surface, the attraction on a point within 
the surface is nothing Hence the sole condition of equi- 
librium of electricity, distributed over the surface of a body, 

IS, that it must be so distributed that the attraction on a point 
at the sill face, oppositely electrified, may be peipendicular to 
the suiface. 


6. Since, at any of the isothermal surfaces, v is constant, it 

follows that - , where n is the length of a curve which cuts 

dn ^ 


all the surfaces perpendicularly, measuied from a fixed point 
to the point attracted, is the total attraction on the latter point; 
and that this attraction is m a tangent to the curve n, or in 
a normal to the isothermal surface passing through the point. 
For the same reason also, if p^ represent a flux of heat, and not 


an electrical intensity, ~ 


dv 

dn 


will be the total flux of heat at the 


variable extremity of n, and the direction of this flux will be 
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along n, or perpendicular to the isothermal surface. Hence, if 
a surface m an infinite solid be retained at a constant tempera- 
ture, and if a conducting body, bounded by a similar surface, 
bo electrified, the flux of heat, at any point, in the first case, 
will bo proportional to the attraction on an electrical point, 
similarly situated, in the second; and the direction of the flux 
will correspond to that of the attraction. 

dv dv 

7 . Let — be the external value of — at the orisrinal 
dn^ dn ® 

suiface, or the attraction on a point without it, and indefinitely 

near it. Now this attraction is composed of two parts ; one the 

attraction of the adjacent element of the suiface; and the other 

the attraction of all the rest of the surface. Hence, calling the 

former of these a, and the latter we have 

dv, 7 
- — = a + J. 
dn^ 

Now, since the adjacent clement of the surface may be taken 
as infinitely largei, in its lineai dimensions, than the distance 
fiom it of the point atti acted, its attraction will be the same as 
that of an infinite plane, of the density p^. Hence a is inde- 
pendent of the distance of the point from the surface, and is 
equal to 27 rp^. Hence 

dv, ^ , 

Now, for a point within the surface, the attraction of the adja- 
cent element will be the same, but in a contrary direction, and 
the attraction of the rest of the surface will be the same, and 
in the same direction. Hence the attraction on a point within 
the surface, and indefinitely near it, is — 27 rp^ 4- b ; and conse- 
quently, since this is equal to nothing, we must have b = 27 rp^, 
and therefore dv. 


dn. 




.( 5 ). 


Hence p^ is equal to the total flux of heat, at any point of the 
surface, divided by 47r. 

8. It also follows that if the attraction of matter spread over 
the surface be nothing on an interior point, the attraction on 
an exterior point, indefinitely near the surface, is perpendicular 
to the surface, and equal to the density of the matter at the 
part of the surface adjacent to that point, multiplied by Itt. 
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9. If V be the temperature at any isothermal surface, and p the 
intensity of the sources at any point of this surface, which would 
be necessary to sustain the temperature v, we have, by (5), 


dv 

dn 


~ inrp, 


which equation liolds, whatever bo the manner in which the 
actual sources of heat are arranged, whether over an isothermal 
surface or not; and tlie tempeiaturc pioduced in an external 


point by the foimor sources, is the same as that produced by 
the latter Also, tlie total flux of heat across the isothermal 
surface, whose tempcratuio is v, is equal to the total flux of 
heat from the actual souices. From this, and from what has 
been proved above, it follows that if a surface be described 
round a conducting or iKUi-conductmg clcctriflcd body, so that 
the attiaction on jiomts situated on this surface may be every- 
where pel pend iculai to it, and if the electricity be removed 
from the onginal body, and distributed in equilibrium over 
this suiface, its intensity at any point will be equal to the 
attiaction ot the ongmal body on that point, divided by 47r, 
and its attiaction on any point without it will be ccpial to the 
attraction of the original body on tlie same point. ^ 

If we call E the total expenditure of heat, or the whole flux 
across any isothcimal surface, we have, obviously, 




10. Now this quantity should be equal to the sum of the 
expenditures of heat fiom all the sources. To verify this, we 
must, in the fiist place, find the expenditure of a single source. 
Now the temperatuie produced by a single source is, by (1), 

hence the expenditure is obviously equal to 


[Aoa' added June 1851 —After having established this remarkable 
theoiem in tlie manner &hoT\n in the text, the author attempted to prove it 
b> diieet mtcgiatiou, but onpy succeeded in doing so upwards of a year later, 
when he obtained the demonbtratioii published m a paper, “Propositions in 
the Ilicoiy of Attiaction” {Cainb Math Jour Nov. 1812), which appeared 
almost contemporaneously with a paper by M. Sturm in Liouville’s Journal, 
con taming the same demonstration ; exactly the same demonstration, as the 
author^ altei wards (in 1845) found, had been given fourteen years earlier by 
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ij 


X 47rr^, or to ^ttA. If ^ = pflcof this becomes 

Hence the total expenditure is jj^irp^dcdf or — 

agrees with the expression found above. 

The following is an example of the application of these 
principles : — 

Uniform Motion of Heat in an Ellipsoid, 

11. The principles established above afford an easy method 
of determining the isothermal surfaces, and the corresponding 
temperatures, in the case in which the original isothermal sur- 
face is an ellipsoid. 

The first step is to find which is proportional to the 
quantity of matter at any point in the surface of an ellipsoid, 
when the matter is so distributed that the attraction on a point 
within the ellipsoid is nothing. Now the attraction of a shell, 
bounded by two concentric similar ellipsoids, on a point within 
it, IS nothing. If the shell be infinitely thin, its attraction will 
be the same as that of matter distributed over the surface of 
one of the ellipsoids in such a manner that the quantity on a 
given infinitely small area at any point is proportional to the 
thickness of the shell at the same point Let c^ be the 
semi-axes of one of the ellipsoids, a^-\-ha^, c^ f Bc^ those 

of the other. Let also p^ be the perpendicular from the centre 
to the tangent plane at any point on the first ellipsoid, and 
Pi P ^Pi perpendicular from the centre to the tangent plane 
at a point similarly situated on the second. Then Bp^ is the 
thickness of the shell, since, the two ellipsoids being similar, 
the tangent planes at the points similarly situated on their 
surfaces are parallel. Also, on account of their similarity, 

— = ^ and consequently the thickness of the shell 

c^ p, 

IS proportional to p^. Hence we have, by (5), 



where is a constant, to be determined by the condition 
at the surface of the ellipsoid. 

12. To find the equation of the isothermal surface at which 
the temperature is + dv^^ let - dv^ = 0, in (a). Then we have 
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^ where 6 ^ is an infinitely small cod- 

stant quantity ; and the required equation will be the equation 
of the surface traced by the extremity of the line dn^, drawn 
externally perpendicular to the ellipsoid. Let x\ y, z' be the 
co-ordinates of any point in that suiface, and x, y, z those of 
the corresponding point in the ellipsoid. Then, calling 7 ^ 

the angles which a normal to the ellipsoid at the point whose 
co-ordinates aie x, y, z makes with these co-ordinates, and 
supposing the axes of x, y, z to coincide with the axes of the 
ellipsoid, 2^^, 2Ci, respectively, we have 


X —x = diL cos a. — 






X , X 


or X - a: = — since 0^ is infinitely small, and therefore also 

cq 

xd — x\ whence 




In a similar manner wo should find 




JL 

l + r 


• , and z = ’ 


1 + 


o: 


But 


1 + ^^2 d- ~2 ~ L ^^-nd hence we have 


a; o; c/ 


-=i, 


72 +“ 


4-_J/ 

4 - 7 , •! 


for the equation to the isotheimal surface whose tempeiature 
is^j+T/r^, and which is theiefore an ellipsoid described from 
the same foci as the original isothermal ellipsoid. In exactly 
the same manner it might be shown that the isothermal surface 
whose temperature is dvfi^ an ellipsoid having the 

same foci as the ellipsoid whose tempeiature is + dv^, and 

” ^ TO,, f]n‘c! 
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process it may be proved that all the isothermal surfaces are 
ellipsoids, having the same foci as the original one. 

13. From the form of the equation found above for the iso- 
thermal ellipsoid whose temperature is follows that 6^ 

QX p^dn^ IS = afia^, where da^ is the increment of a^, correspond- 
ing to the increment dn^ of \ Hence, if a be one of the 
semi-axes of an ellipsoid, a + da the corresponding semi-axis 
of another ellipsoid having the same foci, dn the thickness at 
any point of the shell bounded by the two ellipsoids, and p 
the perpendicular fiom the centre to the plane touching either 
ellipsoid at the same point, we have 
dn a, 


14. All that remains to be done is to find the temperature at 
the surface of any given ellipsoid, having the same foci as the 
oiiginal ellipsoid. Foi this piiipose, let us first find the value 

of — ^|-^^at any point in the siiiface of the isothermal ellipsoid 

whose semi-axes are a, b, c. How we have, from (a), 

dv . , 

-,fe = 47r% 

where k is constant for any point in the surface of the isothermal 
ellipsoid under consideration, and determined by the condition 
that the whole flux of heat acioss this surface must be equal 
to the whole fiiix aeross the surface of the original ellipsoid. 
Now the fiist of these quantities is equal to Mcjjpdod^ (d(o^ 

being an element of the surface), or to 47r fJBpdo)^, since 

^ = ~. But ffSpdeo^ is equal to 'the volume of a shell 

bounded by two similar ellipsoids, whose semi-axes are a, 5, c, 
and a Sa, h c + 8c, and is therefore readily shown to be 

equal to 47r ^ ahe Hence 47r fJ^pdco\ or Mcfjpdco^ is 

equal to ^\dcahc In a similar manner we have, for the flux 
<'f heat across the original isothermal surface, and 

th erefore ^Vkahe = , 

k=h;-ip 

^ abc 


which gives 
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Hence we have 
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dv 

dn 


abc 


■ Me, ' W ~ ~p • 


•(«)• 


15. The value of v may be found by integrating this equation. 
To effect this, since a, h, c are the semi-axes of an ellipsoid 
passing through the variable extremity of n, and having the 
same foci as the original ellipsoid, whose axes are we 

have ct^ — — c/ ; 

which gives U = a^ -f^ 1 

e = (d), 

where f = a^ - hf f = a/' - c/ J 

Hence (c) becomes 

y'>-A^h . 

Now, by (?)), (In = , and hence 

afpfla 


v(«^-/w-/ 7 r 

da 


dv = - 47r/b 

Integrating this, we have 

® ^ («)• 

1 6, The two constants, l\ and (7, must be determined by the 
conditions v = v^ when a = f/^, and v — 0 when a = oo, the 
latter of which must be fulfilled, in order that the expression 

found for v may be equal to jj ^ 

17. To reduce the expression for v to an elliptic function, let 
us assume 


(n 


a = f cosec (j) 
aj=/cosec0j, 

which we may do with propriety if f be the greater of the two 
quantities f and since a is always greater than either of 
them, as we sec from (d) On this assumption, equation {e) 
becomes 

f Jo ^ 


0 V(I — c'^sin^^) 


+ (7=^ZfeA£ii^^^+(7 




where 
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18. Determining from this the values of 0 and by the 
conditions mentioned above, we find 0=0, and 

Jh 




hence the expression for v becomes 

Ec'Cf) 

^ = 


.(A); 


.{k). 


19. The results which have been obtained may be stated as 
follows : — 

If, in an infinite solid, the surface of an ellipsoid be retained 
at a constant temperature, the temperature of any point in the 
solid will be the same as that of any other point in the surface 
of an ellipsoid described from the same foci, and passing through 
that point ; and the flux of heat at any point m the surface of 
this ellipsoid will be proportional to the perpendicular from the 
centre to a plane touching it at the point, and inversely pro- 
poitional to the volume of the ellipsoid. 

20 This case of tlie uniform motion of heat was first solved 
by Lamd, in his Memoire on Isothermal Surfaces, in Liouville’s 
Journal de Mathematiques, vol li p 147, by showing that a 
series of isotheimal sui faces of the second order will satisfy the 
equation d‘v dh dh_ 

~ i' 7772 ~ 


dh 

dtf 


dz^ 


provided they are all described from the same foci The value 
which he finds for v agrees with (c), and he finds, for the flux 
of heat at any point, the expression 
KA 

or, according to the notation which we have employed, 

where v is the greater real semi-axis of the hyperboloid of 
one sheet, and p the real semi-axis of the hyperboloid of two 
sheets, described from the same foci as the original ellipsoid, 
and passing through the point considered Hence d\ v\ p^ are 
the three roots of the equation 
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or 


Heoce aV/)^ = 


and aV + a^p^ + v^p' = ff + {f + f) + OY +/'^' 
Therefoie, ^ 2 2 

(a' - /) (a’ - p^) = a" - aV - aV - v'‘p‘ + 


= a‘ - f/y + (/^ + /) + oY +/ vj + 2/y J 

= - c“) - (2a‘' -¥- c‘)x^ - {a? - c')/ 

= - (a^ - - c") - Y + / 

-(a»-6V+26V(l-^-j’ 

= _ (a* _ 6“) (a« - c'') - (i» + c>’‘ - («“+ c^) f- (a^ + + 2iV 

= + aV + iV - {(J^ + c>-^ + (a’’ + «“)// + (a^ + i>“}; 

which is readily shown, by substituting for + aV + Uc^ 

its equal {a^U + aV + JV) , to be equal to ^2 • 

Hence the expression for - ^ , given above, becomes 


4 „;n «M„ 

dn ‘ ubc ^ ’ 


which agrees with (c). 


Attraction of a Homogeneous Ellipsoid on a Point ivithin or 
without it 

21. Tf, in (c), we put \ ~ — ^ , the value of - at any point 
a^ an 

will be the attraction on that point of a shell bounded by two 
similar concentric ellipsoids, whose semi-axes are 

and a, -t da., (a. -f da.) V(1 - e^), (a. -f da.) V(1 - O, 
whore -¥ = a^ -h^ ^ \ 

and tt‘'-c* = <-c,’‘ = a,Vq 

„„,f„ ATr,!,, fliiQ Qiirflction is in 
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a normal drawn through the point attracted to the surface of 
the ellipsoid, whose semi-axes are a, b, c. If we call ot, P, 7 
the angles which this normal makes with the co-ordinates 
X, yy z of the point attracted, we have 

X 


s 


y z' 
4- - -I — 
+ ^4 + 


fx 


and similarly, 


cos/3=-^f , 


COS 7 


IJZ 


.( 2 ). 


Hence, calling dAy dBy dG the components of the attraction 
parallel to the axes of co-oidinates, we have, from (c), 

dA = 4^7rx-ff-}fda. 
a'bc^ ^ 

dC = 

22 The integrals of these expressions, between the limits 
rtj = 0 and = a/, are the components of the attraction of an 
ellipsoid whose semi-axes aie «/, bf cf or af — 

a^^/(l—e'^), on the point (a‘, y, z). Now, by ( 1 ), we may 
expiess each of the (piantities b, c, 6 j, in teims of a and 
and the equation 


4* S 1 “h ‘ 2 — N 01 4 — 2 

a" 0 '^ c a a 


-ea. 




enables us to expiess either of the quantities «, rq m terms of 
the other The simplest way, however, to integrate equations 
( 2 ), will be to express each in teims of a third quantity, 


a, 

u — ~. 
a 


■w. 


Eliminating a from (3), by means of this quantity, we have 

f 




Hence a^da^ = ux^ 4- 


u 
u\f 




du 


"" (I I ?) " a^p'if^du. 

Also, from (4). we have a = ^; from which we find, by (1), 
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Hence a^y = fgV, 

and a V + + vY --fY + (f + O") + QY +/“«'• 

Therefoie, ^ ^ ^ 

[a^ - /) {a? - p'‘) = a‘- aV - - vY + — ^5^ 

= c/ - {fv + if + f) + ffY +/V1 + 2/y J 

= _ (a‘ - b%d - c‘) - -U- e)d - Y - oYf 

- («“ - U) / + 2 (a* - U) (a“ - (?) ^2 

= _ [a^ _ 6^) (a* - c') - (i^ + c') of - {a^ - (f) f 

= a‘ - (a^ - V) («“ - c“) - {V + c^)x‘ - {aY c^} f- (d + h‘‘)z‘ + 2iV 

= + aV + iV - {(i* + c>= + (a* + c^)if + {a^ + i*)/}; 

which IS readily shown, by substituting for d^Jf + aV + 

/^i2 ^.2 ^2\ cL^h^d 

its equal + dd + dd) ^ equal to . 

Hence the expression for ~ ~ , given above, becomes 


which agrees with (c). 


civ , , a,h,c, 


Attraction of a Ilornogeneoiis Ellipsoid on a Point within or 
without it. 

21. If, in (c), we put ~ , the value of — at any point 

will be the attraction on that point of a shell bounded by two 
similar concentric ellipsoids, whose semi-axes are 

^1, va-e'), «y(i-A 

and a, + da^, (a^ -f da;) d), (a^ -f- da;) V(1 - e% 
where 

and d^d = a,^^c; = a,V^l 

the density of the shell being unity. Now this attraction is m 
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a normal drawn through the point attracted to the surface of 
the ellipsoid, whose semi-axes are a, h, c If we call a, /5, 7 
the angles which this normal makes with the co-ordinates 
X, y, z of the point attracted, we have 

X 


s 


y z 

‘ ? 


_ px 


.PI/ 


pz 

cos7=^,-. 


and similarly, cos /3 

Hence, calling cM, dBy dC the components of the attraction 
parallel to the axes of co-ordinates, we have, from (c), 

dA - 4 iTrx—ff-p^da. 
abc^ ^ 




.( 2 ). 


dC = ^TTZ 


6,c, 

ahc' 




22 The integrals of these expressions, between the limits 
aj = 0 and = aie the components of the attraction of an 
ellipsoid whose semi-axes are u/, 6/, c/, or a/, a/ v'(l - e^), 
point (x, y, z). Now, by (1), we may 
express each of the cjuan titles b, c, b^, c^, m terms of a and a^, 
and the equation 

" " 2 


y z 

“2 + p + "2 

a b c 


-i ^ y 

: 1 , 01 -f- — 2- - 2 2 + 2 ■ 

a a —e a/ a 


enables us to express either of the quantities a, a^ in terms of 
the other The simplest way, however, to integrate equations 
(2), will be to express each in terms of a third quantity, 


•w. 


Eliminating a from (8), by means of this quantity, we have 

f . ^ 




Hence a da. = ux^ + 


w — e 

«-y 


2 + . 


{u‘^-ey 


du 


' 4 ^ afu^du = afp~^u~du. 

Also, fiom (4), we have a-~; from which we find, by (1), 


+ P + 
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6 = ?■ V(1 - e^u\ c = V(1 - eV). By (1) also, = e"), 

u n 

Making these substitutions in (2), and inte- 
grating, we have, calling a the value of a, when a^ = a^, 


A = 4t7rx V(1 “ 




u^du 

0 V(1-6V)a/(1“6V) 
u\lu 

0 (l-eV)^ j 


C ')dd u 

G = 4to ^(1 - « V(1 - el 

23. If the point attracted be within the ellipsoid, the attraction 
of all the similar concentric shells without the point will be 
nothing; and hence the supeiioi limit ot u will be the value of 


at the surface of an ellipsoid, similar to the given one, and 
a 

passing through the point attracted 
Now, in this case, = a, since a is one of the semi-axes of 
an ellipsoid passing thiough the point attracted, and having 
the same foci as anothei ellipsoid (passing through the same 
point) whose coi responding semi-axis is a^. Hence, for an 


interior point, we have 

H = 47rirV(l-e^) T 

' 0 

i?=:47r.y V(l-cV(l-0 r 
' 0 

C = 47r,^ V(1 “ e^) - o [ 

I rt 


f‘ tMi -] 

ev(i-«v)V(i 

^ a-eV)^(] -eV)^ ‘ 

ti^da 

0 (l-eV)^(l-eV)^. 


24. These are the known expressions for the attraction of an 
ellipsoid on a point within it Equations (5) agree with the 
expressions given in the Supplement to Liv v of Pontdcoulant’s 
TMorie Analytique du Systems du Monde, where they are found 
by direct integration, by a method discovered by 'Poisson. 
They may also be readily deduced from equations (6) by Ivory’s 
Theorem Or, on the othei hand, by a comparison of them, 
after reducing the limits of the integrals to 0 and 1, by substi- 

tuting -^v for w, with equation (6), Ivory’s Theorem may be 



IL-ON THE MATHEMATICAL THEORY OF ELECTRICITY IN 
EQUILIBRIUM. 


(Art. xvin. of complete list in Mathematical and Physical Papers, Yol. i.) 

I -ON THE ELEMENTARY LAWS OP STATICAL ELECTRICITY,* 

[From Cambridge and Diihlin Mathematical Journal, Nov. 1845. Reprinted 
Philosophical Maqazine, 1854, second half-year, with additional Notes 
of date March 1854 ] 

25 The elomentarj laws which regulate the distribution of 
electricity on conducting bodies have been determined by 
means of direct expeiiments, by Coulomb, and in the form 
he has given them, which is independent of any hypothesis, f 
th('y have long been considered as rigorously established. The 
problem of the distribution of electricity in equilibrium on a 
conductor of any form was thus brought within the province 
of mathematical analysis , but the solution, even in the simplest 
cases, presented so much difficulty that Coulomb, after having 
investigated it experimentally for bodies of various forms, could 
only compare his measurements with the results of his theory 
by very rude processes of approximation. Without, however, 
giving rigorous solutions in particular cases, he examined the 
general problem with great care, and left nothing indefinite in 
the conditions to be satisfied, so that it was entirely by ana- 
lytical difficulties that he was stopped. As an example of the 


* This paper is a translation (with considerable additions) of one which 
appeared in Liouville’s Journal de MatMmatiques, 1845, p 209. 

t Coulomb has expiessed his theory m such a manner that it can only be 
attacked in the way of pioving his experimental results to be maccurate. 
This IS shown in the following lemaikable passage in his sixth memoir, 
which follows a short discussion of some of the physical ideas then com- 
monly held with reference to electricity “Jc previem pour mettie la theone 
qui va suivre a Vabn de toute dispute systematique, que dans la supposition des 
deux Jiuides elcttnques, je rdai d'autre intention que de pikenter avec le moms 
d'elemeiis possible, les resultats de calcul et de Vexpenence, et non dhndiquer 
les vMitables causes de Vilectricite Je renverrai, a la Jin de mon travail sur 
I'^lectnciU, Vexamep des pnncipaux systemes auxquels les phenomenes Slectnques 
ont donne naissanccP—RisioirQ de I’Acad^mie, 1788, p. 673. 
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success of his theoretical investigations, we may refer to the 
well-known demonstration of the theorem ^usually attributed 
to Laplace) relative to the repulsion exercised by a charged 
conductor on a point near its surface.'^ 

The memoirs of Poisson, on the mathematical theory, con- 
tain the analytical determination of the distribution of elec- 
tricity on two conducting spheres placed near one another, 
the solution being worked out in numbers in the case of two 
equal spheres m contact, which had been investigated experi- 
mentally by Coulomb (as well as in another case, not examined 
by Coulomb, which is ^iven as a specimen of the numerical 
results that may be deduced from the foimuhc) The calcu- 
lated latios of the intensities at diffeient points of the surface 
he is therefore enaliled to compare with Coulomb's measure- 
ments, and he finds an agreement which is quite as close as 
could be expected, when we consider the excessively difficult 
and precarious nature of (juantitative expeiimeiits in electricity, 
but the most remaikable confirmation of the theory from these 
researches is the entire agiecment of the piincipal featuics, 


* This theorem may bo stated as tollows — Let A bo a closed smface of 
any foim, and b>t mattei, attiactinj' iiueiscdv as the s<iuaie of the distance, be 
so distributed o\ei it lliat tire resultant attiaction on an inteiioi point is 
notliiriK the lesnltant attiaction on an evteiioi jroint, indefinitely neai any 
pait of the suitace, will he jicipendiciilar to the Mirface and e(i[ual to irp, 
if po) 1)0 th(' quantity ot mattei on an element w of the suitacc in tire neij^h- 
bouibood of the point Coiilomli’s d( moii^tialion of tins theoiem may be 
found in a piecedmg pa})e] in the Mafhentatx al J<mntt(I, Vol in }) 7f (al)o\o, 

I 7) He f,nve.s it himsdlt, in his sivtli mi'inoii on Eiectiicity {[{istoiie dc 
V '\cademic, 1788, p (177), m connexion with an investigation of the tlieoiy 
of the proof plane in whudi, by an eiroi that is icadilv rcctilied, he aiiivcs at 
the result that a small insulated conducting disc, put m contact with an elec- 
trified conductor at any ixnnt, and then leniovod, carries with it as much elec- 
tricity as lies on an element of tlio conductor at that point equal in aiea to the 
two faces of the disc, the quantity actually iemo\cd being only half of this 
This lesuli, howe\ei, does not at all atlect the experimental use which he 
makes of the pioof plane, which is merely to find the ratios of the intensities 
at different points of a chaiged conductoi. As the complete theory of this 
valuable instrument has not, so far as I am awaie, been gi\en in any English 
work, I annex the iollowing remarkably clear account of it, which is ex- 
tracted fiom Poiiillet’s Tiaite de Fhijsique — “ Quand Ic plan d’epreiive est 
tangent ft une surface, il sc confoiid avec i element qu'il touche, il prend en 
quelque soite sa place iclativemcnt Telectiicitd, ou plutot il devient lui- 
m6me TfiMment sur lequol la liiiide se lepand, ainsi, quand on retire ce 
plan, on fart la memo chose (j[ue si Ton avait decoiip<^ eui la surface un 
^16mcnt de meme 6paisseur et de menie etendue que lui, et qu’on Teht enlevd 
pour le porter dans la balance sans qu’il perdit nen dOf I’dlectricit^ qui le 
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even in some very singular phenomena, of the experimental 
lesults with the tlieoretical deductions. For a complete ac- 
count of the experiments we must refer to Coulomb’s fifth 
memoir (Histoire de r Academic, 1787), and for the mathe- 
matical investigations to the first and second memoirs of 
Poisson (MSmoires de V Institut, 1811), or to the treatise on 
Electricity in the Encyclopcedia Metropolitana, where the sub- 
stance of Poisson’s fiist memoir is given. 

The mathematical theory received by far the most complete 
(levelo])ment which it has hitherto obtained, in Green’s Essay 
or the Application of Mathematical Analysis to the Theories 
of Electricity and Maynetismf in which a seiies of general 
theoiems weie demonstiated, and many interesting applications 
made to actuai problems f 

Of late yeais some distinguished experimentalists have begun 
to doubt the tiiith of the laws established by Coulomb, and 
have made extensive u'seaiches with a view to discover the 
laws of certain phenomena which they considered incompatible 
■with his theoiy The most lemarkable woiks of this kind 


couvic, niio foi'? separo tie la suifacc, cot et'^ment n’aiirait plus dans ses dif- 
f( lonts points fju’imo tpais^out (.'lectriquo moititS momtlie, puisque la fluidc 
(loMait so ]('])anfhe pour on (ou\iu los deux faces Ce piincipc posc^, Tex- 
])t'iionce n’oxigo plus que do rhalutudo et do la dcxtAitt^ aprbs avon touebd 
un point do la siuf.ice a\tc Ic plan dopicuve, on I’appoito dans la balance, 
ou il paitap!(* son dlectnctt* avoc le disquc de I’aiRUillc qui lui e^t t^f^ale, et 
ron ob.s('i\e la foico do toroon a line distance connne On lopote la meme 
(‘xpttiotico cn toiicliant nn antic point, et lo rappoit des foicos de toision cst 
lo i,i]q)ort dt'S upiilsions cdeciiiqucs, on en piend la lacino caiiee pour a\oir 
b’ rapjioit dcs i^paisbenis. Ainsi le gdnie do Coulomb a donno en mOmo temps 
aux matlubnaticicns la loi fondaraentalc suivant laquelle la matioio cdectriquo 
sattiic et se lepou^se; et aux physicicns unc balance nouvolle, et dos piincipes 
d’expt%ence an moyen desqucls ils peuvent en quelque soite sondci repaissour 
do rcdectncitd siu tons les coips, et determiner les piessions qu’ello exeice sur 
Ics obstacles qui rarietont.” 

To this explanation it should be added that, when the pi oof plane is still 
very near the body to which it has been applied, the eliect of mutual influence 
IS such as to make the intonsity be insensible at every point of the diso on 
the side next the conductor, and at each point of the conductoi which is under 
the disc. It IS only when the disc is removed to a considerable distance that 
the electiicity sjneads itself symmetncally on its two faces, and that the 
mtensity at the point of the conductoi to which it was applied, recovers its 
oiiginal value It was the omission of this consideiation that caused Coulomb 
to fall into the en or alluded to above 
* Nottingham, 1828. 

f This memoir of Green’s has been unfortunately very little known, either 
in this country or on the Continent. Some of the principal theorems in it 

m T. 2 
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have been undertaken independently by Mr Snow Harris and 
Mr Faraday, and in their memoirs, published in the Philo- 
sophical Transactions, we find detailed accounts of their re- 
searches. All the experiments, liowever, wliich they have 
made, having direct leference to the distribution of electricity 
in equilibrium, are, I think, in full accordance with the laws 
of Coulomb, and must therefore, instead of objections to his 
theory, be considered as confirming it As, however, many 
have believed Coulomb’s theory to be overturned by these 
investigations, and as otliers have at least been led to cnteitam 
doubts as to its certainty oi accuiacy, the following attempt 
to explain the appaient difficulties is made the subject of the 
first of a senes of papeis in which vaiious paits of the mathe- 
matical theory of electiicity, and coriesponding problems in 
the theories of magnetism and heat, will be consider cd 

26, We may commence by examining some experimental 
results published in Mr Haiiis’s fiist memoir On the Elemen- 
tary Laws oj’ Electricity* Aftei desciibing the instiumcnts 
employed m his lesearclu's, Mi Hams gives the details ot 
some expeiiments witli lefeience to the \it traction exeicised 
by an insulated electiified body on an uninsulated condiictoi 
placed in its neighbourhood The fiist result which he an- 


J^c-cliscoverod within tlio last few jeais, and publislied iii the following 

Comptes llemlHs lor Feb. lltli, 1831), whfie pait of the senes of thcoicms is 
announced without demonstiation, by Chasles ^icoicms is 

r. I f min n' dc, muynedschen Veieu,, wi dahe 1830 

(Iranslations of this paper ha\e been published in Tayloi’s 

for July and AugusU8f2f ^ Nurabois of Liouvillc’s JoiunaJ 

“On the Umfom 

P. 190), was token Vom R Jmmal,yo\ m 

Physical Apphcatious ” m the c ®> “ On dehmto Integrals with 

definition of that te™: as used by where a mistaken 

Philosophical Transactions, 1834. 
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1 ounces is that, when other circumstances remain the same, 
he attraction vanes as the sqiiaic of the quantity of electricity 
vith which the insulated body is cliarged It is readily seen, 
IS was first remarked by Dr Whewell in Ins Eeport on the 
Theories of Electricity, etc that this is a rigorous deduction 
fi om the mathematical theory, following from the fact that the 
quantity of electricity induced upon the uninsulated body is 
[)roportional to the chaigc on the electiified body by which it 
IS attracted. 

27. The remaining results have reference to the force of 
attiaction at different distances, and with bodies of different 
forms opposed. As these are geneially very inogular (such as 
“ j)lanc ciicular aieas bricked by small cones”), we should not, 
accoidiijg to Couiomiys theory, expect any vciy simple laws, 
such as Mr Ilarns discoveis, to be iigoiously tiue Accoid- 
ingly, though they aie announced by him without lestnction, 
we must examine vhetliei the ex[)eiiments from which they 
have been deduced aie of a sufficiently compieliensive character 
(o lead to any geneial conclusions with lespect to electrical 
action Now, in the hist place, we hnd that in all of them the 
attraction is “ independent of the form of the unopposed parts” 
of the bodies, wliudi will be the case only when the intensity 
of the induced clectiicity on the unopposed paits of the un- 
insulated body is insensible Accoiding to the matlicmatical 
theory, and according to Mr Faiad.iy’s icseaiches “on induction 
ni cuned lines,” which will be refeiied to below, the intensity 
novel absolutely vanishes at any point ot the uninsulated 
body, but it is readily seen that in the case of Mr Hairis's 
expeiimcnts, it will be so slight on the unopposed portions 
that it could not be perceived witlioiit expeiiments of a very 
refined nature, such as might be made by the pioof plane of 
Coulomb, which is m fact, with a slight modification, the 
instiument employed by Mr Faiaday in the investigation. 
Now to the degree of approximation to which the intensity on 
the unopposed parts may be neglected, the laws observed by 
Mr Harris when the opposed surfaces are plane may be readily 
deduced from the mathematical theory Thus let v be the 


]i) itifik lafion 


2—2 
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potential in the interior of the charged body, A , a qiiantit; 
which will depend solely on the KStatc of the interior coatmi 
of the battery with winch in Mr Harris’s expeiiraents A r 
connected, and will theiefore be sensibly constant for ditferen 
positions of A lelative to the uninsulated opposed body, h 
Lot a be the distance between the plane opposed faces of A aiu 
B, and let S be the area of tlie o])posed paits of these bices 
which will 111 general be the* aiea of the smaller, tlu'y lx 
uno([ual When the distance a is so small that wo may cii 
tiiely neglect the intensity on all the unopposed parts of tlx 
bodies, it is readily shown from the mathematical theory tha 
(since the differcaice of the ])otentials at the surfaces of A aix 
B IS v) the intensity of the elcctiicity produced by indindion a 
any point of the iioition of the surface of B which is oppose^ 

V 

to A, is 7 --- . Hence the attraction on any small element a 
4!7ra 

of the portion S of the surface of B, will be in a diiectioi 
pcrpcndiculai to the plane and eijual to 27r ^ Ttenc 
the whole attraction on B is 

/.V 

This foinuila expresses all the laws stated by Mr Ham 
as results of his cxpeiimcnts in the case when the oppose 
sui faces aie plane. 

28. When the opposed siufaces arc ciiived, for instance who 
A and B are cipial spheres, we can make no approximatio 
analogous to that which has led us to so simple an expicssio 
in the case of opposed planes; and wc find accordingly thi 
no such simple law for the attraction in this case has bee 
announced by ]\Ir Harris. He has, however, found that it 
expressed with toleiable accuracy by the formula 
h 

c(c — 2a) ' 

where c is the distance between the centres of the sphere 
a the radius of each, k a constant, which will depend on a an 
on the charge of the battery with which A is in communici 

* 8ee vn below. 
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,ion. Though, however, this formula may give results which 
,]o not differ very much from observation within a limited 

aiige of distances, it cannot, according to any theory, be con- 
,Ldeicd as expiessiiig the physical law of the phenomenon 
|!br, according to it, when the balls arc very distant, F ulti- 
mately vanes as . Now it is clear that the law of force 

must ultimately become the inverse cube of the distance, since 
ilic (juantity of electricity induced upon B will be ultimatefy 
111 tlio inverse latio of tlic distance, and the attraction between 
lIio balls as the product of the quantities of electricity directly, 
ind as the sipiare of the distance mvciscly, and hence the 
foi Hilda given by ]\ri Pfariis cannot expiess the law of force 
when the balls are veiy distant. In the expeiiments by which 
his formula is tested, the foice of attraction is measuied by 
me.ius ot an oidinaiy balance and weights the only com- 
paiibon ot lesults which he publishes is tiansciibed in the 
following table : — 


Ih'jt of Centres 

Moabiiied I’oico 

m (iKuiis 

Values of 

c(,o- 

6', ==2.5 

15 

15 

00 = 2 5 

8 25 f 

8 28 

r;=28 

4 0 + 

102 

C4 = 3 0 

3 - 5 - 

3 15 


Fiom this table we see that the formula is veiified in thice 
cases to the extent of accuracy of the experiments. Comparisons 
I extended to a much wider range of distances Avoiild be requiied 
to establish it, and it would be necessary to take piccautions 
to piexent the expeiimental results from being influenced by 
distiubing causes. In the experiments made by Mr Harris, 
,we find that no precautions have been taken to avoid the dis- 
turbing influence of extraneous conductors, which, accoiding 
to the descriptions and drawings he gives of his instruments, 
seem to exist very abundantly in the neighbourhood of the 
bodies operated upon, being partly metal in connexion with 
the insulated .system with which the body A communicates, 
^^lid partly uninsulated metal, m the fixed paits of the electio- 
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meter, and in the movable paits by which B is supported. 
The general effect ])roduced by the pieseiice of such bodies 
in disturbing the observed law of force, must be to make it 
diminish less lapidly with the distance when ^1 and B arc 
separated by a considerable inteival and it is probably owing, 
at least in jiait, to su(*h dihtiiibing causes that Mr Hairis’s 
results noaily .)gUM>, as f.ir as thev go, with a formula which 
would ultimately gi\e hu the law of foice the inverse squaie of 
the distance between A and B, instead of the inverse cube 

30. The (hdeimination by the mathematical theoiy of the 
attiaction or repulsion between two electiified conducting 
spheies has not hitheito, so lai as I am aware, been attempted, 
and w'ouid piesent coiisideiable dilhciilty by means of the 
formuke oidiiiaiily given for such pioblems. It may, however, 
very leadiJy be elfected by means of a general theoiem on the 
attiaction between electrilied conduetois, which will be given 
ill a subscMpient papei.^ Thus, it l\c) b(' the force of <ittiaction, 
coiies})ondmg to the distance c between the centies, in the 
paiticuLu case when the two splieies aie ecpial (the ladius of 
each being unity), and the potential in the iiiteiioi of one of 
them IS nothing (as will be the cmsx' when the body is un- 
insulated), the potentnd in the inteiioi of the othci being v, 

1 liave found the tollowing toimuLe, which expicss F{c) by a 


conveiging senes • — 

(A), 

whcie =c^~l 1 

(I =(c”-2)C-l (B), 

CW.= (e-2)C,.„-cJ 

=1 I 

=2c^-3 (C). 




* added Match ISSt — The eimncidtioii of tlu “geiieial tlieoreiu ’ 

hiidc'd to, the mvostigatiuii tounded on it, !)> i\hich the author first ainved 
-1 ttio concliesion made use of heie, and anothm demonstration of the same 
oiielusiou, fouud('d on the method of electiieal ima^^es, and strictly sjnthe- 
ic'd m its cliaiaetei. are piilili^hed, with comnieheusive numerical results, 

Ti tlin Pl,)/nwY)ii/)i ■.,/ 1/ r \ 1 io- ) 1 
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31. These formula) enable us to calculate Q^, Q^, 

otc, and then P^, Pg, P^, etc, successively, by a simple 
and unifoim arithmetical process, for any paiticiilar value of c, 


I have thus calculated the values of 


F(c) 


in five cases, the 


hist four of which are those examined by Mr Harris, and have 
obtained the following results, each of which is tiue to five 
places of decimals : — 


< 


2 3 

0 32026 

2 5 

0 17423 

28 

0 00168 

30 

0 06502 

to 

0 02075 


32 To compaie these with Mi Harris’s^ measurements, we 
may calculate the value of the potential in his battery, duiing 
tlio o])serv.itioiis, by means of his lirst lesult, and thence find 
the attiaction for the other thiee cases by means of the calcu- 
lali'd values of v~'^ F{c) Thus we have x 15 = ‘3293, which 
pucs 'y^ = 45 56, 

and hence P(2‘5) = 7*94, 

P'^(2 8) = 4 18, 

P(3) = 3 00. 

These iiumbeis differ considerably from Mr Harris’s results, 
but in the diiection indicated by the considerations mentioned 
above. 


33 The most important part of the researches of Mr Harris 
IS that in whicli he investigates the insulating power of aif of 
ditfcient densities The result at which he arrives is, that the 
intensity necessary to produce a spark depends solely on the 
density of the an, and not otherwise on the pressure or tem- 
perature. He thus shows that the conducting power of flame, « 
of heated bodies, and of a vacuum, arc due solely to the rare- 
fiction of the air in each case. He also shows that the in- 
tensities necessary to produce a spark are in the simple ratios 
ol the densities of the air 
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84. In a subsequent memoir, by the same author, ^ we find 
additional experiments on the elementary piinciples of the 
theory of electricity. The hi&t senes which is described, was 
made foi the puipose of testing the truth of Coulomb’s law, 
that the repulsion of two similaily chaiged points is inversely 
as the S(iuare of the distance, and directly as the product of 
the masses. In ex])erimcnts of this kind in which accurate 
quantitative lesiilts are aimed at, many precautions arc neces- 
sary. Thus all conducting bodies, except those operated upon, 
must be placed beyond tlie leach of influence, and the distance 
between tlic lepelling bodies must be consideiablc with refer- 
ence to thou lineal dimensions, so that the distiibution of 
eloctiicity on each may b(‘ uninfluenced by the picscnce of tlic 
othei. Also the bodies should be spheies, so that the attrac- 
tion nia} be the same as if the whole electiicity of each wme 
collected at its ceiitie, and the distance to be me.isnred vill 
ihen be the distance between the ceiities Those conditions 
bnve bi'on cxpiessly mentioned by (Joulomb, and they have 
been lullllled, as fir as possibh', in his leseaiches, as wc see by 
the descriptions of the cxjieiimeiits made, which we find in his 
rinunoiis He has thus aiiived by diiect measuiement at the 
nw, which ive know by a matlu'matical demonstiation, j* foundeil 
qjon independent expeiiments, to be the iigoious law of natuie, 
in elcctiical action. None of these piecautions, hmvevoi, have 
leen taken in the expeiimcnts desciibed in Mi Haiiis’s 


^ Plnlo'^opJiual Txiiisaetioits^ 18.1(5 

f Sec Muipliy’s Klntticity, p 41, oi Piatt’s Mechames, Ait 1.54 
[lYoa^ added Maxh 1854 --Ca\emlis]i demon sliatcs miitlicmatically that 
the law of foice be any othoi tliaii the iinci^e squaie ot t]ie distanee, 
Ipeiricity could not lest in eqinhbiiuin on the suiface of a eonductoi Put 
xpeiimeut has sliown tliat electiicity does lost at the suiface of a conductor 
lenee the law of foice nmst be the inveise square of the distance Caven- 
isli eonsideied the second pioposition as highly probable, but had not ex- 
.'iiinental evidence to suppoit this opinion, in his published woik (An 
-Aeiiipt to explain the pha'iiomena of Plectiicity by means of an Elastic 
laid) Since Ips time, the most jierfcct expeiimental evidence has been 
(Lniiied that electiicity icsides at the suiface of a conductoi , in such facts, 
■I instance, as the pci feet equivalence in all electro -statical lelations of a 
)llow metallic conductoi of e\('r so thin .substance, oi of a gilt non-con- 
nctoi (possessing a conducting film ol not uioie than of an inch 

ick) and a solid conductoi oi the same exteiual form and dimensions ; the 
inor premise of his syllogism is thus demonstrated, and the conclusion is 
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memoir, and the results are accordingly unavailable for the 
accurate quantitative verification of any law, on account of the 
mimeious unknown disturbing circumstances by which they 
aie affected The phenomena which he obscives, however, 
afield qualitative illustrations of the mathematical theory of 
a very interesting natuie, as may be seen from the following 
examples of his results . — 

(a) When the distance between the bodies is great with 
K'feicnce to their linear dimensions, the repulsion is inversely 
as the sipiaie of the distance, and diiectly as the pioduct of the 
masses, 

(b) Whcui the distance is small, the action becomes ap- 
paienlly iiiegulai Thus if the quantities of clecti icity on the 
tve bodies be eipial, th(' force, which is always of repulsion, 
(loas not inciease so lapidly when the bodu's approach, as if it 
^b^!o^^ed file law of the luveise squaic of the distance. 

(c) If the chaiges be une((ual, the lepulsion ceases at a 
cvitain (bstanci*, and at all smallei distances theie is attiaction 
Ixdween the bodies 

‘15. These losults ai(', with all their pcculiaiitics, in full ac- 
(oidanee ^vlth the tlu'oiy of Coulomb, which indicates that, if 
die ({iiantities of clectiicity bi* e([ual, <iiid the bodies eipial and 
sinitlai, theie will be icpulsion in eveiy position but if there 
b(' any dilfeience, ho^vevel small, between the chaiges, the 
Kpidsion will nece&saiily cease, and attiaction comnionco, 
bcfoie contact takes place, when one body is made to a])proach 
the other, Unless, howevei, the difference of the chaiges be 
sidiiciently consideiable, a spaik may pass between the bodies, 
and lendm the chaiges equal, before attiaction commences. 

In J\fi Hanis’s expeiimonts, in which the bodies seem to have 
been ncaily oblate spheioids, the attraction is generally sensible 
beloie the distance is small enough to allow a spark to pass, if 
the chaige on one be double of that on the other. 

Mr Hams next pioceeds to investigate the theory of the 
pi oof plane, and to examine whether it can be considered as 
nidicating with certainty the intensity of electiicity at any 
I'ait of a chaiged body, and, pimcipally from an experiment 
•aade on a chaiged uoii-conductor (a hollow spheie of glass), 
to M lO'OMtive conclusion It should be remembered, 
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that, the proof plane having never been applied to 
':'rni]ne the intensity at points of the sniface of a charged 
I -conductor, such conclusions in no way inteifere with 
pted ideas Since thcie can he no manner ol doubt as to 
theory of this valuable instiument, as wo find it ex})lamed 
IVT Pouillet,* nor as to the expeiimental use of it made by 
iilornb, it IS unnecessaiy to enter more at length on the 
icct here. 

'3. Mr Faiaday's reseaiches on electrostatical induction, 
ch aic published in a memoii forming the eleventh series 
1ns Expeiimental lleseaiches in Electiicity, weic under- 
en with a view to test an idea which he had long possessed, 

I the foiccs of attiaction and lepulsion exercised by free 
tiicity, aie not the lesultant of actions exeicised at a dis- 
•e, but arc propagated by means of molecular action among 
contiguous particles of the insulating medium suiionnding 
electiified bodies, which he theietoie calls the dielectric 
this idea he lias been led to sonu' veiy lemaikablo views 
n induction, or, in fact, upon electiical action in general, 
it IS impossible that the phenomena obscived by Eaiaday 
be incompatible with the lesults of experiment which 
,titute Coulomb’s theoiy, it is to be expected that the 
u’cnce of Ids ideas fiom those of Coulomb must arise solely 
1 a (htieront method of stating, and inteipieting physically, 
same laws • and farther, it may, I think, be shown that 
or method of viewing the subject, when earned sufficiently 
may be made the foundation of a mathematical theory 
.*h would lead to the elementary principles of the other as 
>cquences This theory would accordingly be the expros- 
I of the ultimate law of the phenomena, independently of 
physical hypothesis we might, fiom other circumstances, 
led to adopt, ddiat there are necessaiily two distinct 
lentary ways of viewing the theory of electricity, may 
>.ecn from the following considerations, founded on the 
ciples developed in a jirevious papci iii this Jouinal.j* 


foot-note on § 25. 

>n iiin Tin ] form ]\[otion of PIciit, atfd its Connexion with the Mathe- 
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37. Corresponding to every problem relative to the distribu- 
tion of clcctiicity on conductors, or to forces of attraction and 
lepulsion exercised by electiified bodies, there is a problem m 
the unifoim motion of heat which presents the same analytical 
conditions, and which, theiefore, considered mathematically, is 
the same problem Thus, let a conductor A, charged with 
a given (juantity of clcctiicity, be insulated in a hollow con- 
ducting shell, i?, which we may suppose to be uninsulated, 
Accoiding to the mathematical theory, an equal quantity of 
clcctiicity of the contiary kind will be attracted to the interior 
sill face of B (or the surface of B, as we may call it to avoid 
ciicnmlocution), and the distiibution of this charge, and of the 
chaigc on will take place so that the resultant attraction at 
any point of each surface may be in the direction of the normal. ^ 
This condition being satisfied, it will follow that there is no 
attiaction on any point within A, or without the surface of B, 
that IS, on any point wuthin either of the conducting bodies. 
Tlie most coinemcnt mathematical expression for the condition 
ot eiiiiilibnum, is that the potential at any point P* must 
have a constant value when B is on the suifacc of Ay and the 
value nothing when P is on the surtace of Ji] and it will 
t(»llo\v fiom this that the jiotential will have the same constant 
value tor any point within A, and will be equal to nothing for 
any point wu'thout the surface of B. 

If A be subject to the influence of any uninsulated con- 
(luctois, wo must considei such bodies as belonging to the 
shell ill which A is contained, and their suifaces as forming 
pait of the surface of P: in such cases this surface will gene- 
lally be the interior surface of the walls of the room in which 
A IS contained, and of all uninsulated conductors in the room. 

If, how^cver, we have to consider the case in which A is subject 
to no external influence, we must suppose every part of the 
surface of B to be very far fiom J.. The most general problem 
we can contemplate in electricity (exclusively of the case in 
which the insulating medium is heterogeneous, and exercises a 
qiecial action, which will be alluded to below), is to determine 

* The term used by Green for the sura of the quotients obtained by divid- 
ing the product of each clement of the surfaces of A and B, and its electrical 
’ Uoni F. 
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the potential at any point when A, instead of being a single 
conductor, is a group of separate insulated conductors charged 
to different degtees, and when there are non-conductois elec- 
trified in a given inannei, placed in the insulating medium, in 
the neighbourhood The conditions of c(|uibbrium will still be 
that the potential at each suiface due to all the free ch'ctricity 
must be constant, and the tlieorems stated above will still be 
true: thus the attiaction will be nothing in the iiiteiior of 
each poition of A, and without the suiface of By and the 
whole (piantity of induced electi leity on the lattei suiface will 
be the algebraic sum of the chaiges of all the mteiioi bodies 
with its sign changed When (he potential due to such a 
system is deteimiiuMl foi eveiy point, the component of the 
resultant foice at any point 1\ in anv direction PL, may be 
found by diffeientiation, being the limit of the dilfeiencc' 
between the values of the potential at P, and at a point Q, in 
PL, divided by BQ, when Q moves up tow aids and ultimately 
coincides with P, and the diiection ot the foice, on a neyative 
paiticle, being that in which the jiotential incicases. By 
Coulonili’s theoiem, the intensity at any jioint in one of the 
conducting suifaces is e(|ual to the attiaction (on a negative 
iinitj at that point, divided by -W 
88. Now it we wish to consuha the coriesponding problem 
in th(' theoiy of heat, we must siipjiose the sjiace between A 
and B>, instead of being filled with a dielcctiic medium (that is 
a non-conductoi foi electi icity), to be occipaed by any homo- 
geneous solid body, and souices ot heat oi cold to be so dis- 
tiibutcd ovei the terminating suifices, or the inteiioi suiface 
of B and the suiface of A, that the peimanent tcmpeiatuie 
at the fust suiface may be /eio, and at the second shall have a 
ceitain coust.int value, the same as that of the potential in the 
case of electi icity. If A consist of different isolated portions, 
the tempoiatuie at the suiface of each will have a constant 
value, which is not necessaiily the same foi the different por- 
tions The pioblem of distributiny sources of heat, according to 
these conditions, is mathematically identical with the problem 
of distributing electricity in e(piilibrium on the surfaces of A 
and B, In the case of heat, the permanent temperature at any 
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electrical system, and consoquently the resultant flux of heat 
replaces the resultant att) action of the clectiified bodies, in 
direction and magnitude The problem in each case is deter- 
minate, and we may thoiefoie employ the elementary pnnciples 
of one theory, as theorems, lelativc to the othei. Thus, in the 
p.ipei in which these considerations aie developed, Coulombs 
fundamental them cm lelative to electricity is applied to the 
theoiy of heat, and self-evident propositions in the latter 
tlu'oiy aie made the foundation of Gicons thcoiems in clec- 
tiicity* Now' the laws of motion for heat which Fouiicr lays 
down in his Tln'orie AnalytupfC de la Chaleur, aic of that 
snnph' ehnnentaiy kind wdiich constitute a mathematical theory 
piopialy so called, and theieloie, wlnai we find coiiesponding 
laws to !)(' tine foi tin' phenomena presented by electiified 
bodu's, w'c iiiay make' tln'in the foundation of the mathematical 
thi'oiy of electiicity and this may be done if W(' consider 
tluan meu'ly as actual tiuths, w'lthout adopting any physical 
hvpotlu'sis, although the idea they natuiallv suggest is that 
ol the propagation of some etfect by means of the mutual 
action of contiguous pai tick's, just as Coulomb, although his 
laws natuiaJly suggest the idea of mateiial particles attracting 
01 repelling one anothei at a distance, most carefully avoids 
making this a physical hypothesis, and confines himself to the 
consid('iatimi of the mechanical effects which he obseives and 
then necessary consecfuenccs f 

39. All the viewvs which Faraday has biought foi ward, and 
illustiated or demonstrated by experiment, lead to this method 
of ('stablishing the inathematK'al thc'oiy, and, as far as the 
analysis is conceined, it w'ould, in most genet al propositions, 
b(' c\cn mou' simple, if possible, than that of Coulomb. (Of 
com sc the analysis of particular pioblcms would be identical 
in the tw'o methods.) It is thus that Faraday anives at a 
knowledge of some of the most important of the general 


* It was not until some time after that paper was published, that I was 
able to add the diicct analytical demonstrations of the theorems, which are 
given in the papers on “Gcneial Propositions in the Theory of Attraction,” 
(Jamh Math. Jour , vol in. pp 181), 201 (xii. below), and which I haye since 
found are the same as those originally given by Green. 

+ See lirst foot note on g 25. 
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theorems, which, from their nature, seemed destined never 
to be perceived except as mathematical truths. Thus, m his 
theory, the following proposition is an elementary principle — 
Let any portion a of the surface of A be piojected on B, by 
means of lines (which will be m general curved) possessing the 
property that the resultant (dectneal force at any point ol each 
of them is in the direction of the tangent . the quantity of 
electricity produced by induction on this pi ejection is e({ual 
to the (piantifcy of the ojiposite kind of I'lectiicity on aA The 
lines thus d(3fincd aie what Faiaday calls the '‘cnived lines of 
inductive action.” hoi a detailed account of tlu' ('X])('riments 
by which these plu'nomena arc' investigateil, lefen'iici' must be 
made to Mr Faiaday s own inmnoiis, publisheil in the FJnlo- 
sophical Transactions, and in a sejiaiate foiin in his Experi- 
mental Researches 

40 . The hypothe.sis adopt(‘d by Faiaday, of the propagation 
of inductive action, iiatuially led him to the ide.i, that its effects 
may b(‘ in sonu' degree depi'iidimt iqion tlu' natuie of th(' 
insulating nKshiim or dudectiic, by whadi, accoiding to this 
view, it IS tiansimttiMl Jn th(‘ .siK-oiul pait of his memoii he 
desciibes a seiii's of ios(‘arch('s instituted to put this to the test 
of expeiiment, and arriv(>s at tin' following conclusions — 


* This theorem may be piovcd as ^ollo^\s — 

Let H be any dosed sui/ace, contamiiif^ no pait ot tJio clcctnliod bodies 
ivitlnn it, which wo mav conceiV(‘ to be de.sciilx'd bdA\cen A and , let 

bo the component in tlio dire(tion of tlu' noimal, of the icsiiltant foic<‘ at 
any point ot the siiifaco .S', and Jet ds be an element of the suifaeo at the 
same point Then it maybe easily pio\od (see (Amb MiOh A out , \ol iii 
p. 204) that liPdsrzzD ((/), 

tlie integiatious being extended ovei the cntiie suiface Now let S be 
supposed to consist ot tliiee jiaits, the poition a, of the suifacc of A, its 
piojcction (S, on the intenoi suiface of />’ , and the suiface geneiated by the 
curved lines ot piojection The \aluc of F at each point of the latter 
portion ot S will be notliing, since the tangent at any point of a line of pio- 
jection is the dnection of the force Hence, it [/yPdsJ and {ffPdp denote 
the values of //Fd^, for the portions a and p of S, the cipiation (a) becomes 

[ffFd^]r{fiFdg=o 

But if p be the inteimity of the distribution on the surface A or B, at any 
point, we have, by Coulomb’s theoiem, 

F 

P=ir- 


Hence 
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41 If the dielectric be air, the inductive actiori is quite inde- 
pendent of its density oi temperature (wliich, as Mr Faraday 
icmaiks, agrees perfectly with previous results obtained by 
Mr Harris) ; and m gcncial, if the dielectric be any gas or 
vapour capable of insulating a chaige, the inductive action is 
invariable. Hence he concludes tliat “ all gases have the same 
power ()/, or capacity for, sustaining induction throiigli them 
(which might have been expected when it was found that no 
\aiiation of density or pressure produced any effect) ” 

When the dielectiic is solid, the induction is gi eater than 
thiough an, and vanes aciording to the natuie of the sub- 
stance. Hunibeis which mcasuie the “specific inductive 
cajiacities” ot the dielectiics employed (sulphur, shell lac, 
glass, etc ) aie deduced fi om the expeiimcnts 

42 To expiess these lesults in the language of the mathe- 
matual theory, let us lecui to the sup[)(»sition of a body, A, 
chaiged with a given quantity ot electiieity, and insulated in the 
intenoi of a closed condueling shell, Jl The potential of the 
s} stern at the inteiioi suita<“e ot U, and at cvxny point without 
this suitaci', will be nothing , at the suiface and m the mteiior of 
A it will have a constant value, which will depend on the form, 
niagnitiide, and relative position of the suitaces A and B, on 
the (juantit'y of electiieity on A, and, accoiding to Faraday’s 
discovciy, on the dielectric power of the insulating medium which 
fills the space between A and /i. If this be gaseous, neither 
its natuio nor its state ns to temperatuie, piessuie, or density 
will atfect the v<ilue of the polential in A , but it it be a solid 
substance, such as sulphur or shell lac, the viable of the potential 
will be less than when tin' space is occujned by air, and will 
vaiy with the natuie of thi' insulating solid. 

43 The result in the case of a gaseous dielcctiic is what 
would follow fiom Coulomb’s thcoiy, if wc consider gases to be 
(piite impeimeablc to electiieity, and to be entirely unatfected 
by electrical influence The phenomena observed with solid 
dielectrics, which agree with the ciicumstance observed by 
Nicholson, that the dissimulating power of a Leyden phial 
depends on the nature of the glass of which it is made, as 
well as on its thickness, have been by some attributed to a 
slight degree of conducting power, or of penetrability, pos- 
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sessecl by solid insulators. This explanation, however, seems 
to be very insufficient; and besides, Faiaday has estimated the 
nature of the effects of impeifect insulation by independent 
experiments, and has cst dilishod, in what seems to be a very 
satisfactory manner, the existence of a pecuhai action in the 
interior of solid insulators when subjected to electrical influ- 
ence, As far as can be gathcied fiom the cxpeiiments which 
have yet been made, it seems probable that a dielectiic, sub- 
jected to electiical infliKuice, becomes excited in such a manner 
that eveiy poition of it however small, possesses polarity 
exactly analogous to tlu' m.ignetic jiolauty induced in the sub- 
stance of a piece of soft non undei the infliu'nce of a magnet 
]>y means ot a, ccatain hyjiothesis legaiding the' iiatuie ol mag- 
netic action,^ Poisson has invc'stigatc'd the matln'inatical laws 
of the distiibution of magnetism, and ol magnetic .itliactions 
and repulsions These laws secnii to ugnesent in the most 
general maiinei the statcMtl a bod\ j>olati/e(l by influence^ and 
theiefoie, without adopting any jiaiticuLii mechanical hyjio- 
thesis, we may make use of them to foim a mathematical 
theoiy of electiical influence in du'lectiics, the tiuth of which 
can only be established by a iigoious comjiaiison of its lesults 
with expciiraent. 

4d Let us theiefoK' consider what would bo the oifect, accoul- 
ing to this theoiy, which wamld be piocluccsl by the piescuico 
of a solid dielectric, (/, placed in the space bedaveen A and B 
the lest of which is occiipic'd by air The action of T/, when 
excited by the influence' of the electnciticx-. on A and B, may 
(as Poisson has shown for magnetism) be icjircsentcd, whether 


Famday adopts tlio cojiespondma ]lypot]lO'^l<^ to explain the action of a 
solid diclectiic, ^^lllcll lie states thus — “If tlic space lound a chained globe 
^^eIe tilled uith a inixtuie of an insulating dielectnc, as oil of tuipentinc oi 
an, and small globulai oonductois, as shot, the latter being at a little dis- 
tance from each otliei, so as to be insulated, then these in their condition 
and action exactly refeeinble what I considei to be the condition and action 
of the pai tides of the insulating diclectiic itself. If the globe ivere chaiged, 
these little condiictois would all be polai, if the globe weic dischaiged, they 
would all rotuin to then noiinal state, to be polarized again upon the re- 
chaiging of the globe” — [h^poimental Ileseaiches, § lG7h ) The lesuits of 
the mathematical analysis of such an action arc given in the text It nlay 
be added tliat the value of the coefiicient K will differ sensibly from unity if 
the volume occupied by the small conducting balls bear a finite ratio to that 
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on points within or without 0, by a certain distribution of 
positive electiieity on one poition of the surface of C, and of 
an equal quantity of negative electricity on the remainder. 
The condition necessary and sufheient for determining this 
distribution may fas can be shown from Poisson’s analysis) bo 
expressed as follows Let R be the lesultant force on a 
point P without 0, and K on a point P' without 0, due to 
the electrified surfaces A and B, and to the imagined distribu- 
tion on C If Pand P’ be taken infinitely near one another, 
and consequently each infinitely near the siiiface of Of the 
component of R in the direction of the normal must bear to 
the component of R in the same direction a constant ratio 

depending on the capacity for dielectiic induction of the 

matter of 0* The com])on(‘nts of R and R' in the tangent 
plane will of couise be eiju.il and in the same direction, and, 
if p be the intensity of the imagined distiibution on the surface 
of 0, m the neighbouihood of P and tin' ditferenco of the 
noimal com])ouents will be 47rp, as is evident fiom (Joulomb’s 
theoiem, lefeued to above 

4d L(it us now suppose G to be a shell suiiounding A, and 
l(“t 8 and 8', its inteiioi and exterior suifaces, be surfaces of 
eqinlihnuui in the system of foices due to the action of A and 
li iiiul of the pohiiity of (J ft maybe shown that the same 
suifaces 8, 8\ would necessaiily be suifaces of eipulibrium, 
it C weie lemoved and the 'vvhoh' space wcie filled with air; 
and consequently, that the whole senes of surf. ices of equi- 


* From this it follows that, in the case of heat, G must be loplaccd by a 
body whose conducting power is k times as great as that of the matter oc* 
cupymg the remamdei of the space betweim A and B 
[Note added March 18d4 —The eamc deraonstiation, of course, is applic- 
able to the inllueuce of a piece of hoft non, oi other “ paiamagnetic ” {i.e , 
fiulistance of feiro magnetic inductive capacit>), oi to the reverse influence 
of a diamagnetic on the magnetic foice in any locality near a magnet m which 
it can be placed, and shows that the lines of magnetic force will be altered 
by it precisely as the hues of motion of heat ni coiiesponding thcimal circum- 
stances would be alteied by introducing a body of greater or of less conduct- 
ing power for heat Hence we see how stiict is the foundation for an 
analogy on which the (onductivq poicci of a magnetic medium for Une^i of foice 
may be spoken of, and we have a poifect evplanation of the condensing 
action of a paramagnetic, and the repulsive effect of a diamagnetic, upon the 
lines of force of a magnetic field, which have been desciibed by Faraday. — 
[Exp. Researches, §§ 2807, 2808.)] 


3 
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librium, commencing with A and ending with B, will be the 
same in the two cases. Hence the resultant force due to the 
excitation of the dielectric C (or to the imagined distributions 
of electricity on S and S' which produce it), on points within 
S or without S\ must be such as not to alter the distributions 
on A and B when the quantity on A is given ; and is therefore 
nothing Accordingly, let Q be the total foice on a point 
indefinitely near S, and within it ; Q' the total force on a point 
without S', but indefinitely near it Since the forces on points 
without S and within S' indefinitely near the former points 

arc, according to the law stated above, ^ and ~ , it follows* 

that the intensities of the imagined distributions on S and S'. 
in the neighbourhood of the points considered, are 

- (c- r'' ^“'1 r 

47rV k k 

Hence, if U, U' be the potentials at S, S', due to A and B 
alone, and v the potential at any point P it follows that the 
potential at P, due to tlie polarity of the dielectiic, is 







or 



■p"-. 


or 


-j^ V, that 

IS, 0, 

accor 

ding as P IS within S^ 

, Within S' 

and without S, or 

S' 

Hence the total potential will be, 

, accoiding 

to the 

of P, 

V — 

(■-> 

-n 


or 

V 

k'^ 

(‘-I)"' 



or 

V. 




Hence the sole effect of the dielectric C, on the state of A 
and B, is to diminish the potential m the interior of the former 
by the quantity 


* See Green’s Essay, Art. 12 ; or above, i. § 8. 
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If the whole space between A and B be occupied by the solid 
dielectnc, the surfaces 8 and A will coincide, as also, S' and 
B, and therefore 17= F, 17' = 0. Hence the potential m the 
F 

interior of A will be j-, 

Ic 

or the fraction ^ of the potential, with the same charge on A, 

and with a gaseous dielectric. From this it follows that, when 
the dielectric is solid, it would require, to produce a given 
potential in the inteiior of Ay k times the charge which would 
be necessary to pioduce the same potential when the dielectric 
is gaseous, and thciefore the body A in a given state, defined 
by the potential in its inteiior, produces on the interior surface 
of B, by induction, thiough the solid diclectiic, a quantity of 
electricity k times as gieat as thiough a gaseous dielectiic On 
this account Faraday calls the jiropcrty of a dielectric measured 
by k, its “specific inductive capacity” 

40 In Faiadays experiments an appaiatiis (which is in fact 
a Leyden phial, in which any solid or fluid may be substituted 
for the glass dielectnc of an oidinaiy Leyden phial) is used, 
corresponding to the case we have been considering, in which 
A IS a conducting spheic (2 33 inches in diametei), and B a 
concentiic sphciical shell siiiiounding it (the distance between 
the sill faces of A and B being 02 of an inch) In the shell // 
theie IS an apeiture into which a shell-lac stem is fixed; a 
wire, attached to A, passes through the centre of this stem to 
the outside of the shell, and suppoits a ball of metal, il/, which 
is thus insulated and connected with A. It may be shown 
that m such an appaiatiis the state of the ball A and of the 
shell B will appioximatcly be not affected by the aperture in 
the latter, or by the wire supporting if, and that the distribu- 
tion of electiicity on ilf will be approximately the same as if 
the wire supporting it and the conductois A and B Avere re- 
moved. Hence the sole relation between A and ilf will be 
that the potentials m their interiors are the same ; and there- 
fore the latter, which is accessible, may be taken as an index of 
the state of the former. 

47. To determine the specific inductive capacity of any di- 
electric, Faraday uses two apparatus of the kind just desciibed, 

3-2 
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precisely equal and similar, in one of which the space between 
A and B is filled with air, and in the other with the dielectric 
to be examined. One of these apparatus is chaiged, and the 
intensity measured . the balls M, M' in the two are then made 
to touch and separate again, and the remaining intensity on 
the first (which is equal to the intensity impaitcd to the 
second) is measured If this be found to differ from half the 
original intensity, it will follow that the specific inductive 
capacity of the substance examined diffeis fiom that of air, 
which is unity, and its value may be determined by means of 
a simple expression from the cxpeiimental data To investi- 
gate this, let us first suppose each apparatus to be chaiged, and 
let it be required to find the intensity on the balls aftei they 
are made to touch, and then lemoved fiom mutual influence, 
and let the dieh'ctiics be any two substances, whose inductive 
capacities are k, k' Let p, p be tlie intensities befoie, and a 
the common intensity after contact Then, denoting by ft Q 
the quantities of electiicity constituting the charges befoie, 
and q, q after contact, we shall have, by the piincqilcs alieady 


developed, 

Also 

Hence we deduce 


Q o^^q ^ q 
ft h'p" p O' p ft’ 
<?+ft = y + y. 


. ^ h d- ^^'p 
k + k' ’ 


In the expeiiment described, one of the dielectrics is air 
Hence, to obtain the rc(pined formula, we may put k' = I, in 
this equation, and then resolve foi /. 

Thus we find h — ^ ^ . 

p-a 

If only one of the apparatus be originally chaiged, according 
as it is the fiist or the second, we shall have 


or 


a 

p-(r' 




48. If the substance examined (the dielectric of the first 
apparatus) be any gas, or air in a different state as to pressure 
or temperature from the air of the second apparatus, Faraday 
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always finds the intensity after contact to be half the original 
intensity, and hence for every gaseous body /;= 1. 

49. If the dielectric of the first apparatus be solid, the in- 
tensity after contact is found to be greater than half the original 
intensity when the first, and less than half when the second is 
the apparatus originally charged Hence for a solid dielectric, 
k>l For sulphur Faiaday finds the value to be rather more 
than 2 2; for shell-lac, about 2 ; and for flint-glass, greater than 
176. 

50 The commonly received ideas of attraction and repul- 
sion exercised at a distance, independently of any intervening 
medium, are (piito consistent with all the phenomena of elec- 
tiical action which have been heic adduced Thus we may 
consider the pai tides of an in the neighbouihood of electrified 
bodies to be entiiely uninfluenced, and therefore to produce no 
effect in the resultant action on any point, but the particles 
of a solid non-conductoi must be consideied as assuming a 
polarized state when under tlie influence of free electiicity, so 
as to cxcicise attractions or repulsions on points at a distance, 
vhich, with the action due to the chaiged surfaces, produce the 
lesultant foice at any point It is, no doubt, possible that 
such foices at a distance may bo discovered to be produced 
entiiely by the action of contiguous pai tides of some inter- 
\eniiig medium, and wc have an analogy foi this in the case 
of heat, wheie ceitain effects which follow the same laws are 
undoubtedly propagated from pai tide to particle It might 
also be found that magnetic foices aic propagated by means of 
a second medium, and the force of gravitation by means of a 
thud. Wc know nothing, however, of the molecular action by 
which such effects could be produced, and in the present state 
of physical science it is necessary to admit the known facts in 
each theory as the foundation of the ultimate laws of action at 
a distance. 

St Peter’s CoLLEaE, 

Nov. 22, 1845. 



III. ON THE ELECTEO-STATIOAL CAPACITY OF A LEYDEN 
PHIAL AND OF A TELEOKAPH WIRE INSULATED IN THE 
AXIS OF A CYLINDRICAL CONDUCTING SHEATH,* 

[From the Fhtlohopkical Magazine, 1855, first half-year ] 

51 The piinciplcs biought foiward in the preceding articles 
On the Unifoiin Motion of Heat, etc, enable us with great ease 
to investigate the ” capacity ”t of a Leyden phial with either air, 
or any liquid or solid dielectric, and of other analogous arrange- 
ments, such as the copper wiies in gutta-percha tubes under 
water, with which Faraday has recently performed such re- 
maikable expeiiments J 

52. Thus, for a Lejdeii phial, let us suppose a poition S of the 
surface of a conductor A to be everywheie so near the surface 
of a conductor A', that the drstance between them at any point 
is a small fraction of tire i.idii of curvature of each surface in 
the neighbourhood , and let be tire distance between them at 
a particular position, P Then, by the analogy with heat, it is 
cleat that if the two surfaces be kept at different electrical 
potentials, V and F', the potentials at equidistant points in 
any line across from one to the other will be in arithmetical 
V- V' 

progression. Hence — will be the rate of variation of the 

potential perpendicularly across in the position P If, in the 
first place, the dielectric be air, the electric force in the air 


* Communicated as an Additional Note to two papers (i and ii. above) 
“ On the Uniform Motion of Heat in Homogeneous Solid Bodies, and its 
connexion with the Mathematical Theoiy of Electricity,” and “On the 
Mathematical Theory of Electricity in Equilibrium only not in time 
to be appended to the reprints of those papeis which appeared m the 
Philobophical Magazine, June and July 1854 (1854, i and ii ). 

t Defined {Philosophical Magazine, June 1853) for any conductor (subject 
or not to the influence of other conductors), as the quantity of electricity 
which it takes to charge it to unit potential. 

X Described m a lecture at the Eoyal Institution, Jan 20, 1854, and 
subsequently published in the Philosophical Magazine (1854, i. p. 197). 
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between the two about the position P will consequently be 
V- V 

— ~ — , and therefore the electrical density (according to the 

theorem proved in the first article) on one surface must be 

1 V-V' 1 V~ V 

— ^ and on the other - . The quantity of 

4>7r z 47r z j 

electricity in the position P, on an area ds of the surface S, is 

1 F 

therefore ds, and therefore the whole quantity on S is 


V- V ' fds 

4)77 j Z ' 

which IS Green’s general expiession for the electrification of 
either coating of a Leyden phial. If the thickness of the 
dielectric be constant and equal to r, it becomes 

V- v\s 


4f1T T ’ 

53 Now if A' be uninsulated, we have V' = 0 , and then, 

S 

to charge 8 to the potential F, it takes the quantity V x ^ — . 
Hence the “ capacity ” of 8 is 

S 

^TTT ' 

If instead of air there be a solid or liquid dielectric of inductive 
capacity, k, occupying the space between the two surfaces, the 
({uantity of heat conducted across, in the analogous thermal 
circumstances, would be k times as great as m the case cor- 
responding to the air dielectiic, with the same difference of 
temperatures, and in the actual electrical arrangement, the 
quantity of electricity on each of the conducting sui faces would 
be k times as great as with air for dielectric and the same dif- 
ference of potentials. The expression for the capacity of an 
actual Leyden phial is therefore 

47rT ’ 

k being the inductive capacity of the solid non-conductor of 
which it is formed, t its thickness, and 8 the area of it which 
IS coated on each side. - 

54. To investigate the capacity of a copper wire in the cir- 
cumstances expeiimented on by Faraday, let us first consider the 
analogous circumstances regarding the conduction of heat ; that 
is, let us consider the conduction of heat that would take place 
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across the gutta-percha, if the copper wire in its inteiior were 
kept continually at a temperature a little above that of the 
water which surrounds it# Here the quantity of heat flowing 
outwards from any length of the copper wire, the quantities 
flowing across different surfaces surrounding it in the gutta- 
percha, and the quantity flowing into the water from the same 
length of gutta-percha tube, in the same time, must be equal. 
But the areas of the same length of different cylindrical sui faces 
are proportional to their radii, and therefore the flow of heat 
across equal areas of different cylindrical surfaces in the gutta- 
percha, coaxial with tlie wire, must be inversely as then radii. 
Hence, in the coi responding electiical pioblem, with air as the 
dielectric instead of gutt.i-pcicha, if II denote the resultant 
electrical force at any point F m the air between an insulated, 
electrified, infinitely long cylindrical conductor, and an un- 
insulated, coaxial, hollow cylmdiical conductor suirounding it, 
and if x be the distance of P fioin the axis, wo have 



where A denotes a constant. But if v be the potential at P ; 
by the definition of “potential ” we have 



du __ A 
dx X ’ 


and, by integiatioii, v — — A log x -f G. 

Assigning the constants A and G so that the potential may 
have the value V at tlic surface of the wire, and may vanish 
at the hollow conducting surface lound it, if r and r denote the 
radii of these cyliiideis lespectively, we have 


v=V 



and 


55 . 


_dj_r. V 1 ' 

dx . r x' 

Taking x - r, we find by this the electiic force in the air 
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infinitely near the inner electrified conductor; and dividing the 
value found, by 47r (according to the general theorem), we have 
1 V ^ 


47r 


lo^- 


for tlie electrical density on the surface of the conductor. 
Multiplying this by 'lirrl, the aiea of a length I of the surface, 
we find , VI 


lo! 


for the whole quantity of electricity on that length Hence, if 
h be the specifii; inductivt' capacity of gutta-peicha, the electri- 
city lesting on a length I of the wiie in the actual circumstances 
will amount to , id 


F. 


lO! 


Oi if 8 denote the suiface of the wiie, we have, for the quantity 
of electricity which it holds, 

v.-dL-. 

r ^ 

47rr log - 


and theiefore its capacity is the same as that of a Leyden 
phial with an equal area of coated glass of thickness equal to 

jr\og^- , if I denote the specific inductive capacity of the 

glass. 

5G. In the case cxpeiimented on by Mr Faraday, the diameter 
of the wire was -^^^rth of an inch, and tlie exteiior diameter of the 
gutta-peicha coveiing was about four times as great. Hence 
the thickness of the equivalent Leyden phial must have been 

fc'32 &'2308' 

As the surface of the wire amounted to 8300 square feet, we 
may infer that if the gutta-percha had only the same induc- 
tive capacity as glass (and it probably has a little greater), the 
insulated wiie, when the outer surface of the gutta-percha was 
uninsulated, would have had an electrical capacity equal to that 
of an ordinary Leyden battery of 8300 square feet of coated 
glass ^d of an inch thick. 


Invercloy, Arran, June, 1854. 



IV. ON THE MATHEMATICAL THEORY OF ELECTRICITY 
IN EQUILIBRIUM 

(Art. xxxvin. of complete list in Mathematical and Phyncal Papers, Vol. i.) 

IL-A STATEMENT OF THE PRINCIPLES ON WHICH THE MATHE- 
MATICAL THEORY OF ELECTRICITY IS FOUNDED. 

[Cambridge and Dublin Mathematical Journal, March, 1848 ] 

57. This paper may bo regarded as introductory to some 
others which will follow, ccmtaining various investigations in 
the Theory of Electricity. Tnh fundamental mathematical prin- 
ciples of the phenomena of Electricity m Equilibrium are stated 
and explained in as concise a manner as seems consistent with 
clearness. To avoid lengthening the paper and unnecessarily 
distracting the attention of the readci, no details are given with 
reference to the experiments which have been, or which might 
be, made for establishing the vaiious propositions asseited; and, 
for flic same reasons, scarcely any allusion is made to the his- 
tory of the subject. With legard to the nature of the evidence 
on which the mathematical tlieoiy of electiicity rests, the reader 
IS rcfcircd to the preceding paper “Oti the Elementary Laws 
of Statical Electricity,” wheie, besides some general ex- 
planations on the subject, the works containing accounts of the 
actual experimental researches of pimcipal importance are 
indicated. That paper is marked as the first of a senes which 
it was my intention to publish in this Journal, and of which 
the second now appeals. In this scries it will not be attempted 
to adhere to a systematic course of investigations such as might 
constitute a complete treatise on the subject; and my only 
reason for publishing this introductory article is for the sake 
of reference m other papers, there being no published work in 
which the principles are stated in a sufficiently concise and 
correct form, independently of any hypothesis, to be altogether 
satisfactory in the present state of science. 

The Two Kinds of Electricity, 

58. If a piece of glass and a piece of resin are rubbed together 
and then separated, it is found that they attract one another 
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mutually. The term electricity* has been applied to the agency 
developed in this operation; the excitation of the bodies, to 
which the attractive force is due, is called electrical, and the 
bodies so excited are said to be electrified, or to be charged with 
electricity. 

If second pieces of glass and resin be rubbed together and 
then separated, and placed in the neighbourhood of the first pair 
of electrified bodies, it may be observed — 

(1) That the two pieces of glass repel one another. 

(2) That each piece of glass attracts each piece of resin. 

(3) That the tivo pieces of resin repel one another. 

Hence it is inferred that the two pieces of glass possess elec- 
tiical properties which differ in their characteristics from those 
of the resin ; and the two kinds of electricity thus indicated are 
called vitreous and lesinous, after the substances on which they 
arc developed Bodies may in various ways be made electric ; 
but the characteiistics piescuted arc always those of either 
mtreous electricity oi I'esinous electricity 

59. An electiificd body exerts no foice, whether of attraction 
01 of repulsion, upon any non-electiic matter When in any case 
bodies not pieviously electrified are observed to be attracted, or 
uiged in any diiection, by an electrical mass, it is because the 
bodies have become electrically excited by influence. 

(](). If a small piece of glass and a small piece of resin, which 
have been electrified by mutual friction, be placed successively 
in the same position in the neighbourhood of an electrified body, 
they will be acted upon by equal foices, in the same line, 
but in contiary directions Hence the two bodies are said to be 
equally charged with the two kinds of electricity respectively. 

Electrical Quantity 

61. The force between two electrified bodies depends, ceteris 
paribus, on the amounts of their charges, or on the quantities 
of electricity which they possess. 

If a small piece ol glass and a small piece of resm be electrified 
by mutual faction to such an extent that, when separated and 
placed at a unit of distance, they attract one another with a 
unit of force, the quantity of electricity possessed by the former 

* From ^XtKTpov, ambei, on account of such phenomena having been first 
observed with amber as one of the substances rubbed together. 
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is said to be unity ; the latter possesses what may be called a 
unit of resinous electricity. 

If m bodies, each possessing a unit of vitreous electricity, be 
incorporated together, the single body thus composed is charged 
with m units of the same kind of electricity : It is said to possess 
a quantity of electricity equal to m, or its electrical mass is m. 
A similar definition is applicable with reference to the measure- 
ment of resinous electricity. 

62, If two bodies possessing equal quantities of vitreous and 
resinous electricity be incorporated, the single body thus com- 
posed will be found either to be non-electric, or to be in such a 
state that, without the removal of any electncity of either kind 
from it, it may, merely by an alteration in the distribution of 
what it already possesses, be deprived of all electrical symptoms. 
Thus it appears that a body either vitreously oi resmously 
electrified, may be deprived of its charge merely by supplying 
it with an equal quantity of the other kind of electricity 
In consequence of this fact, we may establish a complete 
system of algebraic notation with reference to electrical quantity, 
whether of vitreous or resinous electricity, by adopting as 
universal the law that the total (piantity of electncity possessed 
by two bodies, or the ([uantity possessed by one body made up 
of two, IS equal to the sum of the quantities with which they 
are separately cliaiged. Thus let m be the (quantity of elec- 
tricity with which a vitreously elcctiified body is charged, and 
lot m' be the c[uaiitity contained by a body equally charged 
with resinous electncity. We must have 
m + m' = 0 , 

and therefoie m is equal to —m. Now it is usual to regard 
vitreous electncity as positive; and we must therefore regard 
the other kind as negative ; so that a body possessing m units 
of resinous electricity is to be considered as charged with a 
quantity - m of electricity. 

The Superposition of Electrical Forces. 

63. If a body, electrified in a given invariable manner, be 
placed in the neighbourhood of any number of electrified bodies, 
it will experience a force which is the resultant of the forces 
that would be separately exerted upon it by the different bodies 



45 


IV.] Fundamental Laws and Principles, 

if they were placed in succession in the positions which they 
actually occupy, without any alteration in their electrical con- 
ditions. 

This law is true even if any number of the bodies considered 
be merely diiferent parts of one continuous mass. 

Cor. 1. The total mechanical action between two electrified 
bodies, whether parts of one continuous mass or isolated 
bodies, is the resultant of the forces due to the mutual actions 
between all parts of either body and all paits of the other, 
if we conceive the two bodies to be arbitrarily divided each 
into paits in any manner whatever. 

Cor. 2 We may, in any electiical problem, imagine the 
charge possessed by a body to be divided into two or more 
parts, each distributed arbitiarily with the sole condition that 
the sum of the quantities of electricity in any very small 
space of the body due to the ditferent distributions shall be 
CMpial to the given quantity of electiicity in that space, 
according to the actual distribution of electiicity in the body, 
and we may considei the foice actually exerted upon any other 
electiified body as cijui valent to the icsultant of the forces due 
to these paitial distiibutions. 


The Law of Force between Electrified Bodies 

04 The force between two small electrified bodies varies 
inversely as the squaie of tlie distance between them 
Cor. If two small bodies be charged lespectively with 
quantities m and ni of electiicity, they will mutually repel 

with a force equal to -^ 7 - ; 

(an action which will be really attractive when m and m have 
unlike signs, as would be the case were the bodies dissimilarly 
electrified). For two units, placed at a distance unity, repel 
with a force equal to unity, and therefore if placed at a distance 

A, they will repel with a force ^ ; and the expression for the 

repulsion between m units and ni units is deduced froni this, 
according to the principle of the superposition of forces, by 
multiplying by mm'. 
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Definition of the Resultant Electrical Force at a Point. 

, 65. Let a unit of negative electricity be conceived to be con- 
centrated at a point P in the neighbourhood of an electrified 
body or group of bodies, without producing any alteration in 
the previously existing electrical distribution. The force exerted 
upon this electrical point is what we shall throughout under- 
stand as the resultant force at P due to the electricity of the 
body or bodies considered. 

Cor. If R he the resultant force at P in any case, then 
the force actually exerted upon an electiical mass m, concen- 
trated at P, will be equal to — mR 

Electrical Equilibrium. 

66. When a body held at rest is electrified, and when, being 
either subject to electiical action from other bodies, or entirely 
isolated, the distribution of its charge remains permanently 
unaltered, the electricity upon it is said to be in equilibrium. 

Electrical cquihbiiunl may be distuibed in various ways 
Thus if a body charged with clcctiicity m equilibrium be 
touched, or even approached by another electrified body, the 
equilibrium may be broken, and can only be restored after a 
different distribution has been effected, by a motion of electricity 
through the body or along its surface . or if a body be initially 
electrified in any arbitrary manner, whether by friction or other- 
wise, it may be that, as soon as the exciting cause is removed, 
the electricity will either gradually become altered from its 
initial distribution, by moving slowly through the body, or will 
suddenly assume a certain definite distribution 

The laws which regulate the distribution of electricity in 
equilibrium on bodies in various circumstances have been the 
subject of most important experimental researches ; and having 
been established with perfect precision by Coulomb, and placed 
beyond all doubt by verifications afforded in subsequent ex- 
periments, they constitute the foundation of an extremely in- 
teresting branch of the Mathematical Theory of Electricity. In 
connexion with these laws, and before stating them, it will be 
convenient to explain the nature of the distinction which is 
drawn between the two great classes of bodies in nature, called 
Conductors of Electricity, and Non-Conductors of Electricity. 
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Non-Conductors of Electricity. 

67. A body which affords such a resistance to the transmis- 
sion of electricity through it, or along its surface, that, if it be 
once electrified in any way, it retains permanently, without 
any change of distribution, the charge which it has received, is 
called a Non-Conductor of Electricity. 

No body exists in nature which fulfils strictly the terms 
of this definition; but glass and resin, besides many other 
substances, are such that they may, within certain limits and 
subject to certain restrictions, be considered as non-conductors. 

Conductors of Electricity 

68. A very extensive class of bodies in nature, including all 
the metals, many liquids, etc , are found to possess the property 
that, m all conceivable circumstances of eiectiical excitation, the 
resultant force at any point within their substance vanishes 
Such bodies are called (Jonductois of Electricity, since they are 
destitute of the property, possessed by non-conductors, of 
retaining permanently, by a resistance to every change, any 
distribution of electricity arbitrarily imposed ; the only kind of 
distribution which can exist unchanged for an instant on a 
conductor being such as satisfies the condition that the resultant 
foice must vanish in the interior 
It IS found by experiment that the electricity of a charged 
conductor rests entiiely on its surface, and that the electrical 
circumstances are not at all affected by the nature of the 
interior, but depend solely upon the foim of the external 
conducting surface. Thus the electrical properties of a solid 
conductor, of a hollow conducting shell, or of a non-conductor 
enclosed in an envelop, however thin (the finest gold leaf, for 
instance], are identical, provided the external forms be the 
same. A hollow conductor never shows symptoms of electricity 
on its interior surface, unless an electrified body be insulated 
within it; in which case the interior surface will become elec- 
trified by influence or by induction, in such a way as to make 
the total resultant force at any point in the conducting matter 
vanish, by balancing, for any such point, the force due to the 
electricity of the insulated body. 
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It has been frequently assumed that electricity penetrates to 
a finite depth below the surface of conductors ; and, in accord- 
ance with certain hypothetical ideas regarding the nature of 
electricity, the “thickness of the stratum” at different points of 
the surface of a conductor has been considered as a suitable 
term with reference to the varying or uniform distribution of 
electricity over the body All the conclusion with reference to 
this delicate subject which can as yet be drawn from experiment, 
is that the “thickness,” if it exist at all, must be less than that 
of the finest gold leaf, and m the present state of science we 
must regard it as immeasurably small. It may be conceived 
that the actual thickness of the excited stratum at the suiface 
of an electrified conductor is of the same older as the space 
through which the physical properties of the pervading matter 
change continuously from those of the solids to those which 
characterize the surrounding air. 

Electrical Density at any Point of a Charged Surface 
G9 In this, and in all the pajiers which will follow, instead 
of the expression “the thickness of the stratum,” Coulomb’s 
far more philosophical teim. Electrical Density, will be employed 
with reference to the distiibiition of electiicity on the surface 
of a body; a term which is to be understood strictly in 
accordance to the following definitions, without involving even 
the idea of a hypothesis regaiding the natuie of electricity. 
The electrical density of a uniformly charged surface is the 
quantity of electricity distributed over a unit of surface 
The electrical density at any point of a surface, whether the 
distribution be uniform oi not, is the quotient obtained by 
dividing the quantity of electricity distributed over an infinitely 
small element at this point, by the area of the element 

Exclusion of all Non-Goyiductors except Air. 

70. In the present paper, and in some others which will 
follow, no bodies will be considered except conductors; and 
the air surrounding them, which will be considered as offering 
a resistance to the transference of electricity between two 
detached conductors, but as otherwise destitute of electrical 
properties. A full development of the mathematical theory, 
of the internal electrical polarization of solid or liquid non-con- 
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ductors, subject to the influence of electrified bodies, discovered 
by Faraday (in his Experimental Researches on the specific in- 
ductive capacities of non-conducting media), must be reserved 
for a later communication. 

Insulated Uonductors. 

71. A conductor separated from the ground, and touched only 
by air, is said to be insulated. Insulation may be practically 
effected by means of solid props of matter, such as glass, shell- 
lac, or gutta percha;f and if the props be sufficiently thin, 
it is found that their piescnce does not in any way alter or 
affect the electiical circumstances, and that their resisting 
power, as non-conductors of electiicity, prevents any alteration 
m the quantity of electricity possessed by the insulated body ; 
so that however the distribution may bo affected by the 
influence of surrounding bodies, it is only by a temporary 
breaking of the insulation that the absolute charge can be in- 
ci eased or diminished. 

If an insulated uncharged conductor be placed in the neigh- 
bourhood of bodies charged with electricity, it will become 
“electrified by influence,’' in such a manner that its resultant 
electrical force at every internal point shall counterbalance the 
force due to the cxteiior charged bodies, but, in accordance 
with what has been stated in the preceding paragraph, the 
total quantity of electiicity will remain equal to nothing; 
that is to say, the two kinds of electricity produced upon it by 
influence will be equal to one another in amount. 

liecupitulation of the Fundamental Laws. 

72 The laws of electricity m equilibrium m relation with 
conductors may — if we tacitly take into account such principles 


* The results of this Theory were explained briefly in a paper entitled “ Note 
sur les Lois E16mentaires de rElectncit6 Statiqiie” (published, in 1845, in 
LiouviUe’s Journal), and more fully in the first paper of the present series, on 
the “Mathematical Theory of Electricity” (ii above). A similar view of this 
subject has been taken by Mossotti, whoso investigations are published in a 
paper entitled “Discussione Analitica sulT Influenza che I’Azione di un Mezzo 
Bielettrico ha sulla Distributione dell’ EIettricit4 alia Superhcie di pm Corpi 
Elettrici Dissemmati in Esso ” (Vol. xxrv of the Memorie della Societa Itahana 
delle Scienze Eesidente tn Modena, dated 1846). 

t It has been recently- discovered by Faraday that gutta pcrcha is one of the 
best insulators among known substances (Phil. Maq., March, 1848) 

T. E 
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as the superposition of electrical forces, and the invariableness 
of the quantity of electricity on a body, except by addition or 
subtraction (in the extended algebraic sense of these terms) — 
be considered as fully expressed in the three following pro- 
positions . — ■ 

1. The repulsion between two elcctiical points is inversely 
proportional to tlic square of their distance. 

IT. Electricity resides at the boundary of a charged conductor 
III. The lesultant force at any point in the substance of 
a conductor, due to all existing electiilied bodies, vanishes 
It has been proved by Gicen that the second of these laws 
is a mathematical consequence of the first and third , and it has 
been demonstrated by La Place* that the fust law may bo in- 
ferred from the truth, in a certain particular case, of the second 
and third. The three laws were, however, first announced by 
(Coulomb, as the result of his experimental researches on the 
subject 

Objects of the Mathematical Theory of Electricity. 

73, The varied problems which occur in the mathematical 
theory of electricity in cijuilibiium may be divided into the 
two great classes of Synthetical and Analytical investigations 
In problems of the foinier class, the object is in each case the 
determination cither of a resultant foice or of an aggregate 
electrical mass, according to special data regarding distributions 
of electricity: in the latter class, inverse problems, such as the 
determination of the electrical density at each point of the 
surface of a conductor in any circumstances, according to the 
laws stated above, are the objects proposed. 

It has been proved (by Green and Gauss) that there is a 
determinate unique solution of every actual analytical problem 
of the Theory of Electricity in relation with conductors. The 
demonstiation of this with leference to the complete Theory of 
Electricity (including the action of solid non-conducting media 
discovered by Faraday), as well as with reference to the Theories 
of Heat, Magnetism, and Hydrodynamics, may be deduced from 
two theorems proved in the Cambridge and Dublin Mathemati- 
cal Jouinal for 1S47, “Regarding the Solution of certain Partial 

* [Originally by Cavemlish, as I learned after the first publication of this 
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Differential Equations” (xiii. below, or Thomson and Tait’s 
Natural Philosophy, App. A.). 

The full investigation of any actual case of electrical equi- 
libiium will generally involve both analytical and synthetical 
problems; as it may be desirable, besides determining the 
distribution, to find the resulting electrical force at points not 
in the interior of any conductor, or to find the total mechanical 
action due to the attractions or repulsions of the elements of 
two conductors, or of two portions of one conductor ; and 
besides, it is fieipiently interesting to verify synthetically the 
solutions obtained for analytical pioblems 

Actual Progress in the Mathematical Theory of Electricity. 

74. In Poisson s valuable memoirs on this subject, the dis- 
tiibution of electricity on two electiificd spheres, uninfluenced 
by other electric matter, is coiisideied ; a complete solution of 
the analytical problem is arrived at; and various special cases 
of interest are examined in detail with great rigor. In a very 
elaborate memoir by Plana*, the solution given by Poisson is 
worked out much more fully, the excessive mathematical difficul- 
ties in the way of many actual numerical applications of interest 
being such as to render a work of this kind extremely important. 

The distribution of electricity on an ellipsoid (including the 
extreme cases of elliptic and circular discs, and of a straight 
rod), and the results of consequent synthetical investigations are 
well known. 

The analytical problem regarding an ellipsoid subject to the 
influence of given electrical masses, has been solved by M. 
Liouville, by the aid of a very refined mathematical method 
suggested by some investigations of M. Lamb with reference to 
corresponding problems in the Theory of Heat. 

Green’s Essay on Electricity and his other papers on allied 
subjects contain, besides the solution of several special problems 
of interest, most valuable discoveries with reference to tlie 
general Theory of Attraction, and open the way to much more 
extended investigations in the Theory of Electricity than any 
that have yet been published. 

Glasgow College, March 4, 1848 

* Turin Academy of Sciences, tome vii. Sene ii published separately in a 
quarto volume of 383 pages . Turin, 1845. 
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V.-ON THE MATHEMATICAL THEORY OF ELECTRICITY 
IN EQUILIBRIUM 

(Art. xxxviii of complete list m Mathematical and rhijbual Papers, Vol i ) 

HI. -GEOMETRICAL INVESTIGATIONS WITH REFERENCE TO THE 
DISTRD3UTION OF ELECTRICITY ON SPHERICAL CONDUCTORS.* 

[Cambridge and Dublin Math emnf teal Journal, March, May, and Nov. 18 IS, 
Nov, IK 19, Feb 18.50] 

75. There is no branch of physical science which affords a 
surer foundation, or moie definite objects for the application of 
mathematical leasoning, tlian the theory of electricity. The 
small amount of attention which this most attractive subject 
has obtained is no doulit owing to the extreme difficulty of the 
analysis by which even a veiy limited progress has as yet been 
made ; and no other ciicuinstance could have totally excluded 
from an elementary course of reading, a subject which, besides 
its great physical importcincc, abounds so much in beautiful 
illustrations of ordinal y meclianical principles. This chai actor 
of difficulty and impracticability is not liowever inseparable 
from the mathematical theory of electricity: by very elemen- 
tary geometrical investigations we may aiiive at the solution 

* The mvostigatioiia given in this paper (§§ 75—127) foini the subject of tlie 
first pait of a senes of lectures on the Mathematical Theory of Electricity given 
in tlie Univeisity of Glasgow duimg the present session [1817—8] They aie 
adaptations of certain methods of proof which hist occurred to me as appli- 
cations of the principle of electrical images, made \Mth a view to investigating 
the solutions of various problems regarding spherical conductors, without the 
explicit use of the differential or integral calculus The spirit, if not the 
notation, of the differential calculus must enter into any investigations with 
refoieiice to Green’s theory of the potential, and therefore a more extended 
view of the subject is leserved for a second part of the course of lectures 
A complete exposition of the pumiple of electneal images (of which a short 
account was icad at the late meeting of the British Association at Oxford) has 
not yet been published; but an outline ot it was communicated by me to 
M. Liouville in three letters, of which extiacts are published in the Journal de 
Math6inatiqucs (1815 and 1817, vols x, xii ) [See xiv. below] A full and 
elegant exposition of the method indicated, together with some highly interesting 
applications to problems in geometry not contemplated by me, are given by 
M. Liouville liimself, in an article written with reference to those letters, and 
published along with the last of them. I cannot neglect the present opportunity 
of expressing my thanks for the honour which has thus been conferred upon me 
by BO distinguished a mathematician, as well as for the kind manner in which 
he received those communioatioDS, impeifect as they were, and for the favour- 
iihle mention made of them in bis own valuable memoir. 
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of a great variety of interesting problems with reference to the 
distribution of electricity on spherical conductors, including 
Poisson’s celebrated problem of the two spheres, and others which 
might at first sight be regarded as presenting difficulties of a far 
higher order. The object of the following paper is to present, 
m as simple a form as possible, some investigations of this kind. 
The methods followed, being for the most part synthetical, were 
suggested by a knowledge of results founded on a less restricted 
view of the theory of olectiicity; and it must not be considered 
eitlier tliat they constitute the best or the easiest way of ad- 
vancing tow<irds a complete knowletlge of the subject, or that 
they would be suitable as instruments of roseaich in endeavour- 
ing to arrive at the solutions of new problems 

Insulated Conducting Sphere subject to no External Influence. 

7G We may commence with the simplest possible case, that 
of a spherical conductor, charged with electiicity and insulated 
in a position removed from all other bodies which could influence 
the distribution of its charge In this, as m the other cases 
which will be considered, the various problems, of the analytical 
and synthetical classes, alluded to in a previous paper (iv. 

§ 73), will be successively subjects of investigation. Thus let 
us first determine the density at any point of the surface, and 
then, after veiifying the result by showing tliat the laws (§ 72) 
are satisfied, let us investigate the lesultant force at an external 
point. 

Determination of the Distribution. 

77. Let a be the radius of the sphere, and E the amount of 
the charge. 

According to Law IL, the whole charge will reside on the 
surface, and, on account of the symmetry, it must be uniformly 
distributed. Hence, if p be the required density at any point, 
we have E 

Verification of Law III. 

78. The well-known theorem, that the resultant force due to a 
uniform spherical shell vanishes for any interior point, consti- 
tutes the verification required in this case. This theorem was 
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first given by Newton, and is to be found in the Prmcipia; 
but as his demonstration is the foundation of every synthetical 
investigation which will be given in this paper, it may not be 
superfluous to insert it here; and accordingly the passage of 
the Principia in whicli it occurs, translated literally, is given 
here. 

Newton, First Book, Twelfth Section, Prop LXX. Theorem XXX, 

If the different points of a spherical suifacc attract equally 
with forces varying inversely as the squares of tlie distances, 
a particle placed within the surface is not attracted in any 
direction. 

Let IIIKL be the spherical surface, and P the particle within 
it. Let two lines UK, IL, intercepting very small arcs HI, 

0 KL, be drawn through P; then on account 
of the similar triangles IIP I, KPL (Cor, 
3, Lemma VIL Newton), those arcs will be 
proportional to the distances IIP, LP‘, and 
any small elements of the spherical surface at 
III and KL, each bounded all round by straight 
lines passing through P [and very nearly coinciding with IIK\ 
will be in the duplicate ratio of those lines. Hence the forces 
exercised by the matter of these elements on the paiticle P are 
equal ; for they arc as the quantities of mattci directly, and the 
squares of the distances, inversely; and these two ratios com- 
pounded give that of equality. The attractions therefore, being 
equal and opposite, destroy one another: and a similar proof 
shows that all the attractions due to the whole spheiical sur- 
Lico are destroyed by contrary attractions. Hence the particle 
P is not urged in any direction by these attractioais. q. E. D. 

Digression on the Division of Surfaces into Elements. 

79. The division of a spherical suiface into infinitely small 
elements will fiequently occur in the investigations which 
follow : and Newton’s method, described m the preceding de- 
monstration, in which the division is effected in such a manner 
that all the parts may be taken together in pairs of opposite 
elements with reference to an internal point; besides other 
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methods deduced from it, suitable to the special problems to be 
examined; will be repeatedly employed. The present digression, 
ill which some definitions and elemental y geometrical pro- 
positions regarding this subject are laid down, will simplify 
the subsequent demonstiations, both by enabling us, throiigli 
the use of convenient terms, to avoid circumlocution, and by 
affording us convenient means of reference for elementary 
principles, regarding which repeated explanations might other- 
wise be necessary 

Jlrpla nations and Definitions regarding Cones. 

80. If a straight line which constantly passes through a 
fixed point be moved in any manner, it is said to dcsciibe, or 
generate, a conical surface of which the fixed point is the 
veitex 

If the genciating line bo earned fiom a given position con- 
tinuously thiough any senes of positions, no two of which 
coincide, till it is brought back to the first, the entire line on the 
two sides of the fixed point will generate a complete conical 
suiface, consisting of two sheets, which are called vertical or 
opposite cones Thus the elements III and /fX, described 
in Newton’s demonstration given above, may bo considered 
as being cut from the spherical surface by two opposite cones 
having P for their common vertex. 

The Solid Angle of a Cone, or of a complete Conical Smface, 

81. If any number of spheies be described from the vertex 
of a cone as centre, the segments cut from the concentric 
spherical surfaces will be similar, and theii areas will bo as the 
squares of the ladii. The quotient obtained by dividing the 
area of one of these segments by the square of the radius of 
the spherical surface from which it is cut, is taken as the 
measure of the solid angle of the cone. The segments of the 
same spherical surfaces made by the opposite cone, are re- 
spectively equal and similar to the former. Hence the solid 
angles of two vertical or opposite cones are C(|ual : either may 
be taken as the solid angle of the complete conical surface, of 
wliich the opposite cones are the two sheets. 
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8im of all the Solid Angles round a Point = 47r. 

82. Since the area of a spherical surface is equal to the 
square of its radius multiplied by 47r, it follows that the sum 
of the solid angles of all the distinct cones which can be de- 
scribed with a given point as vertex, is equal to 47r. 

Sum of the Solid Angles of all the complete Conical Surfaces = 27r. 

83. The solid angles of vertical or opposite cones being 
equal, we may infer fi om what precedes that the sum of the 
solid angles of all the complete conical sui faces which can be 
described without mutual intersection, with a given point as 
vertex, is equal to 27r. 

Solid Angle subtended at a Point by a Terminated Surface. 

84. The solid angle subtended at a point by a superficial 
area of any kind, is the solid angle of the cone generated by a 
straight line passing through the point, and carried entirely 
round the boundary of the area. 

Orthogonal and Oblique Sections of a Small Cone 
85 A very small cone, that is, a cone such that any two 
positions of the gcneiating line contain but a veiy small angle, 

IS said to bo cut at right angles, or oithogonally, by a spherical 
surface described from its vertex as centre, or by any surf.ice, 
whether plane or cuived, which touches the spherical surface 
at the part where the cone is cut by it. 

A vciy small cone is said to be cut oliliquely, when the 
section is inclined at any finite angle to an oithogonal section , 
and this angle of inclination is called the obliquity of the 
section. 

The area of an orthogonal section of a very small cone is 
equal to the area of an oblique section in the same position, 
multiplied by the cosine of the obliquity. 

Hence the area of an oblique section of a small cone is equal 
to the quotient obtained by dividing the product of the square 
of its distance from the vertex, into the solid angle, by the 
cosine of the obliquity. 

Area of the Segment cut from a Spherical Surface by a Small Cone. 

86. Let E denote the area of a very small element of a 
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spherical surface at the point E (that is to say, an element 
every part of which is very near the point E), let w denote 
the solid angle subtended by E at any point P, and let PP, 
produced if necessary, meet the surface again in E ' : then, a 
denoting the radius of the spherical surface, we have 


_2(i.o).PE^ 

EE 


For, the obliquity of the element P, considered as a section 
of the cone of which P is the vertex and the 
clement E, a section ; being the angle between 
the given spheiical surface and another de- 
sciibed fioni P as centre, with PE as radius; 

IS equal to the angle between the radii, EP 
and EG, of the two spheres. Hence, by con- 
sidcriiiir the isosceles triangle EGE, we find that the cosine of 
I EE , EE 



the obliquity is equal to or to 

the preceding expression for E. 


and we arrive at 


87. Theorem* The attiactioii of a uniform spherical surface 
on an external point is the same as if the whole mass weic 
C(dlected at the centre. 

Let P be the external point, G the centie of the spheie, 
and CAP a straight line cutting the 
spheiical suihice m A. Take I in 
GP, so that CP, GA, Cl may be 
continual proportionals, and let the 
whole spherical surface be divided 
into pairs of opposite elements with 
reference to the p)oint I. 

Let II and H' denote the magnitudes of a pair of such 



* This theorem, which is more compiehensne than that of Newton m hih 
first proposition regarding attraction on an external point (Piop. lxxi ), it 
iully established as a coiollary to a subsequent proposition (Prop, lxxiii. 
Cor 2). If we had considered the proportion of the forces exerted upon tw( 
external points at different distances, instead of, as m the text, invebtigatinf> 
the absolute force on one point, and if besides we had taken together all tht 
pans of elements which would constitute two narrow anniilai portions of th( 
surface, in planes perpendicular to FC, the theorem and its demonstratior 
would have coincided precisely with Prop. lxxi. of the Pnncipia. 
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elements, situated respectively at the extremities of a chord 
HH ' ; and let (o denote the magnitude of the solid angle sub- 
tended by either of these elements at the point /. 

We have (§ 85) 


11 = 


7ciir 


and ir = 


0) 

cos 67/ /• 


Hence, if p denote the density of the surface (§ G9), the atti ac- 
tions of the two elements 7/ and W on P are respectively 


W _ IIP (O IIP 

Pcos aiirriT’ OirT rir‘ 


Now the two triangles PCII, IIGI have a common angle at C, 
and, since PC \ CII :: ClI . Cl, the sides about tins angle are 
proportional. Hence the tiiangles are similar ; so that the 
angles CPU and GUI are equal, and 
III _ CH _ a* 

UP~ CP " CP • 


In the same way it may be proved, by consid(‘ring the triangles 
PCir, IP CI, that the angles CPU' and CIPI aic equal, and 
that 

nr j iir _ a 

JPP~ CP “ CP' 

Hence the expiessions for the attractions of the elements 11 
and IP on P become 

(o (il ■. (o ol 

P c7s cm ’ CF- ' P c<K CH'I ■ 67" ’ 

which are equal, since the tiiangle HCIP is isosceles; and, for 
the same reason, the angles GPU, CPIP, which have been 
proved to bo respectively equal to the angles CHI, ClFl, are 
equal. Wo infer that the resultant of the forces due to the 
two elements is in the direction PC, and is equal to 


To find the total force on P, we must take the sum of all 


* Fiom tins \vc infer that the ratio of III to IIP is constant, whatever be the 
position of II on the spherical surface, a Nvell-knowu proposition. — (Thomson’s 
Euclid, VI. Prop, G.) 
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the forces along PC due to the pairs of opposite elements; 
and, since the multiplier of « is the same for each pair, we 
must add all the values of and we therefore obtain (§ 83), 
for the required resultant, 

^iTpa* 

The numerator of tliis expression; being the product of the 
density into the area of the spherical surface ; is equal to the 
mass of the entire charge ; and therefore the force on P is the 
same as if the whole mass were collected at C. Q. E. D. 

Cor. The force on an external point, infinitely near the 
sill face, is equal to 4<Trp, and is in the direction of a normal at 
the point The force on an internal point, however near the 
surface, is, by a preceding jiroposition, equal to nothing. 

Repulsion on an element of the Electrified Surface, 

88. Let <T be the area of an infinitely small element of the 
surfiice at any point P, and at any other point 
//of the suiface let a small element subtend- 
ing a solid angle at P, be taken. The area 
of this element will be equal to 
w.Pm 
cas CUP' 

and thcrefoie the repulsion along //P, which it exerts on the 
element a at P, will be equal to 

pay . per O) 2 

cmCIlP’ 

Now the total repulsion on the element at P is in the direction 
CP , the component in this direction of the repulsion due to 
the element //, is 

0 ) , p V ; 

and, since all the cones corresponding to the diffeient elements 
of the splicrical suiface lie on the same side of the tangent 
plane at P, we deduce, for the resultant repulsion on the 
clement cr, 

27rpV. 

From the corollary to the preceding proposition, it follows tha^ 
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this repulsion is half the force which would be exerted on an 
external point, possessing the same quantity of electricity as 
the element a, and placed infinitely near the surface. 

Glasgow College, Match 14, 1848. 


INSULATED SPHERE SUBJECTED TO THE INFLUENCE OF AN 
ELECTRICAL POINT-{§§ 89-95). 

89. A conducting sphere placed in the neighbourhood of an 
electrified body must neces.saiily become itself electric, even if 
it were pieviously uncharged; since (Law in ) the entiic resul- 
tant force at any point within it must vanish, and consequently 
there must be a distribution of electricity on its suiface which 
will for internal points balance the foico resulting from the cx- 
tcinal electrified body If tlic spheie, being insulated, be pre- 
viously charged with a given (piantity of electricity, the whole 
amount will (§71) remain unaltered by the electiical intlucnco, 
but its distribution cannot be imifoini, since m that case, it 
would exert no force on an inteinal point, and tlieie would re- 
main the unbalanced icsultant due to the external body. In 
what follows, it will be proved that the conditions are satisfied 
by a certain assumed distribution of electncity in each instance ; 
but the proposition that no other distribution can satisfy the 
conditions, which is meiely a case of a geneial theoicin referred 
to above (§ 79), will not be specially demonstrated with re- 
ference to the particular problems ; althougli wo shall have to 
assume its truth when a certain distribution which is proved 
synthetically to satisfy the conditions is asseited to be the 
unique solution of the problem. 

Attraction of a Spherical Surface of which the density vanes 

inversely as the cube of the distance from a given point 

90. Let us first consider the case in which the given point S 
and the attracted point P are separated by the spherical sur- 
face. The two figures represent the varieties of this case in 
which the point S being without the sphere, P is within ; and, 

S being within, the attracted point is external. The same de- 
»nr^rn!tration is applicable literally with reference to the two 
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figures ; but, for avoiding the consideration of negative quanti- 
ties, some of the expressions may be conveniently modified to 
suit the second figure. In such instances the two expressions 
are given in a double line, the upper being that which is most 
convenient for the hist figure, and the lower for the second. 

Let the radius of the sphere be denoted by a, and let /be the 
distance of S iiom (7, the centre of the sphere (not represented 
in the figuies). 

Join SP and take T in this line (or its continuation) so that 

(fig.l) Hr.ST^r-a^\ 

(fig. 2) SP TS = (i‘-fj ^ 

Through T draw any line cutting the spherical surhice at // K'. 
Join SK, SK\ and let the lines so drawn cut the spherical sur- 
face again in EE', 

Lot tlie whole spheiical suiface be divided into pairs of op- 
posite elements with refer ence to the point T. Let K and K' 
be a pair of such elements situated at the extremities of the 
choid KK', and subtending the solid angle co at tlie point T\ 
and let elements E and E' be taken subtending at 8 the same 
solid angles lespectively as the elements K ami K'. By this 
means wo may divide the whole spherical suiface into jiaiis of 
conjugate elements, E, E\ since it is easily seen that when we 
have taken every pair of elements, K, K', the whole surface will 


* If, in pooractncal investigations in which diagrams are referred to, tlic 
distinction of positive and ne()ativc quantities be obseived, the order of the 
letters expressing a straight line will determine the algebraic sign of the 
quantity denoted tlins we should ha\e, univeisally, if .4, B be the extremities 
ot a stiaight line, AB~:-BA, each member of this equation being positive 
or negativi' according to the conventional diiection in which positive quantitiof 
are estimated In the piesent instance, lengths measured along th§ line SB in 
the direction from S towaids B, or in corresponding directions in the continua 
tiou of this line on either side, are, in both figuies, considered as positive 
Hence, in the first figure ST will be positive, but when J is less than a 
ST must be negative on account of the equation SB ST—f^-uK Hence th( 
second figuie represents this case; and, if we wi'ih to express the circumstance! 
without the use of negative quantities, we must change the signs of botl 
members of the equation, and substitute for the positive quantity ~ ST iti 
equivalent TS, so that we have SP .TS = a? -P, as the most convenient fom 
of the expiession, when reference is made to the second figure. See abow 
(Symbolical Geometry, § 4), m volume of the Cambridge and Dublin Mathe 
matical Journal for 1848, where the principles of interpretation of the sign - n 
geometry are laid down by Sir William K. Hamilton [oi Tait’s Quaterniom 
§ 20 , 1868 ], 
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have been exhausted, without repetition, by the deduced ele- 



ments, E, E\ Hence the attraction on P will be the final re- 
sultant of tlic attractions of all the pairs of elements, E E\ 

Now if p be the electiical density at E, and if P denote the 
attraction of the element E on P, we have 



According to the given law of density we shall have 
P- SE" 


where \ is a constant. Again, since SEK is equally inclined 
to the spherical surface at the two points of iiiteisection, wo 
have (§§ 85, 86) 

_ SE'^ ^ 

KIC ’ 

and hence 

X SE^ 2aay,TK^ 

^ SE^\SR^‘ jaC , 2a TE^ 

^ EP ^'A'A" SEEK\ Er‘'“' 


■( 2 ), 


Now, by considering the great circle in which the sphere is cut 
by a plane through the line SK, we find that 
(fig. 1) SK.SE=f-a^ 

(fig. 2) KS.SE=^a^-f 
and hence 8K. SE = SP. ST, from which we infer that the 
triangles PPP are similar; so that TK: SK PE . SP. 
Hence PA* 1 

SKRPE^'^SP^’ 

and the expression for F becomes 

2a 1 


P=X. 


Kr'SE.SP^ 
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Modifying this by (2) we have 

(fig. 2) F^\, 

Siniihirly, if F' denote the attraction of E' on P, we have 

T., . 2« Ct> 


(fig. 1) P' = X 


lOv' ' if- af SF^ 


(fig 2) P' = x; 


pg . A S. 


Now in the tiianglcs which have been shown to be similar, the 
angles TKS, EPS are equal ; and the same may be proved of 
tlie angles TICS, E'PS. Hence the two sides SK, SIC of the 
triangle KSIC are inclined to the thud at the same angles as 
those between the line PS and directions PE, PE' of the two 
foices on the point P; and the sides SK, SIC are to one 
another as the foices, F, F, in the diiections PE, PE'. It 
follows, by “ the triangle of forces,” that the resultant of F and 
F' is along PS, and that it beais to the component forces the 
same ratios as the side KIC of the triangle bears to the other 
two sides Hence the resultant force due to the two elements 
E and E', on the point P, is towards S, and is eipial to 
^ 2a 03 \.2n o) 

^ • KK' ■ ' 

The total resultant force will consequently be towai'ds S; 
and we find, by summation (§ 83) for its magnitude, 

X . ^ira 

Hence we infer that the resultant force at any point P, 
separated from S by the spheiical surface, is the same as if 

a quantity of matter crpul to weie concentrated at the 

point S. 

.91 To find the attraction when S and P are either both 
without or both within the .spherical surface. 

Take m GS (lig 3), or in CS produced through S (fig 4), a 
point S^, such that 


GS.CS^=^a\ 
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Then, by a well-known geometrical theorem (see note on § 87), 
if E be any point on the spherical surface, we have 

SE _ f 
B^E'a' 

TT 1 ^ 

Hence we have , t- 

Hence, p being the eloctncal density at E, w(‘ liavi' 


if 




\a? 


X = 


r 


Hence, by the investigation in the piccedmg paragiapli, the 
attraction on P is towaids >S'j, and is the same as if a quantity 



of matter equal to were concentiated at that point, / 

being taken to denote CS^. If for/^ and X^ wo substitute their 
values, y and , wo have the modified expression 

X y . 47ra 

for the quantity of matter which we must conceive to be 
collected at 8^. 


92. Prop. If a spheiical surface be electrified in such a way 
that the electrical density varies inversely as the cube of the 
distance from an internal point S (fig 4), or from the corre- 
sponding external point it will attract any external point, 
as if its whole mass were concentrated at 8, and any internal 
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paint as if a quantity of matter greater than the whole mass in 
the ratio of a to / were concentrated at 

Let the density at E be denoted, as before, by Then, 

bE 

if we consider two opposite elements at E and E' which sub- 
tend a solid angle &> at the point 8, the areas of these elements 

being (§ 96) — — and — — , the quantity of elec- 

tiicity which tlicy possess will be 

X . 2a 0 ) / 1 1 \ X. 2a . CO 

~ E'E [SE'^E'W '''' 8E7E'S‘ 


Now 8E E'S is constant (Euc. iii 35), and its value is 
Hence, by summation, we find for the total quantity of elec- 
tricity on tlic spherical suiface 

X . 47ra 

Hence, if this be denoted by m, the expressions m the preced- 
ing paragiaphs, for the quantities of electiicity which wc must 
siq)pose to be concentiated at the point 8 or 8^, according as F 
IS without or within the sjiheiical surface, become respectively 


m, and -.m. 

/ 


Q. E D. 


Application of the preceding Theorems to the Problem of Electrical 
Influence. 

93 Prob To find the electrical density at any point of an 
insulated conducting sphere (ladius a) charged with a quantity 
Q (either positive, or negative, or zero) of electricity, and placed 
with its centre at a given distance / from an electrical point M 
possessing m units of electricity. 

If the expression for the electrical density at any point E of 
the surface be 



X and k being constants; the force exerted by the electrified 
surface on any internal point will be the same as if the con- 
stant distribution k, which (§ 78) exerts no force on an 
internal point, were removed; and therefore (§ 90) will be 
T E. 5 
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[V. 


the same as if a quantity of matter equal to were 

collected at the point M. Hence, if the condition 
XArra 



be satisfied, the total attraction on an inteinal point, due to 
the electrified suiface and to the iidiuencing point, will vanish. 

Hence this distribution satisfies the 
condition of equilibrium (§ 72) ; and 
to complete tlie solution of the pro- 
posed problem it only remains to de- 
termine the quantity k, so that the 
total quantity of electiicity on the 
surface may have the given value Q, Now (§ 92) the total 

mass of the distnbution, depending on the term in the 

expression for the density, since M is an external point, is 
equal to a ^ira 

f r- 

Hence, adding 47ruVj, the (piantity depending on the constant 
term k, we obtain the entire quantity, whicli must be e({ual to 
Q\ and we therefore have the equation 
a 



« 


(«) 


From equations {h) and (c) we deduce 


X=-- 


4i7ra 


^ a 

Q-k-y.m 

and A; = — r* a"" > 
47ra“ 


Hence, by substituting in (a), we have 


p = - 


( f — a^) ni 1 
47ra ' 


^ a 

Q -k y m 


■w. 


as the expression of the required distribution of electricity. 
This agrees with the result obtained by Poisson, by means 
of an investigation in wiiich the analysis known as that of 
“ Laplace’s coefficients,” is employed. 

94. To find the attraction exerted by the electrified conductor 
^^Yternal noint, 
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We may consider separately the distributions corresponding 
to the constant and the variable term in the expression for the 
electrical density at any point of the surface. The attraction 
of the first of these on an external point is (§ 87) the same 
as if its whole mass were collected at the centre of the sphere : 
the attraction of the second on an external point is (§ 92) 
the same as if its whole mass wcie collected at an inteiior 
point I, taken in MG so that Ml . MG = d\ hleiioe, according 
to the investigation in the preceding paragraph, we infer that 
the conductor attiacts any external point with the same force 

as would be produced by ipiantitios Q and — of 

/ / 

electricity, concentrated at the points C and I respectively. 

Cor. The resultant foice at an cxteiiial point infinitely near 
the surfiicc is in the direction of the noimal, and is equal to 
47rp, if p be the electrical density of the surface, in the neigh- 
boLuhood. 


95. To find the mutual attiaction or lepulsion between the 
influencing point, M, and the conducting sjiherc. 

According to what piecedes, the leipiired attraction or repul- 
sion will be the entiic foice excited upon m units of electricity 

at the point if, by Q-¥jm at C and at a point /, 


taken in CM, at a distance ^fiom G. Hence, if the required 

attraction be denoted by F (a quantity which will bo negative 
if the actual force be of repidsion), we have 





or „ . (if - oQ w” -fif - a?f Qm 



Cob 1. If Q be zero or negative, the value of F is ncoes- 
sauly positive, since /must be greater than ct; and therefore 
there is a force of attraction between the influencing point 


6—2 
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and the conducting sphere, whatever be the distance between 
them. 

Cor. 2, If Q be positive, then for sufficiently large values 
of /, F is negative, while for values nearly e(]ual to a, F is 
positive. Hence if an electrical point be brought into the 
neighbourhood of a similarly charged insulated sphere, and 
if it be held at a great distance, tlie mutual action will be 
repulsive ; if it then be gradually moved towards the sphere, 
the repulsion, which will at first inciease, will, after attaining 
a maximum value, begin to diminish till the electiical point 
is moved up to a ceitain distance where there will be no foice 
cither of attraction or icpulsion, if it be brought still nearer 
to the conductor, the action will become attractive and will 
continually augment as the distance is diminished. 

If the value of Q be positive, and sufficiently great, a spark 
will be produced between the nearest part of the conductor 
and the influencing point, before the force becomes changed 
from repulsion to atti action. 

St Pbteu’h Coi.lkok, 

July 7, 1818. 


EFFECTS OF ELECTRICAL INFLUENCE ON INTERNAL SPHERICAL, 
AND ON PLANE CONDUCTING SURFAC'ES. 

90. In the preceding articles of this series ceitain problemr 
with reference to conductors bounded externally by sphenca 
surfaces have been considered It is now proposed to exhibi 
the solutions of similar problems with reference to the dis 
tribution of electricity on concave spherical surfaces, and O’ 
planes. 

The object of the following short digression is to define an 
explain the precise signification of certain technical terms an 
expressions which will be used in this and in subsequent pape’ 
on the Mathematical Theory of Electricity. 


External and Internal Conductwg Surfaces. 

^ surface separating conducting matt 
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within it from air* without it, is called an external conducting 
surface. 

Def. 2. A closed surface separating air within it from conduct- 
ing matter without it is called an internal conducting surface. 

Thus, accoidmg to these definitions, a solid conductor has 
only one “ conducting surface,” and that " an external conduct- 
ing surface.” 

A conductor containing within it one or more hollow spaces 
filled with air, possesses two or more “conducting surfixces;” 
namely, one “ external conducting surface,’’ and one or more 
“internal conducting sui faces” 

A complex arrangement, consisting of a hollow conductor 
and other conductors insulated within it, piescnts several 
external and internal conducting surfaces; namely, an “external 
conducting suiface” for each individual conductor, and as many 
“internal conducting sui faces” as tlieie aie hollow spaces in the 
different conductors. 

9cS In any airangcment such as this, theie are different 
masses of air which are completely separated from one another 
by conducting matter. Now among the General Theorems 
alluded to m § 7*1, it will he proved that the bounding sui- 
face or surfaces of any such mass of air cannot experience 
any electrical influence from the surfaces of the other masses 
of air, or from any electrified bodies within them. Hence any 
statical phenomena of electricity which may be produced in a 
hollow space surioundcd continuously by conducting matter, — 
whether this conducting envelope be a sheet even as thin as 
gold leaf, or a massive conductor of any external form and 
dimensions, — will depend solely on the form of the internal 
conducting surface. 

09 Pnop An internal conducting surface cannot receive a 
charge of electneity independently of the influence of electrijkd 
bodies within it. 

100. The demonstration of this proposition depends on what 
precedes, and on one of the General Theorems, already alluded 
to (§ 73), by which it appears that it is impossible to distribute 
a charge of electricity on a closed surface in such a manner that 

* See § 70 , excluding all non-conductors except air, or gases. 
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there may be no resultant force exerted on external points, and 
consequently impossible, with merely a distribution of electricity 
on an internal conducting surface, to satisfy the condition of 
electrical equilibrium with refeience to the conducting matter 
which surrounds it. 

The preceding proposition (§ 99) is fully confirmed by ex- 
periment (Faraday’s Experimental Researches, §§ 1173, 1174). 
In fact, the certainty with which its truth has been practically 
demonstrated in a vast variety of cases, by all electrical 
experimenters, may be regarded as a very stioug part of the 
evidence on which tlie Elementary Laws as state<l above 
(§ 72) rest. 

101. It might be further stated that the total quantity of 
electricity pioduccd by infiuence on an internal conducting 
surface is necessarily e({ual in every case to the total qiiantit} 
of electricity on the influencing electiified bodies insulated 
within it This will also be demonstrated among the Oeneral 
Theorems; but its tiiitli in the special case which we are now 
to consider, will, as we shall see, be established by a special 
demonstration 

Electrical Influence on an Internal Spherical Conducting Surface 
102 In investigating the effects of electrical influence upon 
an external, or convex, spherical conducting surflico (§§ 93, 
94, 9 j), we have considered the conductor to be insulated and 
initially charged with a given amount of electricity In the 
present investigation no such considerations are necessary, 
since, according to the statements in the preceding paragraphs, 
it is of no conseijiiencc, m the case now contemplated, whether 
the conductor containing the internal conducting suiface be 
insulated or not; and it is impossible to charge this internal 
surface initially, or to charge it at all, independently of the 
influence of electrified bodies witliin it. With the modifications 
and omissions necessary on this account, the preceding investi- 
gations are applicable to the case now to be considered. 

103. Prob. To find the electrical density at any point of an 
internal spherical conducting suiface with an electiical point 
insulated within it. 
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Let m denote the quantity of electricity in the electrical 
point M) f its distance from (7 the 
centre of the sphere, and a the radius 
of the sphere. 

If the expression for the electrical 
density at any point Eoi the internal ' 

surface be 

i\ a constant); the force exeited by the electrified spherical 
surface on any point without it will (§ 90) be the same as if 



\ . ^ira 

M. Hence if we take X such that 


a quantity of matter equal to 


were collected at the point 


X. 47r(T 


- 


tlio total resultant force, due to the given electrical point and 
to the electrified surface, will vanish at eveiy point external to 
the spherical surfixce, and consc([uciitly at every point within 
the substance of the conductor, so that the condition of electrical 
0(piilibrium (§ 72), in the presciibed circumstances, is satisfied 
We conclude, therefore, that the rcipuied density at any point 
E, of the internal spheiical surface is given by the equation 
_ (a" — /^) m 1 

47ra~"'J/A” 


.(A). 


This solution of the problem is complete, since it satisfies 
all the conditions that can possibly be piescribed, and it is 
uni(|ue, as follows from the general Theorem leferred to in § 73,f 


* We caimot here, as in («) of § 93, annex a constant term, since in this 
case there would result a force duo to a corresponding quantity of electricity, 
concentrated at the centre of the sphere on all points of the conducting mass. 

t For if there were two distinct solutions there would be two different dis- 
tributions on the spherical surface, each balancing on external points the action 
of the internal influencing body, and therefore each producing tlie same force at 
external points Hence a distiibutiou, in which the elcctiical density at each 
point 18 equal to the difference of the electrical densities in those two, would 
produce no force at external points But, by the theorem alluded to, no dis- 
tribution on a closed surface of any form can have the property of producing no 
force on external points, and therefore the hypothesis that there are two 
distinct solutions is impossible. 

The theorem made use of m this reasoning is susceptible of special analytical 
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Cor. The total quantity of electricity produced by the in- 
fluence of an electrical point within an internal spherical con- 
ducting surface is equal, but of the opposite kind to that of 
the influencing point. 

This follows at once from the investigation of § 92; from 
which we also deduce the conclusion stated below in the next 
section. 

104. The entire electrical force, which vanishes for all points 
external to the conducting surface, may, for points within it, be 
found by compounding the force due to the given influencing 
point M (charged, by hypothesis, with a quantity w of elec- 
tricity) with that due to an imaginary point /, taken in CM 
produced, at such a distance from G that CM . Cl - and 

charged with a quantity of electricity equal to m. 

Cor. The resultant force at an internal point infinitely neai 
the surface, is in the direction of the normal, and is equal to 
47rp, if p be the electrical density of the surface in the neigh- 
bourhood. 

105. The mutual attraction between the influencing point 
My and the suiface inductively electrified will be found as in 
§ 95, provided the uniform supplementary distribution which was 
there introduced be omitted. Hence, omitting the term of (B) 
which depends on this supplementary distiibution , or simply, 
without reference to (B), considciing the mutual foice between 

771 at M and —j. m at I, a force which is necessarily attractive 

as the two electrical points 31 and I possess opposite kinds of 
electricity ; we obtain 



as the expression for the required attraction. 


demonstration (with the aid of the method m which “Laplace’s coefficients” 
are employed) for the case of a spherical surface, but such an investigation 
would be inconsistent with the synthetical character of the present series of 
and I theiefoie do no more at present than allude to the general theoiem, 
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Electrical Influence on a Plane Conducting Surface of wflnite 
extent. 

106. If, m either the case of an external or the case of an 
internal spherical conducting surface, the radius of the sphere 
be taken infinitely great, the lesults will be applicable to the 
present case of an infinite plane; and it is clear that from either 
we may deduce the complete solution of the problem of deter- 
mining the distribution of electricity, produced upon a con- 
ducting plane, by the influence of an electiical point. The 
“supplementary distribution,” which, in the case of a convex 
spheiical conducting surface, must in general be taken into 
account, will, in the case of a sphere of infinite radius, be 
a finite ([uantity of electiicity uniformly distributed over a 
surface of infinite extent, and will theieforc produce no effect; 
and the same lesults will be obtained whether wo deduce 
them fiom the case of an external or of an inteinal spherical 
suiface. 


107. Let M be an electrical point possessing a rpiantity m of 
electiicity placed in the neighbouihood of a conductor bounded 
on the side next M by a plane LU 
whicli we must conceive to be indefi- 
mtely extended in every direction, it , 

is KHpiired to determine the electrical 
density at any point E of the conduct- 
ing suiface. '' ^ ' / 

J)iaw MA pcipcndicular to the 
plane, and let its length bo denoted ^ i i ^ 

by p. Wo may, in the fiist place, , 

conceive that instead of the plane sur- Vs'' 

face we have a spherical conducting ' \ 

surface entirely enclosing the air in ' . 

which M IS insulated; and, suppos- /jkwvvv 

ing the shortest line from M to the 

spherical surface to be equal to ji, we sliould have, accoiding to 
the notation of § 103, f—^~V' 

Hence the expression (A) becomes 


2ap ~ m P __ f \ 

4‘7ra ' Mir \27r Itto/ ME'^ ' 
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lu this, let a be supposed to be infinitiely great; the second 
term within the vinculum will vanish, and we shall have simply 

mp 








for the required electrical density at the point E of the in- 
finite plane electrified inductively through the influence of the 
point M. 

Cor. The total amount of the electricity produced by in- 
duction is equal in quantity, but opposite in kind, to that of 
the influencing point M, We have seen already that the same 
proposition is true in general for internal spheiical surfaces 
inductively electrified; but it does not hold for an external 
spherical surface, even if we neglect the “supplementary 
distribution,’' as it appears from the demonstration of § 92, 
that the amount of tlie distribution expressed by the first 
term (that vliich vanes inversely as the cube of the distance 
from the influencing point) of the value of p in equation (A) 

of § 93, is equal to infinite plane may, as wo 

have seen, be regarded as an extreme case of either an external 
or an internal spherical surface ; and the proposition which is 
in general true for internal, but not true for external spheiical 
surfaces, holds iii this limiting intei mediate case. 

108. To determine the resultant force at any point m the air, 
before tlie conducting plane, it will be only neecssaiy, as m 
§ 104, to compound the action of the given electiical point with 
that of an imaginary point L 

To find this point, we must produce 31A beyond A to a 
distance AI, detei mined by the equation C2I . — wdiich, 

if we denote by p\ becomes (a -p) {a + p) - (A. 

From this we deduce 




ap 

a -p 



a 


and thence, in the case of a = oo , we deduce pi —p. 

Again, for the quantity of electiiaty to be concentrated at /, 
we have the expression 

m — — m, or, when a—oo, m — ~ m. 
a-p 
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Hence the force at any point before the plane will be ob- 
tained by compounding that due to the given electrical point 
M, with a force due to an imaginary point /, possessing an 
equal quantity of the other hand of electricity, and placed at 
an equal distance behind the plane in the perpendicular MA 
produced. 

109. If reference be made to the general demonstration (§ 90) 
on which all the special conclusions with reference to the effects 
of electrical influence on convex, concave, or plane conducting 
surfaces depend, we see that the geometrical construction em- 
ployed fails in the case of a sphere of infinite radius, becoming 
nugatory in almost every step: we have however deduced 
which are not nugatory, but, on the contrary, assume 
a remarkably simple form for this case; and we may legard as 
rigorously established the solution of tlie problem of electrical 
influence on an infinite plane which has been thus obtained. 

110. It is interesting to examine the nugatory forms which 
occur in attempting to apply the demonstrations of §§ 90 and 
92, to the case of an infinite plane ; and it is not difficult to 
derive a special demonstration, free from all nugatory steps, of 
the following proposition. 

Let LL be an infinite ‘‘material plane,” of which the 
“density” in different positions vanes in- 
veisely as the cube of the distance fiom a 
point S, or from an equidistant point >S'j, on 
the other side of the plane. The lesultant 
foice at any point P is the same as if the 
whole matter of the plane weie concentrated 
at S ; and the resultant force at any point ^ 

Pj, on the other side of the plane, is tlie 
same as if the whole mattei were collected 
at 

111. In the course of the demonstiation 
(in that part which corresponds to the in- 
vestigation m § 93) it would appear that, if the density at any 
point E of the plane is given by the expression 

X 
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the entire quantity of matter distributed over the infinite extent 
of the plane is given by the expression 

SttX 

— m — . 

P 

This proposition and that which precedes it * contain the 
simplest expression of the mathematical truths on which the 
solution of the problem of electrical influence on an infinite 
plane depends, and we might at once obtain from them the 
results given above. For an isolated investigation of this case 
of electrical equilibiium, this would be a better form of solu- 
tion : but I have preferred the method given above, since the 
solution of the more geneial pioblem, of which it is a paiticular 
case, had bi'on previously given 

112. The case of electrical influence which has been considered 


* The two propoHitions may be analytically exjiressod as follo^^s — 

Let 0, the point in which cuts the jilune, be oi]<;in of co-oidinatos, and 
let tills lino be axis of z Then, takiiii' OA, OV in the plane, let the co- 
orchnatcH of V be (/, y, z) Let also those ot 1] bo (^, ?/, 0), so that sve have 

\ 


Hence the proposition stated in the text (§ 111), that the entne quantity 

27r\ 

of matter distiibuted over the inhnitc extent of the idane is e(pial to — , is 

P 

thuB o\])icssed — 

^ 

oo y -00 (tlq. p 

This equation may be very easily verified, and so an extiemely .snn])le analytical 
deinonstiation of one of the tlieoicms enunciated above is obtained 
Again, the ])ioposition with reference to the atti action of the plane may, 
accoiding to the well-known method, be expressed most simply by means of 
the potential. This must, in viitue of the enunciation m ^ 110, be eipial to 
the potential due to the same quantity of matter, collected at the jioiiit S, oi 
the point 6’j, accoiding as the attracted point is separated fiom the former 
or fiom tlie latter by the plane. Hence we must have 



27r\ 


+p)-]i 


the positive or negative sign being attached to z in the denominator of the 
second member, accoiding as z is given with a positive or negative value 
This equation (of which a gcometiical demoustiatioii is included in §§ 107 and 
108, m connexion with § 90) is included in a result (the evaluation of a 
certain multiple integral), of which three diffeient analytical demonstrations 
were given in a paper On certain Definite Intcflials suggested by Problems in 
the Theouj of Electiicity, published' in March 1847 in this Journal, vol. ii 
p. 109 (ix. below). 
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might at first sight appear to be of a singularly impractical 
nature, since a conductor presenting on one side a plane surface 
of infinite extent m every direction would be required for fully 
realizing the prescribed circumstances. If, however, we have 
a plane table of conducting matter, or covered with a sheet of 
tmfoil, or if we have a wall presenting an uninterrupted plane 
surface of some extent, the imagined circumstances are, as we 
readily see, appro.nmatelg realized with reference to the in- 
fluence of any electrical point in the neighbourhood of such a 
conducting plane, provided the distance of the influencing point 
fiorn the ])]ane be small compared with its distance fiom the 
nearest part wlieic the continuity of the plane surface is m any 
way broken. 

Foktjjkfd^, Belfast, Oct , 17 , 1840 . 


INSULATED SPHERE SUBJECT TO THE INFLUENCE OF A BODY OF 
ANY FORM ELECTRIFIED IN ANY GIVEN MANNER. 


113. The problem of determining the distribution of elec- 
tricity upon a splieie, or upon intcinal or plane spherical 
conducting surfaces, under the influence of an clectiical point, 
was fully solved in §§ <S9 112 of this senes of papers On 

the ])iinciple of the supei position of electrical forces (§ 63) 
ivc may a])ply the same method to the solution of corresponding 
])ioblems with lefeience to the influence of any numbei of given 
electrical points 

111. Thus let M, M, M" be any number of electrical points 
])ossessing respectively m, 7n\ 7n" units of electricity, at dis- 
tances f, f, f' from G the centre of a 
sphere insulated and charged with a 
quantity Q of elcctiicity. The actual 
distribution of electricity on the spheri- 
cal surface must be such that the force 
due to it at any internal point shall 
be equal and opposite to the force due to the electricity at 
il/, M\ M". Now if there were a distribution of electricity on 
the splierical surface such that the density at any point 



would be 


M~E^ 


, the force due to this at any internal point 
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would {§ 90) be the same as that due to a quantity 
concentrated at the point J/, and therefore if we take 


XAira 

/W 




47r(t 


the force at internal points due to this distribution would be 
equal and opposite to the force due to the actual electricity 
of M. We might similaily express distiibutions which would 
respectively balance the actions of M\ M", etc., upon points 
within the sphere; and thence, by supposing all those distri- 
butions to coexist on the surface, we infer that a single dis- 
tribution such that the density at E is equal to 

m 1_ (/'-«“) m m' 

( lira ME^ 4™ M'E‘^ iira M". 

would balance the joint action of all the electrical points 
M, M\ M"y on points within the spheio. Again, from § 92, 
wo infer that the total quantity of electricity in such a dis- 
tribution is 


1 

r'A’V 




a , a , 


Hence, unh^ss the data chance to be such that Q is equal to 
this quantity, a supplementary distribution will be neci'ssaiy 
to constitute the actual distiibution which it is rci^uired to 
find. The amount of this supplementary distribution will be 

-{-ji m m ; 

which must be so distributed as to produce no foice on internal 
points. 

115. Taking then the distribution found above, which 
balances the action of the electricity at M, M\ etc., on points 
within the sphere, and a uniform supplementary distribution ; 
and superimposing one on the other, we obtain a resultant 
electrical distribution in which the density at any point E of 
the surface of the sphere is given by the equation 


P- 4a7r ME‘'^ iira 


ME 


^ + etc. 


y-V Ctf 

Q-\- +etc. 

47ra’‘ 




•( 1 ); 
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(1) The total force at any internal point, due to this distri- 
bution and to the electricity of M, 31', etc., vanishes. 

(2) The entire quantity of electricity on the spherical sur- 
face is equal to Q. 

Hence this distribution of the given charge on the sphere 
satisfies the condition of electrical equilibrium under the in- 
fluence of the given electrical points 3[, 31', etc. ; and (§ 73) 
it is tliercfore the distiibiition which actually exists upon the 
spherical conductor in tlie prescribed ciicuinstances. 

IIG. The resultant force at any exteinal point may be found 
as in the particular case tieated in § 94. Thus, if wo join 
MC, 310, 31' G, and take m the lines so drawn, points I, /" 
respectively, at distances from G such that 

Gi . C3I ^ or. G3r = or . G3r = a\ 

the resultant action due to tlie actual electricity of the spherical 
surface will, at any exteinal jioint, be tlie same as if the vsphere 
weic lemoved, and electrical jioints I, F, etc., substituted m its 
stead, besides (except in the case when the supplementary dis- 
tribution vanishes) an elcctiical point at G. and the quantities 
of olectiicity which must be conceived for this representation, 
to be concentiated at these points, are lespectivcly 


— -7,7)1, at i , 

/ ^ ( 2 ). 

and Q + etc , at C 

117, By means of these imaginary electrical points wo may 
give another form to the expression for the distribution on the 
spherical surface, which in many important cases, especially 
that of two mutually influencing spherical surfaces, is extremely 
convenient. For (as in § 94, Cor.) it is readily seen that the 
first term, in the expression for p multiplied by 47r, or 
{p — a^)m 1 

is the resultant force at E, due to 31 and I, and ihat this force 
is in the direction of a normal to the spherical surface through 
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E; and tlmt similar conclusions hold with reference to the 
other similar terms of (2). Again, the last term, 


Q+j.7n-\-j,m -fete. 




is the expression for the force at E, due to the imaginary 
electric point G, divided by 4<7r; and this force also is in the 
direction of the normal Hence, with reference to the total 
resultant action at E, due to M, M\ etc., and the sphciical 
surface, or the imaginary electrical points within it, wo infer 

(1) That this force is in the direction ot the noimal ; 

(2) That if ]{ be its magnitude considcnal as positive or 
negative according as it is from or towards the centie of the 
sphere, and p the electrical density at A', we liave 

'’ = 41 ^ (•') 

These two propositions constitute tlie expression, for the 
case of a spherical conductor subject to any electiic influence, 
of Coulomb's Theorem* 


118. The total action exerted by the given electiical points, 
and by the sphere witli its electricity disturlx'd by tlicir in- 
fluence upon a given clectiilied body placed anywhere in their 
neighbourhood, might, as we have seen, bo found by substi- 
tuting in place of the spheie the group of electrical points 
which represents its external action, provided there were no 
disturbance produced by the influence of this electrified body 
This hypothesis, however, cannot be true unless the sphere, 
after experiencing as a conductor the influence of M, M\ etc., 
were to become a non-conductor so as to preserve with rigidity 
the distribution of its electricity when the new electrified body 
is brought into its neighbourhood: and consequently, when it 
is asserted that the resultant force at any external point P is 
due to the group of electrical points determined in the preced- 
ing paragraphs, we must remember that the disturbing influence 
that would be actually exerted upon the distiibution on the 


* For a general demonstration of this theorem, virtually the same as the 
original demonstration given by Coulomb himself, see Camhridfje Mathenwtical 
Journal (1842), vol. in p. 75 (or §§ 7, 8, above). 
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spherical surface by a unit of electricity at the" point P, is 
excluded in the definition (§ 65) of the expression '' the re- 
sultant electrical force at a point ” 

119. The actual force exerted upon any one, M, of the influ- 
encing points may be determined by investigating the resultant 
force at M, due to all the otheis and to the conductor, and 
multiplying it by the quantity of electricity, m, situated at this 
point, since in this ease the influence of the body on which the 
force IS rc({uired has been actually taken into account. 

120, It follows that the entire mutual action between all the 
given electrical points and the sphere under then influence 
IS the same as the mutual action between the two systems of 
electrical points, 


ni at M 
m' at M' 


and 




at I 
at r 


This action may be fully determined with any assigned data^ 
by the elemcntaiy piinciples of statics. 


121. Thcie IS a lemaikable chaiactciistic of this resultant 
action which ought not to be passed over, as it is related to a 
very impoitant physical jainciple of symmetry, of which many 
other illustrations occui in the theoiies of electricity and mag- 
netism It IS expressed in the following proposition : — 

The mutual action between a spherical conductor and any given 
electrified body consists of a single force in a line through the 
centre of the sphere. 

Let us conceive the given electrified body either to consist 
of a group of elcctiical points, or to be divided into infinitely 
small paits, each of which may be regaided as an electrical 
point The mutual action between the given body and the 
conducting sphere under its influence is therefore to be found 
by compounding all the forces between the points M, M\ etc., 
of the given body, and the points /, etc.... and C, of the 

imaginary system within the sphere determined by the con- 
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struction and formulse of the preceding paragraphs. Of these, 
the forces between M and between M' and etc , and 
again, between M and /, between M' and F, etc., aie actually 
in lines passing through C\ and, therefore, if there were no 
other forces to be taken into account the proposition would be 
proved. But we have also a set of foices between M and F, 
between M and 7 ", etc, none of which, except m particular 
cases, are in lines through C, and, therefoie, it remains for us 
to determine the nature of the resultant action of all these 
foices. For this purpose let us consider 
any two points M, M' of the given in- 
! fhiencing body and the conesponding 

\^'V imaginaiy points /, and let us take 

the foice between M and F, and along 
with it the foice between / and J/'. 
These two forces lie in the plane MCM\ sinci', by the con- 
struction given above, I and F aie lespectively in the lines 
CM and CM') and hence they have a single K'sultant. Now 
the force in MJ' is due to m units of electricity at M, and 

— units at F) and (§ G 4 ) it is theiefore a foice of ic- 

pulsion equal to 


PT— s — , or a force of attiaction eipial to 77777 

^ i ]\p 


Similarly, we find 

for the attraction between M and I Now since, by constuic- 
tion, CM GI = CM ' . or, the tiiangles FMC, Df'C, which have 
a common angle at C, are similar. Plence 

FM^ cr. CM _f' J 
I3r~Ci:GM'~a‘ 


from which we deduce 


j,m . m -jn.m 

T.... if mnltinlv the first member of this equation by 
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r and M\ and similarly, by multiplying the second member 
by sin CM' I we find the moment of the force between M' and 
/; and, since the angle at M is equal to the angle at M\ we 
infer that the moments of the two forces round G are equal. 
From this it follows that the resultant of the forces in MF and 
M'l IS a force in a line passing through C. Now the entire 
group of forces between points of the given body and non- 
correspondent imaginary points, consists of pairs such as that 
which we have just been considering; and therefore the mutual 
action is the resultant of a number of forces in lines passing 
through G. This, compounded with the forces between if, if', 
etc., and the corresponding imaginary points, and the forces 
between if, if', etc., and the imaginary electrical point at G, 
gives for the total mutual action a final resultant in a line 
passing througli C 

122 It follows from this theorem that if a spherical con- 
ductor bo supported m such a manner as to be able to tuin 
fieely lound its contie, oi round any axis passing through its 
centre, it will lemain in equdibiium when subjected to the 
iiiflueiicc of any external olectiificd body or bodies We may 
anive at the same conclusion by merely consideiing the perfect 
s\nimetiy of tlie s|)lieie, lound its centie or lound any line 
thiough its centie, without assuming any specific results with 
lefeience to the distiibution of electricity on spheiical con- 
diictois. For if theie weie a tendency to tuin round any 
diainetei thiough the influence of external electrified bodies, 
the sphere would, on account of its symmetry, expeiience the 
same tendency when turned into any othei position, its centre 
and the influencing bodies remaining fixed; and there would 
theiefoie lesiilt a continually accelerated motion of rotation. 
This being a physical impossibility, wo conclude that the 
sphere can have no tendency to move when its centre is fixed, 
\vhatevcr be the electrical influence to which it is subjected. 

123. It is very interesting to trace the different actions 
winch, according to the synthetical solution of the problem of 
electrical influence investigated above, must balance to produce 
this equilibrium round the centre of a spherical conductor 
subjected to the influence of a group of electrical points. Let 
us, for example, consider the case of two influencing points. 

For fixing the ideas, let us conceive the sphere to be capable 

9 
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of turning round a vertical axis, and let the influencing points 
be situated in the horizontal plane of its centre, C If at first 
there be only one electrical point, il/, which we may suppose 
to be positive, the sphere under its influence will be electrified 
with a distribution symmetrical round the line 310, but with 
more negative, or, as the case may be, less positive, electricity, 
on the hemisphere of the surface next 31 than on the remote 
hemisphere If another positive electrical point, 31', be brought 
into the neighbourhood of the sphere, on a level with its ccntie, 
and on one side or the other of 310, and if for a moment we 
conceive the sphere to be a perfect non-conductoi of clectiicity ; 
this second point, acting on the electricity as distiibuted under 
the influence of the first, will make the spheie tend to turn 
round its vertical axis. Thus if AA^ be a diameter of the 
sphere in the line 3fACA^, the sphere would tend to turn fiom 
its primitive position so as to bring the point A of its sin face 
nearer M'. If now the spliere bo supposed to become a perfect 
conductor, the distribution of its clectiicity will bo alteKal so 
as to bo no longer symmetiical lound A^i^ This alteration 
we may conceive to consist of the supei position of a distiibu- 
tion of equal quantities of positive and negative electricities 
symmetrically distributed round tin' line 300, witli the nega- 
tive electricity prepondeiating on the hemisphere nearest to 
M'. To obtain the total action of the two points on the elec- 
trified sphere, it will now be necessary to compound the action 
of 31', and the action of 31, on this siipi'rimposed distiibution 
with the action previously consideied. Of th(‘So the foimer 
consists of a simple force of attraction in the line 300 , but 
the latter, if refcired to G the centre of the splieio, will give, 
besides a simple foice, a couple round a vertical axis, tending 
to turn the sphere m such a direction as to bring the point A' 
of its surface nearer 31. Now, as we know a j)rion that theie 
can be no resultant tendency to turn arising from the entire 
action upon the sphere, it follows that the moment of this 
couple must be equal to tlie moment of the contrary couple, 
which, as we have seen previously, results from the action of 
M' on the sphere as primitively electrified under the influence 
of M. This is precisely the proposition of which a synthetical 
demonstration was given in § 121, and we accordingly see that 
^iirnnrmtration is merely the verification of a proposition 
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of which the truth is rendered certain by a prion reasoning 
founded on general physical principles. 

124 When the influencing body, instead of being, as we 
have hitherto conceived it, a finite group of isolated electrical 
points, is a continuous mass continuously electrified, we must 
imagine it to be divided into an infinite number of electrical 
points ; and then, by means of the integral calculus, the ex- 
pressions investigated above may be modified so as to be 
applicable to any conceivable case 

1 25. It appeals fiom the consideiations adduced in §§ 99, 100, 
that it IS impossible to have an internal spherical conducting 
suiface, 01 an infinite plane conducting suilace, insulated and 
charged with a given amount of electricity, and that conse- 
quently, there being no ^'unifoim supplementary distributions'' 
to be taken into account, the solutions of ordinary problems 
with reference to such sui faces aie somewhat simpler than 
those 111 which it may be proposed to consider an insulated 
conducting s])heie possessing initially a given electiical charge. 
All the investigations of tlie piesent aiticle, except those which 
have leference to the “supplementary distiibution " and which 
aie not ie{|Uiied, are at once applicable to cases of internal or 
of plane conducting surfaces 

12G, The impoitance of consideimg the imaginary electrical 
points /, r, etc (and (7, the centre of the sphere m the case of 
an extcinal spheiical suiface), whether for solving problems 
with leference to the mutual forces called into action by the 
electiical excitation, or for detei mining tlie distribution of 
clectiicity on the spheiical surface, has been shown in what 
inecedes Hence it will be useful, before goings further in the 
-subject, to examine the nature of such groups of imaginary 
points, when the influencing bodies are either finite groups of 
electrical points, or continuously electrified bodies. [See XIV. 
below, or Thomson and Taits Natural Philosophy y §§ 512... 518,] 
127. The term Electrical Images, which will be applied to 
the imaginary electrical points or groups of electrical points, 
is suggested by the received language of Optics ; ^nd the close 
analogy of optical images will, it is hoped, be considered as a 
sufficient justification for the introduction of a new and extremely 
convenient mode of expression into the Theory of Electricity. 
Stockholm, September 20, 1849. 
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of turning round a vertical axis, and let the influencing points 
be situated in the horizontal plane of its centre, C. If at first 
there be only one electrical point, M, which we may suppose 
to be positive, the spheie under its influence will be electrified 
with a distribution symmetrical round the line MC, but with 
more negative, or, as the case may be, less positive, electricity, 
on the hemisphere of the surface next M than on the remote 
hemisphere If another positive electrical point, M', be brought 
into the neighbourhood of the spheie, on a level with its centie, 
and on one side or the other of MG, and if for a moment wo 
conceive the sphere to be a peifect non-conductor of electricity ; 
this second point, acting on the electricity as distiibuted under 
the influence of the fiist, will make the spheie tend to turn 
round its vertical axis. Thus if AA^ be a diametei of the 
sphere in the line MACA^, the sphere would tend to turn fioin 
its piimitive position so as to bring the point A of its surface 
nearer M'. If now the sphere be supposed to become a perfect 
conductor, the distribution of its clectiicity will be alteied so 
as to be no longer symmetiical lound Aji^ This alteration 
we may conceive to consist of the supei position of a distribu- 
tion of equal quantities of positive and negative eh'ctricities 
symmetrically distiibuted round the line M'C, with the nega- 
tive electricity preponderating on the hemispheic ncaiest to 
M'. To obtain the total action of the two points on the elec- 
trified sphere, it will now be necessary to compound the action 
of M', and the action of M, on this superimposed distnbution 
with the action previously considered. Of these the foimer 
consists of a simple force of attraction in the line M'G , but 
the latter, if refeircd to C the centre of the sphere, will give, 
besides a simple foice, a couple round a vertical axis, tending 
to turn the sphere in such a direction as to biing the point A' 
of its surface nearer M. Now, as we know a pion that theie 
can be no resultant tendency to turn arising from the entire 
action upon the sphere, it follows that the moment of this 
couple must be equal to the moment of the contrary couple, 
which, as we have seen previously, results from the action of 
ilf' on the sphere as primitively clectiificd under the influence 
of AI. This is precisely the proposition of which a synthetical 
demonstration was given in § 121, and we accordingly see that 
that demonstration is merely the verification of a proposition 
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of which the truth is rendered certain by a prion reasoning 
founded on general physical principles. 

124. When the influencing body, instead of being, as we 
have hitherto conceived it, a finite group of isolated electrical 
points, is a continuous mass continuously electrified, we must 
imagine it to be divided into an infinite number of electrical 
points ; and then, by means of the integral calculus, the ex- 
pressions investigated above may be modified so as to be 
applicable to any conceivable case. 

125. It appears fiom the considerations adduced in §§ 99, 100, 
that it IS impossible to have an internal spherical conducting 
surface, or an infinite plane conducting surface, insulated and 
charged with a given amount of electricity; and that conse- 
quently, theie being no “imifoim supplementary distributions” 
to be taken into account, the solutions of oulinary problems 
with lefeienco to such sui faces arc somewhat simpler than 
those in which it may be proposed to consider an insulated 
conducting sphere jiossessmg initially a given clectiical charge. 
All the investigations of the present aiticle, except those which 
have refeience to the “supplementaiy distnbution” and which 
are not reigiiicd, are at once applicable to cases of internal or 
of plane conducting suifaces. 

126, The importance of considering the imaginary electrical 
points /, 1\ etc (and C, the ccntic of the sphere in the case of 
an external spherical suiface), whether for solving problems 
with refeience to the mutual forces called into action by the 
electrical excitation, oi for determining the distribution of 
clectiicity on the spheiical suiface, has been shown in what 
precedes Hence it will be useful, before going further in the 
subject, to examine the nature of such groups of imaginary 
points, wlien the influencing bodies are either finite groups of 
electrical points, or continuously electrified bodies. [See XIV. 
below, or Thomson and Tait’s Natural Philosophy, §§ 512... 518.] 

127. The teim Electrical Images, which will be applied to 
the imaginaiy electrical points or groups of electrical points, 
is suggested by the received language of Optics ; and the close 
analogy of optical images will, it is hoped, be considered as a 
sufficient justification foi the introduction of a new and extremely 
convenient mode of expression into the Theory of Electricity. 
Stockholm, September 20, 1849. 



VI.-ON THE MUTUAL ATTEACTION OE EEPULSION BE- 
TWEEN TWO ELECTEIFIED SPHEEICAL CONDUCTOES 

(Art. Lxiv. ot Mathematical and Physical Papers, Vol ii.) 

[Philosophical Mayazim, Apni and August 1853,] 

128. In a communication made to the Biitisli Association at 
Cambridge in 1845, I indicated a solution adapted foi numerical 
calculation, of the problem of determining the mutual attraction 
between two clectiified spherical conductors. Apapci (ii above) 
published in November of the same yeai m the first Niimbei of 
the Cambridge and JJahlin Mathematical Journal contains a 
formula actually expiessing the complete solution foi the case of 
an insulated spheie and a non-insulated spheie of equal radius 
(§ 30, above), and numeiical lesults calculated for four different 
distances for the sake of compaiison wilh expeiimental results 
which had been published by Mi Snow Hams. The investi- 
gation by which I had aiiivcd at this solution, winch was 
equally applicable to the general pioblem of finding the attrac- 
tion between any two electiilied spheiical conductors, has not 
hitherto been published ; but it was communicated in July 
1849 to M. Liouville, along with another veiy diffeient method 
by which I had just succeeded in ariiving at the same result, 
in a letter the substance of which constitutes the present 
communication. Form like marked (8) .... (18) in that letter 
expressed the details of the solution according to the two 
methods. They are leprodiiccd hcie in terms of the same nota- 
tion, and with the same numbeis affixed. The hrst-mentioned 
method is expressed by the formula* (10), (17), (18), and the 
other by (8) ... . (15). The formula marked with letters 
{a), (6), etc., in the present paper, express details of which I 
had not preserved exact memoranda. 

129. Let A and B designate the two spherical conductors ; 
let a and h be their radii, respectively ; and let c be the dis- 
tance between their centres. Let them be charged with such 

nf oipctricitv. that, when no other conductors and no 
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excited electrics are near them, the values of the potential 
withm them may be u and v respectively. 

130. The distribution of electricity on each surface may be 
determined with ^^reat facility by applying the ‘'principle 
of successive influences” suggested by Murphy (Murphys 
Electricity, Cambridge, 1833, p 03), and determining the effect 
of each influence by the method of “ electrical images,” given 
in a paper entitled “Geometrical Investigations regarding 
Sphciical Conductois”t The following statement shows as 
much as is requiied of the results of this investigation for our 
present pin pose 

131. Lot us imagine an electrical point containing a quantity 
of eiectiicity eiinal to ua to be placed at the centre of A, and 
aiiothei vh at the centie of B. The image of the former in B 

will be ~ ^ . luiy at a point in the line joining the centres, and 
c 


distant by - fiom the centre of B, The image of this in A will 

be ua, in the same line, at a distance ■■ - ^ 7 7 . from the 

bo b 

c c 


centre of A , the image of this point m B will be • 


-h 


aa, at a distance ■ 




• fiom the centre B; and 


so on . and in a similar manner we may derive a series of 
iniagmary points from vb at the centre of B. To specify com- 
pletely these two senes of imaginary points, let p^, p\, p\, 

p^,p\, etc., denote the masses of tlie series of which the first 
is at the centre of A ; and let fi, f\, fi, ^tc., denote the 
distances of these points from the centres of A and B alter- 


* The potential at any j)oint in the neighbourhood of, or within, an electrified 
body, la the quantity of work that would be required to bring a unit of positive 
electricity from an infinite distance to that point, if the given distribution of 
electricity were maintained unaltered. Since the electrical force vanishes at 
every point within a conductor, the potential is constant throughout its interior, 
t Cambridge and Dublin Mathematical Journal, Feb, 1850 (v. above, § 127). 
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aateiy ; and, again, let (R, q\} denote the masses, and 

9v ff'v ^ 2 ’ .q'i’ distances of the successive points of the 

other series from the centres of B and A alternately. These 
quantities are determined by using the following equations, and 
giving n successively the values 1, 2, 3, ... : — 


7. = o, 

/'= 

c-/»’ 


p^ = ua 




C-/V 


Pn- 




^ ^ a 


^. = 0, 


9n=^- 


q^-=vb 


9n 


---Qn ^ 


( 8 ). 


The* two senes of imaginary olectiical points thus specified, 
would, if they existed, produce the same action m all space 
external to the spherical surfaces as tlic actual distributions of 
electricity do, those (Pi, q'l, p^^ Q which lie within the 

surface A producing the effect of the distribution on A, and 
the others (q^, p\, q^, etc.), all within tlio surface /i, the 
effect of the actual distiibution on B. Hence the resultant 
force between the two paitial gioups is the same as the re- 
sultant force due to the mutual action between tlie actual 
distributions of electiicity on tlie two conductors; and if this 
force, considered as positive or negative accoiding as lepulsion 
or attraction preponderates, be denoted by F, wo have 


«=* ^=00 r ^ 


Ps(h 


PBt 


, qAt 

2 "r / _ 


where denotes a double summation, with refcrcuco to all 
integral values of s and t The following process i educes this 
double series to the form of a single infinite scries, of which the 
successive terms may be successively calculated numerically in 
any particular case with great ease. 

132. First, taking from ((S) expressions foi p, and/, in terms 
of inferior order, and for q^ and in tcims of higher order, and 
continuing the reduction successively, we have 
a , a 


(9)> 


M. _ 


P.-!- 


e-f.-, !/'. 




c-/« V 9,1 


P’-t. 








^ P.-A,» . 
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and — 

Similarly, we find 

and — 

^-0s-9t 




Now and^^" and aie each independent of and 

u V u V 

v; hence the following notation may be adopted conveniently; 




Then, taking 7i to denote f + s in the pieceding equations, we 


Pn-^Jt ^ _ nv ^ 

Pn-fPt _ qnWe 

Hence wc have 


(c - fn.^n - 9,y [sj s\ ' 

fi om which we conclude that 


y^ “ _P^qt ^ y y rp q\. 

Ki Ki (0 -j: - gf s‘\ Ki ^ ’ 

and, by using this and transformations similarly obtained for 

the other paits of the expicssion for /<] we obtain 

71 -^ r^/7) r t=n-i q 

7 /^__ VI J v^ /p n\ i\r\ r.Q .<^\\ 


,71 r t=n e=n-i q 


133. The quantities P„, Q^, S^ which occur in this expression, 
may be detei mined successively for successive values of n in the 
following manner: — By substituting, in (8), for 
their values by (13), and eliminating g^, g'„, we find 
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cP^ = a8,_^-hbS„, cQ, = bS^_^ + aS^, 
c8^_^ = bP^^ + aP^ = aQ„_^ + bQ,, 
from which we derive 


.(a); 




Pn-P. 


^2 _ ..2 _ 7 2 


s.. 


-S'. - -S'., 


ab 

y-a^-P 

ab 

By giving n the values 1 and 2 in (Bi) and (8), we find 

[P,= K 

y^h^__c^-^-P 1 

“ a% ~ ab b’ 


■(b). 


Q.-k< 


1 

b' 

— a^ 


/S: 


aP 
c 

ab^ 

- P 


■ P - P .. 1 

■ab' + 


.(c). 


ab 




By these equations we have directly the values of the fiist two 
terms of each of the sets of quantities P^J'.^, P^, etc , Q^, Q^, 

etc., and 8^, 8,^, 8^, etc.; and the others may be calculated suc- 
cessively by tlie preceding ecpiations. 

134. The polynomials which constitute the numeiators of the 
successive terms of the second member of (15) may also be 
calculated successively, by means of eipiations obtained in the 
following manner. We have by (c), (6), and (u), 

P.Q. + + PA-, + etc = I Q.. + (~^^P, + 1) C„_. 


■f 


= \-S'.,+- 


ab 

-a^-b' 


•.-P}j C„-. + ete. 


(^1 Qn-&P iQn-i+ etc.)-(P (?„- 3 +etc ) ; 


ab ' ab 
and similarly we find 

+ 8A_^ + + etc. 
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=-Lp 


(^i-^n- 2 + ® *C.) - (^iP^.g + etc. ) ; 


'ah ^ ah 
and 

^lQn~l + P^Qn~<i + PaQn-s + ^tC. 


ah 


Hence, if we put 


(P,.M + M) = 25',, 

t= n~l 

S (P.,5J = F,„ 

(=1 
t‘=n-l 


■(e), 


= <?» 

^ = 1 

J 

m terms of which notation tlic expicssion (15) for F becomes 
P=2«ug/ + ^/ + |/+ctc.) 


- j«= (]«; + p; + pH etc ) +P (|-' + + |/+ etc.)|^ 


(/); 


we have 


F-a^-F 


■ \ib 


P' = 

■ n+l 


P' -PP 

ah ^ 


ah 

Also we have directly from (e) and (c), 


-O)- 


^. = 0, F. 


,.(A). 


» a”6 

Q'.= 0, ^2 = ^ 

135. These equations enable us to calculate successively the 
values of etc., P\, F\, P\, etc., and 

etc., after the values of^'^, S^, etc., P^, P^, etc., and etc., 

have been found. 
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186. The solution of {h) as equations of finite differences with 
reference to n, and the determination of the arbitrary constants 
of integration by (c), leads to general expressions for 
and and by using these in (^), integrating the equations so 
obtained, and determining the arbitrary constants by means 
of [h), general expressions for and are obtained. 

The expression for F may therefore be put in the form of an 
infinite series, with a finite expression for the general term. 
Further, the value of this series may be expressed, by means of 
analysis similar to that which Poisson has usetl for similar 
‘ purposes, in terms of a definite integral. I do not, however, 
in the present communication give any of this analysis, except 
for the case of two sjiheres in contact which is discussed below, 
because, except for cases in which the spheres aie very near 
one another, the senes for F is rapidly convergent, and the 
terms of it may be successively calculated with great case, by 
regular arithmetical processes, for any set of values of c, a, and 
&, b) using fiist the equations (c), to calculate S^, P^, P,^, 

; then {b) with the values 2, 8, etc , successively substi- 
tuted for 71, to calculate etc, and P,^, 1\, etc, and Q^, Q^, 
etc. ; then (/<) and {g) to calculate by a similai succession of 
processes, the values of S\, etc , F^, P\, F^, etc., and 
Q'v Q'v Q'v etc, 

137. The following is the method, alluded to above, by which 
I first arrived at the solution of this problem in the year 184o. 

138. The “ mechanical value ” of a distribution of electricity 

on a group of insulated conductors, may be easily shown to be 
equal to half the sum of the products obtained by multiplying 
the quantity of electricity on each conductor into the potential 
within it.^ Hence, if P and E denote the quantities of elec- 
tricity on the two spheres in the present case, and if W denote 
the mechanical value of the distribution of electricity on them, 
we have W {Du + Ev). 

* This pioposition occiirretl to me in thinking over the demonstration which 
Gauss gave ol the theorem that a given quantity oj matter may he distributed in 
one and only one way over a given surface so as to piodiice a given potential at 
evemi point of the suiface, and considering the mechanical signification of the 
function on the rendering of which a minimum that demonstration is founded. 

It was published, I believe, by Helmholtz in 1847, in his tieatise Ueher die 
Erhaltung der Krajt, by the translation of which, in the last number of the 
New Scientific Memoirs, a great benefit has been conferred on the British 
scientific public. 
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Now if the two spheres, kept insulated, be pushed towards one 
another, so as to diminish the distance between their centres 
from c to c~dc, the quantity of work that will have to be spent 
will be F. dc, since F denotes the repulsive force ngainst which 
this relative motion is affected But the mechanical value of 
the distribution in the altered circumstances must be increased 
by an amount equal to the work sjient in producing no other 
effect but this alteration. Hence d\ dc = — dW, and therefore 

+ (JO), 

where u and v are to be considered as varying with c, and D 
and ii' as constants. Now, accoi ding to the notation expressed 
in (13), wc have 




, 1 1 

s. 


+ etc 


= D 


1 




( 17 ). 


Hotel mining ^^^'and by 

^ dc dc ^ 


the diffeientiation of these equa- 


tions, and using the results in (16), we find 


F^ \ 


d (\ 


dc 




-t-etc 


o d / I 
- ^UV , h, + 


1 


+ 11' 


dc \H^ 

d (\ 

dc i a 


+ctc 


+ .-^+OtC 


.( 18 ). 


This expression agiees perfectly with ( /’), given above; since, 
by differentiating the equations (^) and (c) with icfcicnce to c> 
we find that the (juantities dmioted above by S'^, etc, 

P\, F\, etc, Q\, t/,, Q\, etc, and expicsscd by the 

equations (g) and (h), aie equal icspectively to 


,dS, .dS, 

^ dc^ ^~dc ’ 


^ dS^ 
dc 


etc , 


dl\ , dl\ 


dc 




2 dc 


dc ' 
etc. 


- dc ’ 


etc., 


do ' dc 

139. The seiics (/) or (18) foi F becomes divergent for the 
case of two spheres in contact, but the doubly infinite series 
from which this was derived in the first of the two investiga- 
tions given above, is convergent when the terms are properly 
grouped together; and its sum may be expressed by means of a 
definite mtegral in the following mannei . — 
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140. Since the two spheres are in contact, the potentials 
within them must be equal, that is, we must havew = ^?. For 
the sake of simplicity, let us suppose the radii of the two spheres 
to be equal, and let each be taken as unity. Then we shall 
have « = 6 = 1, and c == 2; and the terms of doubly infinite senes 
(9) in this case are easily expressed,* in very simple forms, by 
equations (8). Thus we find 




I 

2'^‘ 


1_^2 1 1.5 

y+ 4,. rf + -y. - 

2.1 2 2 2 .‘1 2.4 




.5" 


■ etc. 


etc. 


8132 3.3 , 

+ -4^- 5^ + -etc. 

4.1 4.2 , 

“ -^2 + -pr - etc. 

5.1 ^ 

■h — etc 

If we add the terms in the veitical column.s, we find 
2 3 4 3.4 5 ^ 

.j, - + ' -otc. 


.{k). 


1.2 .3 


p'= X 4 (- 


which is a diverging senes, and is the same as wo should have 
found by using the form ( /) or (18) But if ve add the terms 
in the horizontal lines, wo find the following convergent series 
for F:— 


\ \og^M0 „log^.0W 


hgj.m 

~7 TT^y 


- etc. I 


From equations (8) we find, m this ease, 

Jn-iln- 2n ' 


Hence 


2,i’ 

p.q, (2.-l)(2f-l) 
ic-f.-a,? )2(s + ()-2p 

2s .2t 


2t{2s-l)_ 


{c~<h-9'ty 

and then, by (9), we obtain the expiession for F in this particular case, given m 
the text. 
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Hence, since (1 + ^)-" = 1 - 261 + ZfP - etc., we have 


F^v‘f 

0 

or, by actual integration. 


log^ edo 

U+W 


•w, 


F= 




1 


e 


F=Q^ 


]ix(log2-]) = ^,^Jx (-09315 -•25) 

= /x 073858. 

The quantity of elect] icity on oacli spheic being equal to the 
sum of the masses of tlie imagmaiy series of points within it, 
IS, according to the foimulm foi /q, q\„ etc., 

(1 — ] + j -f etc.) or V log 2. 

Hence we ha\T the following oxpiession for tlie lepulsion he- 
twi'on file two spiK'res, in tiams of Q tlie ipiantity of electricity 
on eacli, 

I X (log2- }) 

(log 2)“ 

i41 Tf .r denote the distance at which two electrical points, 
containing (piantities eipial to tlu^ quantities on the two spheres, 
must be placed so as to repel one another with a force eipial to 
the actual torce of repulsion between the spheies, we have 

Using the value foi F found above, we obtain 
lop- 2 

.r = -7,^ af - = 2-550 

•Jil X (I'>g2-1)) 

Jf the electrical distribution on each suiface were uniform, this 
distance would be equal to 2, the distance between the centres 
of the spheres ; but it exceeds this amount, to the extent shown 
by the pieceding result, because in leality the electrical density 
on each conductor increases gradually from the point of contact 
to the remotest points of the two surfaces. 

PS — The calculation by the method shown in the preceding 
paper, of the various quantities required for determining the 
force betw'een two spheres of equal radii (each unity), insulated 
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with their centres at distances 21, 2 2, 2 3, etc., up to 4, has 
been undertaken, and is now nearly complete. 

Glasgow College, Maich 21, 1853. 


142. The following numerical fesults have been calculated (by 
means of the forinulie established above) for application to the 
theory of a now electrometer which I liave recently had con- 
structed to determine electrical potentials in absolute measuie, 
from the repulsions of uninsulated balls in the interior of a 
hollow insulated and electrified conductor, by means of a bifilar 
or torsion balance beaiing a vertical shaft which passes thiough 
a small aperture to the outside of the conductor . — 

Table I — Shoioing the Quantities of Elechicit)/ on two equal Spheri- 
cal Conductors^ of radius r, and the mutual force hetueen them^ 
when charged to potentials u and v respectively 


Col 1 

1 Cols 

2 and 3 

Cols 1 and 5 

Col 6. 

Dis* 

taiice 

from 

centre 

to 

centre 

=rr 

For determining thequantiOrs 
of elcctrieitv, 

D—{Iu -Jv)r 
E—{lv-Ju)r 

For deti^rmimiifi: the mutual 
fore (*, 

F-inuv~j(u' 1 v‘‘), 

beniK n'pulsiOM wlioii positive, 
and attraction wIioii ne^^ative 

Ratio of the poten- 
tials wlion tlu're is 
neither attraction 
nor repulsion, 


I 

J 

A 

B 

p 

2-0 

•093117 

CO 

CO 

A + ]x 073858 

. 073858 

2-1 

1 58390 

88175 

1 13811 

1171 19 

77828 

2 2 

1 13131 

72378 

52852 

50350 

•09037 

2 3 

1 31827 

03395 

32917 

•30357 

03553 

2-4 

1 29310 

57202 

23159 

20104 

58975 

2 5 

1 25321 

•52537 

17132 

20030 

55888 

26 

1 22218 

•18819 

•131)90 

10787 

51099 

2-7 

1 -19755 

45740 

11082 

1 1090 

17805 

2-8 

1 17738 

■13140 

09171 

12073 

•40019 

2*9 

1 10050 

•40880 

07720 

•10520 

43667 

3*0 

M1629 

•38908 

00592 

09299 

•41507 

8*1 

1'13401 

•37151 

•05093 

08304 

39072 

3 2 

1-12340 

•35571 

04903 

•07481 

37917 

3-3 

1-11110 

•31150 

•04303 

•00791 

•30370 

3*4 

1 10588 

32852 

03803 

0(»203 

34939 

3 5 

1-09859 

•31003 

03141 

05097 

33015 

3 6 

1 09208 

•30509 

•03081 

05257 

32418 

3 7 

1 08623 

•29557 

02775 

01872 

31203 

38 

1-08095 

28017 

02509 

04531 

30211 

3-9 

1 07617 

27742 

02278 

•01229 

29233 

4-0 

1 07182 

•26924 

•02075 j 

•03958 

•28318 
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Table II -—Showing the Potentkds in two equal Spherical Conductors, 
and the mutual force between them, when charged with quantities 
D and E of electricity respectively. 


Col 1 

PlS- 

tanco 

from 

centre 

to 

Cols 2 and 3 

For determining the potentials 

'‘Adr- -D+zirys *’); 

Cols. 4 and 5. 

For detorimmng the mutual 
force, 

’ £■ -a(2>2 + ^)} I , 

where 

A(/^+J-0-2i57J 

Col 6 

Ratio of the quan 
titles whentliereii 
neither attractioi 
nor repulsion, 

centre 

=cr 


„ B(I^+J2)-2AIJ 

i~jp 





( 72 _j 2 )a 



1 

J 

l^~ji 

a. 

/9 


20 

2 1 

^ . 

^ -093117 
91182 

4x ^ 

^ 0<M117 

50920 

CO 

15375 

a+Jx 153726 

•22008 

, . 153726 

1- V 

•39102 

2 2 

93809 

•47107 

•08203 

15251 

•29435 

2 3 

95220 

41782 

05111 

•12180 

•23580 

24 

90112 

42528 

03955 

•10309 

•19914 

2 5 

90829 

•10599 

•02997 

•09038 

•10908 

2 0 

97351 

38888 

023 12 

08078 

•11470 

27 

97771 

37318 

01819 

•07341 

•12786 

28 

•98105 

35910 

01500 

•00710 

•11318 

2 ') 

98370 

34058 

012*22 

00180 

09971 

3 0 

•98598 

33107 

01010 

05731 

•08877 

3 1 

98782 

32301 

00812 

05333 

07944 

3 2 

98931 

•31327 

00708 

01981 

07139 

3 3 

99007 

30300 

00599 

01000 

00442 

3 1 

99178 

29102 

00510 

•01382 

05839 

3 5 

99272 

28012 

•00137 

•041*20 

•05298 

3 0 

•'99351 1 

27810 

•00378 

•03891 

•01808 

3 7 

99123 

•27051 

•003*20 

•03079 

•04349 

3 8 

9') 181 

•20338 

002H3 

•03481 

•01001 

3 9 

99537 

25059 

00217 

03306 

•03730 

10 

•99583 

•25015 

0021G 

•03139 

•03444 


T. E. 



VII.-ON THE ATTRACTIONS OP CONDUCTING AND 
NON-CONDUCTING ELECTRIFIED BODIES. 

(Art. VII. of complete list in Mathematical and Physical Papers, Vol i ) 
[From the Cambridge Mathematical Journal, May 1843 ] 

144. In measuring the action exerted upon an electrified 
body, by a quantity of free electricity distributed in any manner 
over another body, the methods followed in the cases m which 
the attracted body is conducting and non-conducting are 
different Now, the only difference between the state of a 
conducting body and that of a non-conducting body is, that 
the electricity is held upon a conducting body by the pressure 
of the atmosphere (to a ccitain extent at least), while on a non- 
conducting body it IS held by the friction of the particles of the 
body. 

145 To find the attiaction of an clectiical mass E, on a non- 
conducting electrified body A, the obvious way is to proceed as 
in ordinary cases of attraction, considering the electricity on A 
as the attracted mass. 

In finding the action on a conducting body A, the method 
followed is to consider its electricity as exciting no piessiire 
upon the pai tides of the body, but disturbing its eipiilibiium, 
by making the pressure of the air unequal at diffeient paits 
of its surface These two methods (»f incasuiing the action 
of E ovi A should obviously lead to the same result, since the 
action must be the same, whether A be conducting or non- 
conducting, the distribution remaining the same It is tlie 
object of the following paper to show that they do lead to the 
same result. 

146. We must first find the pressure of an element of the 
electricity of d, on the atmosphere. 

Let ds be the area of the element, and pds its electiical mass. 
Let ds form part of another element a, indefinitely larger than 
ds in every direction, but so small that it may be considered 
as plane. Now, if pa be a material plane, it can exercise no 
attraction on pds, in a direction perpendicular to the plane, and 
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it may be readily shown that this is also true if pa- be a plate 
of matter of different densities, arranged in parallel planes, the 
thickness being either finite or indefinitely small, and the law 
of density being any whatever. 

147. Hence, the force acting on pds is due to the repulsion 
of all the electrical mass, except a\ and, since the electricity 
on A IS in equilibrium under the influence of E, the repulsion 
acts along tlie normal thiough ds, and is in magnitude ^irp^ds 
(see I. above, § 7), which is therefore the pressuio of ds on the 
air Hence, if p be the baiometric piessure of the atmosphere, 
the pressure on ds, perpendicular to the surface, is 
{p — ^TTp^) ds. 

Hence, if X be the whole pressure on A, lesolved along a fixed 
line X' X, and if v be the angle which the normal through ds 
makes with this line, we have 

X = - jj (p - 277 p^) cos vds, 

the integials being extended over the surface of A. Now, 
Jfp cos vds = 0, 

since the pressure of the atmospheie does not distuib the equi- 
librium of A Hence, we have 

X = 27r//p‘‘*cos vds (a), 

which IS the expression for the attraction on a conducting body 
^1, eithei sepal ate from the body on which E is distiibuted, or 
connected witli it 

14S To show that this is identical with the expression for 
th(' attiaction oi: E on the electricity of A, let Bpds and B'pds 
be the comjionents of the lepulsion on pds, which are due to E, 
and to the electiicity of A ; and let a, a be the angles which 
their directions make with XX', Then we shall have 
27rp cosv = B cos a + R' cos a; 
therefore X-ff(R cos cos a) ds. 

Now, fJR' cos a ds is the attiaction of the electricity of A on 
itself m the direction XX', and is therefore = 0. Hence, 

X=fJRcos ads ih). 

But this expression for X is the attraction of Eon the electricity 
of A : [also, the moment lound OX is the same for the diminution 
of air pressure as for the attraction of E on the electricity of 
A :] and hence the two methods of measuring the action lead to 
the same result. 


7-2 



VIIL-DEMONSTMTION OF A FUNDAMENTAL PROPOSITION 
IN THE MECHANICAL THEORY OF ELECTRICITY. 


(Art. XIV. of complete list in Mathematical and Physical Papers, Vol. i.) 

[From the Cambridge Mathematical Journal, Feb. 1845.] 

149. If a material point be in a position of equilibrium when 
under the influence of any number of masses attracting it or 
repelling it with forces which are inversely proportional to the 
square of the distance, the equilibrium will bo unstable.* 

The first thing to be proved is, that if the material point 
receive a slight displacement, there will in general be a moving 
force called into action. 

150. Let 0 bo the po.sition of equilibrium , P any adjacent 
point ; V the potential of the influencing masses, fx, at P, which 
point we suppose not to be contained within any portion of fi) 
U the value of V at 0. Now it is shown by Gauss, in his 
Mdmoire on General Theorems in Attraction, (also in Thomson 
and Tait’s Natural Philosophy, § 497,) that V cannot have the 
constant value U through any finite volume, howevei small, 
adjacent to 0, without having it for eveiy point external to p 
But this is impossible, as may be shown m the following 
manner. 

Let <r be a closed surface containing within it a quantity of 
matter, p^, consisting of any number of detached poitions of p, 
or of the whole of p, if /x be a continuous mass. Let da be an 
element of a, and P the force due to the total action of p, 
resolved in a direction perpendicular to da, which may be con- 
sidered positive when directed towards the space within a. Then, 
by a theorem demonstrated in this Journal (see xn. below, § 200), 
we have jjPda = 47r/x, 

the integrations being extended over the whole of a. Hence P 
cannot be = 0 for every point of the surface a, and therefore V 
cannot be constant for all the space exterior to p. 


* This theorem was first given by Mr Earnshaw, in his Memoir on Molecular 
Forces, read at the Cambridge Philosophical Society, March 18, 1839. See 
Vol. VII. of the Transactions. 
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Hence V cannot have the constant value U for every point 
of any finite volume, however small, adjacent to 0. 

151. Now let a sphere S be described round 0 as centre, with 
any radius a, sufficiently small that no portion of shall be 
included, and let P be any point of the surface 8, and ds an 
element of the surhicc at P. 

In the equations (3) and (4) of the article already referred to 
(xii below, § 199), let the sphere 8 bo the surface there con- 
sidered ; let z; = F, and , if OP = r. 

I y. 

Hence P^ - and ^ evciy point of 8 ; 

m = /i, = 1, Sjjvdi}\ = U. 

Also jjv^ Pds = ^ jjPds = 0, 

and jjjvfin-0, since 8 does not contain any of the matter /i. 
We have thoieforc, by cornpaiing (3) and (4) of § 199, 

Tlierefolo jjVds = 4imdU, 

^vhich shows that the mean value for the surface of a sphere, 
of the potential of any exteiiial masses, is equal to the value 
at the centre. Let V ~ U + u. 

Therefore fjuds = 0. 

152. Now, as has already boon shown, u cannot he = 0 for 
(.'vaav point P adj<icent to 0, and theiefoie if the sphere pass 
thiough a point F where ii is negative, there must also be a point 
F ' m the surface, for which u is positive. But if we assume the 
potential of an attracting particle to be positive, the direction 
of the resultant foice, resolved along any straight line, will be 
that m which F increases. Hence there will be a force towards 
0, for points displaced along OP\ and from 0, for points dis- 
placed along OP", Hence if M, the material point in equili- 
brium at 0, be displaced along OP", the moving force generated 
will tend to remove it further from 0, which is therefore an 
unstable position. 

153. As an apphcation of this theorem, let us consider the 



102 


Mechanical Theory of Electricity, [viii. 

case of any number of material points repelling one another 
according to the inverse square of the distance, and contained in 
the interior of a rigid closed envelope Let the system be in 
equilibrium when acted upon by attracting or repelling masses 
distributed in any manner without the envelope. 

It will generally be possible that there may be a position or 
positions of equilibrium, in which at least some of the particles 
are not in contact with the surface. If now we suppose all 
the particles fixed except one, not m contact with the surface, 
the equilibrium of this particle is, as has been shown, unstable. 
Hence, generally, the equilibrium of the sj'stem is unstable if 
any of the particles be not in contact with the suifacc, and 
therefore in nature the particles cannot remain in such a posi- 
tion. There must, however, be some stable position oi positions 
in which the particles can lest, but in such, all the particles 
must be m contact with the suiface of the envelope. The sole 
condition of equilibrium in this case will be that the resultant 
force on each particle shall bo in the direction of a normal to 
the surface, and directed towards the exteiioi sjiacc. It the 
number of particles be infinite, and there be one position in 
which the whole surface is covered, theie can be no other in 
which this IS the case, as is shown in the paper in this Journal 
already quoted (xii below, § 204) ; and it is also readily seen 
that this position will be stable, and that no other in which the 
surfiice IS not entirely covered can be stable. In this case the 
particles will be distiibutcd accoiding to the law of the intensity 
of electricity on the surface, the space within being conducting 
matter, and the masses without being any electrified bodies. 

If a mechanical theory be adopted, electricity will actually be 
a number of material points without weight, which repel one 
another according to the inverse stpiare of the distance. Thus 
the result we have arrived at is, that there can be permanently 
no free electricity in the interior of a conducting body under 
any circumstances whatever. 

154. If, as may happen through the influence of the exterior 
masses, there cannot be a position of equilibrium of the par- 
ticles covering the whole surface, there will be a permanent 
distribution, m which part of the surface is uncovered. This, 
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however, is never the case with electricity, as a certain quantity 
of latent electricity is then decomposed, so that the whole 
surface is covered with elcctiicity, either positive or negative. 
All the above reasoning would still apply, if we considered the 
masses of some points to be negative, and of some positive, and 
the force between any ti\o to be a repulsion equal to the pro- 
duct of then masses divided by the square of their distance. 

155. Since eveiy particle is on the surface, the whoio medium 
(if it can be piopcrly so called), will be an imlefimtely thin 
stiatum, the thickness being in fact the ultimate breadth of an 
atom 01 mateiial point. If we suppose these atoms to be merely 
centres of foice, tlie thickness will theiefoie be absolutely 
nothing, and thus the fluid will be absolutely compressible and 
inelastic Any thickness which the stiatum can have must 
depend on a force of elasticity, or on a foicc geiieiated by the 
contact of material points, and m eithei case will thcieforc 
uapiiie^* an ultimate law of repulsion moie intense than that of 
the inveise square,f when the distance is veiy small, and wo 
theiefoio conclude that this cannot be the ultimate law of 
lepiilsion in any elastic fluid As, however, all experiments 
yet made serve to contiim the fact that theie is no elcctiicity 
in the inteiior of conducting bodies, or that the stiatum lias 
absolutely no thickness, we conclude that tlicic is no elasticity 
in the assumed electric fluid, and thus the law of force, deduced 
independently by direct experiments, is confiimed 
St Peter's Colli ob, Jan. 16, 1815. 


* [Note added Jan 186'J. — Tins was written without knowledge of Davy’s 
" icpulsue motion,” and witliout the slightest idea that elasticity of c\oiy kind 
IS most piobably a result of motion. The conclusions of tlic text aie, however, 
not affected by these views ] 
t Tins agiees with a lesult of Mr Eainshaw. 



IX.-NOTE ON INDUCED MAGNETISM IN A PLATE. 


(Art. XX. of complete list in Mathematical and Physical Papers, Vol. i.) 

[Prom the Gamhndge and Dublin Mathematical Journal, Nov. 1815 ] 

156. If a plate of soft iron be submitted to the action of a 
magnet of any kind, it immediately becomes magnetized ‘'by 
induction;’' and the effects of this are exhibited in the attiac- 
tion or repulsion it exorcises upon small magnetic bodies in its 
neighbouihood. The determination of these effects, from the 
elementary laws of magnetic induction, is a problem of con- 
siderable practical interest. In the case of a plate bounded by 
infinite parallel planes, I have succeeded in obtaining a com- 
plete solution of a very simple nature, by means of a piinciple 
which will be developed in a future paper (see above, §§ 127, 
107, 108, 44). The object of the piesent note is to compare 
tins solution with a formula given by Gicen in his Essay on 
Electricity and Magnetism, as an approximate result, but which 
appears to be inadmissible. 

157. Let the infiuencmg magnet, wdiich may be of any form 
and size, and magnetized in any manner, be denoted by Q ; and 
let us suppose it to be held behind the plate of soft iron. The 
solution which I have obtained enables us to find the total 
magnetic action on a point, P, situated in any position, either 
within or without the plate ; but at present I shall only state 
the result when P is before the plate. In this case the actual 
magnetic effect on P may be produced by supposing Q and the 
plate to be removed, and a certain imaginary series of magnets 
O'} Qv Qii substituted, the system being constructed 

thus. Each of the imaginary magnets is equal and similar to 
Q, and similarly magnetized ; Q' occupies the place of Q, and 
the others are similarly placed behind it, along a line perpen- 
dicular to the plate, the distance between corresponding points 
of each consecutive pair being cipial to twice the thickness of 
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the plate. The intensities of the successive magnets decrease 
in a geometrical progression, of which the common ratio is 
(a quantity measuring (§ 45) the inductive capacity for magnet- 
ism of the plate), commencing with that of Q\ wliich is equal 
to 1 - if the intensity of Q be unity. It is hardly necessary 
to point out the analogy between this and the corresponding 
result in optics, in which the illumination pi educed through a 
plate of glass, by a candle, is found to be due to the candle 
itself, with diminished biiglitness, and to a row of images 
behind it, with intensities deci casing in a geometrical progies- 
sion, which arise from successive internal leflcctions 

158. If the iron plate be infinitely thin, all the images, Q^, 
etc , will coincide with Q ' ; and, since the sum of then intensities 
IS unity, the total effect will be the same as that of Q, which 
will tlieiefoie be unaffected by the intei position of the screen. 
The sqme will bo the case if tiie distance of Q be infinitely 
gieat, and the tliickness of the .^ciei'ii finite; but in this case, 
at least as far as the present lesult can show iis, the dimensions 
of the planes which bound the plate must bo infinitely great 
compared with the di.stance of Q 


159. The icbult which I liavo stated is applicable also to 
the imaginaiy case m which, instead of being a magnet, Q is 
a mass of positive or negative magnetism * Thus, let Q be a 
unit of positive magnetism collected in a point, which case 
IS investigated by Gicen To expiess the action analytically, 
let Q be taken as oiigin of co-oidinates, a line pei])ondicLdar 
to the plate as axis of .r, and the plane thiougli this line, and 
P, as plane of {x, y). Then denoting by a the thickness of the 
plate, and considering Q as a positive unit of matter, we shall 
have, for the total potential at P, due to Q and the plate. 






rOtO.[(l). 


* This expression does not imply any hypothesis of a magnetic matter or of a 
fluid or fluids, but it is meiely used for brevity m consequence of the principle 
established by Coulomb, Poisson, and Ampere, that the action of a magnetized 
body of any kind, oi of a collection of clectnc “closed cuirents,” may always be 
repipscnted by an imaginaiy po.sitivo and negative distiibution of mattci, of 
^hich the whole mass is algebraically nothing By an element of -positive or 
negative magnitude, we merely mean a portion of this imagined matter 
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160. For all magnetic bodies m is between 0 and 1, the 
former limit being its value when the inductive capacity for 
magnetism is nothing, and the latter being never attained, though 
it IS approached in such bodies as iron, of which the inductive 
capacity is great. In the extreme case of m= I, the laws of 
induction in a magnetic body degenerate into those of electrical 
equilibrium on the surface of a conductor of electricity. If in 
the expression for F wc put m — 1, one of the factors vanishes 
and the other becomes infinite, but the ultimate value of the 
product is nothing, which shows that the effect of the plate is 
to destroy all action behind it This wc know to be the case 
when an infinite conducting screen of any foim is placed befoie 
an electrified body. 


161. In the case when the plate is of iron, the value of m is 
nearly unity. Hence, as the scries is multiplied by 1 - m\ it 
might be imagined that, if we ‘'neglect small quantities of the 
order (1 — p) compaied with those which arc retained,” (1 — 
being, in Green’s notation, a quantity of the same older as 
1— m), an approximate lesult would be obtained by putting 
m—l in the successive teims of the senes within the vin- 
culum And it is thus that Green, having, in the investigation, 
neglected quantities multiplied by (1 anivcs at the result. 


3 


1 I 1 


As, however, this series has an infinite sum, it is clear that no 
value of m can be sufficiently near to unity to render the 
approximation admissible. If instead of (J we were to sub- 
stitute a magnet, or any collection of positive and negative 
particles, such that the sum of the masses is zero, the senes 
for the potential, deduced from Green’s expression, would con- 
verge : and the same remaik is applicable to the senes which 
would be found for the attraction of the system on a point 
beyond the screen, even when § is a positive point, by differ- 
entiating the expression for F. Notwithstanding this, the 
approximation is still inadmissible; since, if we expand the 
rigorous expression in either case in ascending powers (1— w), 
we find that, though the first term is finite, the coefficients of 
all the terms which follow it are infinite. 
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162 Although the method by which I obtained the rigorous 
solution is quite distinct from that followed by Green, being 
independent of any mathematical process, it may be satis- 
factory to show that the result can be deduced from his own 
analysis, and even with greater ease than his solution is ob- 
tained after making unnecessary approximation 


By a very remarkable investigation, in winch he extends 
Laplace’s well-known analysis for sphciical co-ordinates to the 
case when the radius of the sphere becomes infinite. Green 
ai rives {Essay on Electjacity^ ]) 64) at the following expression 
for the total potential at P, due to the positive unit of matter 
Q, and to the interposed plate, before making any approxima- 
tion : — 


^=5 (1 -<;)(! + 2^) 


Let in = 




Then we have, by expansion, and by changing 


2 + y 

the order of the integration, 

F— - n — P 

l>co 

/ dy. ( I + + ni'€~‘^‘^^ -f etc.) cos {fiyy) 

Jo 

•1 r//3 

?+ /sy (x+ fjy (ai + ‘iay + /^y ^ 

2/1 2XV' m-'x^dd , . 

= - (1 - nn 2 -7 — 71 ] , where Xi = x + Z la, 


TT 


which agrees with the expression given above. 


St Peter’s College, Oct. UtJi, 1815, 



X.— SUB UNE PROPEIETE DE LA COUCHE ELECTEIQUE EN 
^QUILIBEE A LA SURFACE D’UN CORPS CONDUCTEUR, 
Par M, J. Liouville. 

(Art. XXIV. of complete list in Mathematical and Phjbical Papers, Vol. i ) 
[From the Cambridge and Duhhn Mathematical Journal, Nov. 1846.] 


163. La m(^tliode la plus gdnerale qiie Ton connaisse pour 
former des couches dlcctriques, en dquilibrc a la suiface de 
corps conducteurs, consiste A considdrcr une masse M\ et le 


potcnticl, 




') dx dij dz' 

A ■■■■ ’ 


de cettc masse, par rapport A un point quelcoiiqiie {x, y, z), 
dont la distance an point (x, y\ z), ou a rdldment 
f{x\ y\ z)dx dy dz , 


est ddsignde par A. Prenons cnsuite une surface de mvcau ou 
d’dquilibie relativcment a rattraction de la masse d/, et qiii 
entoure cctte masse, ccst a dire prenons une surface fcrmde 
(A), contcnant la masse M dans son intdrieur, et pour tons Ics 
points do laquelle V conserve une valour constante. En fin 


soit variation infimment petite que F eprouve lorsqu’on 

passe d un point de cctte suiface A un point exterieur infini- 
ment voism situd sur la normale A une distance ds C est la 

ddrivde^^, multiplidc si Ton veut par imo constante, qui 


rdglera la loi des densitds de relectiicitd on equilibie sur un 
corps conducteur termind par la suiface (A). Plusicurs gdo- 
mdties sont parvenus, chacun do leur cotd, A cc beau tbdordme; 
mais e’est George Green qui la, jc crois, donnd le premier dans 
un excellent mdmoire publid en 1828, sous ce titre : An Essay 
on the ^implication of Mathematical Analysis to the Theories of 
Electricity and Magnetism. Je me propose de montrer que la 
couche dlectrique en dquilibre aiiisi obtenue a jirdcisdment le 
mdme centre do gravitd que la masse M. 

164. Pla 9 ons rorigine des coordonndes x, y,z^ au centre de 
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gravity de la masse M ; et ddsignons par une quelconque des 
coordonndes du centre de gravitd de la couche dlectrique, laquelle 
sera fournie par la formule 



oh les integrations s’appliqiiont a la surface (A) dont reidment 
est rcpresente par dco. II s agit de proiiver que = 0. 

D’api^s Texpression de V, on a 


d^v^d:^v^d^v , , 

suivant quo Ic point (x, y, z) appartient on non la masse M 
Pour plus de simplicitd, ecnvons toujours 


(PY d^VifV ^ . 

dtf^ dz^~ 47r/(^,y, z), 


on regardant la fonction fix, y, z) comme niille hors de la 
masse ilf, et combnions cette dquation avec cette autre de forme 
analogue 


rW d:^U (lU_ 
dx^ \hf rf/ ’ 


oh nous supposons que U est une fonction do x, y, z, qui restc 
time et continue amsi que ses ddiivdcs dans tout Tespace 
intdiicur h (A) Nous aurons 

,,d^U ,,dW ,,(rU jjd^V jjd?V , 

Multiplions par dx dy dz, et integrons dans tout I’espace 
Intel leur a (A) En conseivant a ds et a d(o la memo signifi- 
cation que ci-dessus, on trouve, apres des tiansformations bien 
connues : 


I’fv^dco-jjp ^dco = 47r/// /y(x, y, z) dxdydz. 

Mais rdquation en U est satisfaite par U~x\ nous avons 
done : 


ll^ds - ^ 7 rffjxf{x, y, z) dxdydz. 

L’intdgrale triple du second membre, divisde par M, donne 
I’abscisse du centre de gravitd de la masse if. Ce centre dtant 
h lorigine des coordonndes, I’intdgrale dont nous parlous est 
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nulle. Je 


* f f dx 

ais prouver que I’int^grale IF^ dco Test 


D’abord on pent faire sortir F du signe /, puisque, sur la sur- 
face (A), F est constant. Observons ensuite que ^ a pour 

valeur le cosinus de Tangle a que la nonnale ds fait avec Taxe 
des X. Notre intdgrale deviendra done : F/f cos adco Or 
Tint^grale // cos adco est nulle, d apres un thdoreme connu, 
comme composdc d elements deux a deux dgaux et de signes 

contraires Ainsi jj I 

dF , 


T'f rf® = 0 

ds 


Ik 


ds 


II reste done dnalement 
dco = 0, 


et Ton en conclut x^ = 0, ce qu il fallait ddniontrer. 
Todl, 4 Juillet 1846. 


NOTE ON THE PRECEDING PAPER 
By WiLLHM Thomson 
[Ext) acted from a Let to to M. Liouville ] 


1G5 . .The demonstration which you have given has led me 

to this other theorem, that the mass J/, and the shell suiiound- 
ing it, have the same piincipal axes, thiough any point 
To demonstrate this, let U=yz in the toiinula which you 
have given Then, since, if we denote by K the constant value 
of F at the shell, we have 

we find 

jjl/z = 47r///y^ :f(w, y, z) dxdydz (1), 


which proves the proposition enunciated. 
If we take U = x\ we find 


^ dx^ ^ dx^^^ dy^ 


d^V d^U d^V 


See XII. below, § 200, (8). 
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from which, observing that 
'dU , , dU j , dU 




we deduce 
1 a ,-dV 


dzdx+'~ dxdy^ (' 

= ^Kjjjdxdydz-, 


’d‘U d^U d?m 


j dxdydz 


1 ff -dV 1 

4^1]®' ~ds' "" 27r dxdydz +/(/«y (.r, y, z) dcdydz. 


Let A, B, G be the moments of ineitia of the mass J/ronnd 
the axes of co-ordinates, and A^, those of the shell, iouikI 

tlie same axes, it being supposed that tlie cpiantity of matter of 
tlic shell IS the same as that of Mf the pieccding equation, and 
the two otlieis which coi respond relatively to the axes of y and 
are with this notation, 

= (? + .!, = + + a (2),t 

whore Q, = V - K) dxdydz, 


IS cl (jiiantity which is independent of the position of the 
origin 

Finm e(|acations (2), we luave 

B-C=:B^-G^, C-A = C-A^, a- B=A-B^...{n). 

A domonstiation of your thcoiein and of the thcoicms ex- 
pK‘ss(j(l by the eipiatioiis (1) and (d) may be aiiived at l)y com- 
paiiiig the cxpres.Mons for the equal potontials:j; pioduced by the 
mass M, and the shell at veiy distant points ’hi 

Sr PrrEK’K College, July 15, 1816 


In tins case the “density” of the distribution at any point of the shell 

'\ill be equal to ~ See i. above, § 7. 

ir ds 

f If the origin be taken at the centre of giavity, and the axes of co-ordinates 
principal axes of M (and therefore of the shell, according to the proposition 
enunciated above), these equations show that the “central ellipsoid” (see note 
to p 202 of Cambudgt’ and Dublin Mathematical Journal, 1810) for the shell is 
confocal with that for the body M 

t A shell constructed round the mass M, in the manner described by M 
Liouville, with a quantity of matter equal to M, exerts the same force upon points 
Without the shell, as was proved first by (Ireen (see also i above, § 9) , and since 
the potential of each vanishes at an infamte distance, it follows that the two 
liodies produce equal potentials at every point without the shell. 

!l [See Thomson and Tait’s Natural Philosophy, § 639.] 



XI.-ON CERTAIN DEFINITE INTEGRALS SUGGESTED BY 
PROBLEMS IN THE THEORY OF ELECTRICITY. 


(Art. XXVIII. of complete list in Mathematical and Physical Fapeis, Vol. i.) 
[From the Cambridge and Dublin Mathematical Jouinal, March 1817.] 


166. It follows from the solution of the problem of the dis- 
tribution of electricity on an infinite plane,* subject to the 
influence of an electrical point, that the value of the double 
integral, 


/'OO flX 

J -ooJ - 


zd^di] 


“l(f - + {ri-yf + {(? - + y'f + ’ 


((x-®r + (,y-yT + (r + .')'1-'' 

A direct analytical veiification of this lesult is thercfoie interest- 
ing in connexion with tlie physical problem. In the following 
paper the multiple integral 

is considered, and its value is shown to be 

tt^G+D 1 

iY(7fT) [O'. -O'+K -</+••• + 0 + 


a result of which the one mentioned above is a particular case 
Several distinct demonstrations of this theorem are given, and 
some other formula}, which have occuired to me in connexion 
with it, are added. 

167. The first part of the following paper, which is a transla- 
tion, with slight alterations, of a memoir in Liouville s 
contains a demonstration suggested to me by a method followed 
by Green in proving the remarkable theorem in Art. (5) of his 
Essay on Electricity. In the second part some formulas are 
given which, in the case of two variables, are such as would 


* See above, § 111, footnote. 

t 1845, p. 137, “Demonstration d’un Th6oreine d’Analyse” (April 1845). 
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occur in the analysis of problems in heat and electricity, with 
reference to a body bounded in one direction' by an infinite 
plane, if the methods indicated by Fourier were followed ; and 
from them the value of the multiple integral mentioned above 
IS deduced. In § ill the evaluation is effected by a direct 
process of reduction, suggested by geometrical considerations* 


PART I. 


168 Let the value of the multiple integral, which, if we 
use a very convenient notation analogous to that of factorials, 
may be written thus, 

[«■ 


/ 

J — JD 


be denoted by U 

Lot ?/ + —(fy it being understood that u and u' are taken as 
positive Then, if we assume 

1 1 


R= 


we have 




,^U(5-i) 




1 




•( 2 ), 


-2(s-l)uU= 


I 


when v = u 


It IS easily seen that the second member of this equation 
vanishes when v = ± oo, and that it does not become infinite, 
('ven when one of the values 0, 2«, or a is assigned to u 
Hence the preceding equation may be written 

-2in-l)uri rr Vdli'clR . 

But we have 




/[C ]'f f [/llTS’f ''W- 


dv 






When we take the integral with respect to v between the 


* See “Extrait d’une lettre ^ M Liouville, etc.” Liouville’s Journal, 1846, 
P 364 {xiv. § 210, below). 
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limits - 00 and w, the first term vanishes, since at each limit 
= 0. Thus the preceding equation is reduced to 

169. Now we have , + 2 -vi-a = 9, 

dv 

for all values of fj, provided v be not equal to a. Hence 
this equation is satisfied for all the values of the variables 
between the limits of the integration m the preceding ex- 

d^R! 

pression, and we may therefore employ it to eliminate 
we thus obtain 

Taking one of the terms of the second member, and integrating 
by parts, we have 

since the integrated parts vanish at each limit. By applying 
a similar process to each terra under the sign 2, we find 


ru 

J —00 J —00 


..d^R 


K 




)md^- 


But, if we denote by Q and Q the two parts of R, in equation 
(1), so that R-Q-Q'^ we have 

dd^ (ff “ 

for all values of the variables v, etc., within the limits of 
integration ; hence there remains 

- * W 

To determine the value of this expression it may be remarked 
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that the quantity under the integral signs vanishes for all 
values of the variables which differ sensibly from those ex- 
pressed by 

^=0, = = etc., 

and moreover, that if we consider separately the terms of the 
second member, each is found to be a converging integral: it 
follows that, if we denote by P the value which E receives 
when the variables have these values assigned, we have 

( 3 ), 

where the limits of integration must be such as to include 
the values 0, etc, but are otherwise entirely aibitrary. 

By considering separately the dilfcrent terms of this expres- 
sion, and integrating each with inspect to the vai table to which 
it IS related, without yet assigning the limits of the integration, 
we find 

+ + (4) 

170. Let us now assume 

and -f 4- ... = r‘^, 

liom which we have 


^ 1 dQ 5—1 dQ 5—1 

The integiations in equation (3) may be extended to all the 
values of the variables which satisfy the condition 

and the limits in (4) will then be such as to include all the 
values which satisfy the equation 

■\-v^ + ... -^ — a^ or P = etc. 

If m the integrations we only take the positive values of the 
variables v, v^, v^, etc,, which satisfy the limiting condition, we 
uiust multiply each integral by 2^+^ ; and we may then simply 
take, m the successive terms the second member of (4), 

= ^ = etc. 

dv 

Thus we have 


8—2 
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2*P 

uU= Tfi (//• • • '^dvfiv^ . » + //. . . vfivdv ^ . . . + etc.)^ 


2-f5 + l)P 




' dvfiv^ ...dv^ 




= (5 + 1) p//. . . (1 - - Qn-H-^ . ...di/, 
in which last expression the limits include all positive values 
satisfying the condition 

+ ^2 + * • • d- < 1- 

Hence, by Liouville’s theorem f, 

which gives the required value of the integral U. 

171 . If we denote by IT any integral coriesponding to U, 
in which the system of variables u, and Uy x\ , x\ . 

are inverted, we shall have uU=iiU', since P is a function 
symmetrical with respect to the two systems; and we theie- 
fore deduce from the preceding result, 

^ m 

- xy + - .rT 4- 

^ m 

{S(f - x'y + |S(f 

7ri(^+i) 1 

fj (.9 4- 1) 

172. I shall add another demonstration of this theoiem, as 
an application of some lemarkable analysis given by .Mr Green 
in his memoir “On the determination of the exterioi and interior 
attractions of ellipsoids of variable densities J;” 

^ u\d^Y 

(2(f - xy 4- fS(f - x'y + 

an integral which may also be expiessed thus’ 

m 


■ ^00 ■ 

I — Q0_ 


....(5). 


Let 7= 


J —00 


(C), 


-irn 

?^~l du 1L-^~od_ 




* [By putting, in this, v=fdv , v^~fdv ^ , etc , we have 
+ dvdv^dv^ • 

whence immediately, by a simpler case of Liouville’s theorem than m the text, 
or by Green’s transformation (see § 186), the same result ] 

4 See Gregory’s Examples (Ed 1841), p 469. 

j Bead at the Cambridge Phil. Soo , May 6, 1833. See Trans, of that date. 
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From this latter form, we see that the equation 

£^^2- 


•( 7 ) 


IS satisfied, provided u does not vanish. Hence F is a function 
which satisfies this equation for all values of x^... and for 
all the values of u between 0 and oo . At these limits the 
value of V may be easily determined, and the general value 
mfeircd in the following manner : — 

173 When u = 0, the quantity under the signs of integration 
in the expression for V vanishes for all the values of 
which aie not equal to x^y x,^ ... respectively. Hence it follows 
that, when xi = 0, 

1 


F= 


1 


-[/: 

1 rr 

L ■■■ 

/. 


n[d^r 




...dz. 


(1 + 


1 

r(|5) 

+ 1 


(I + 


Also, when u — oo , the value of V is nothing 

174. Thus we see that V has the same value as the expression 
7rh«+i) 1 

rf(7TT) '{t(x- xf + (u + wy ’ 

hen a = 0, and when u~oo; which enables us to infer that 

7ri(5-fi) X 

~ Tf{s + 1) * {2 + (a + ’ 

for all positive values of ii, provided xi be taken as positive ; 
fir the second member of this equation satisfies equation ( 7 ) 
foi all positive values of xi, and for any values of the other 
variables, and at the limits m= 0 and u-cc has the same 
value as V, and therefore, by a theorem of Green’s^, in the 
tnemoir referred to, must be equal to V for all positive values 
T u. 


[Included m Theorem 2 of xni. below.] 
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175. From what has been proved above we may deduce the 
solution of the following problem : — 

Having given for all values of fa-*-* value of the 
multiple integral 

S pdx'dx ^. , . dx^ 

“Ir + (< ~ lf+ - + {^/ - 

where u and p are any unknown functions of x^, x^' ...Xg, let it 
be required to find the value of 

S pdx^dx^ ..,dxg 

where x^,x^...Xg are any given quantities, and u a given positive 
quantity. 

Denoting the expression (a) by d>, and the expiession {b) by 
we have, from the theorem established above, 


[r 




uFK^ + l ) 


/ 

J -00 


I V 4 . u'y{s-i) 

[i/f]' Q p(h'dx^^.dxg 




._uri(s+i)rf 


Li-cc 




.(c). 


But, by hypothesis, d> is given for all values of f^, fa-, f^, 
and therefore this equation expresses the solution of the problem. 
We may also deduce fiom the theorem (5) the expression 


^ = - 


ri(s + i) 

s- l)7ri^ 


(rf) 


by means of which </> may be determined when the value, % of 
^ corresponding to = 0 is given. 


176. For the particular case of u = 0, the theorem (d) is in- 
cluded in a theorem given by Green, in which the number n in 
the exponent of the denominator may differ from the number s 
of variables, the sole condition being that — 5 -f- 1 must be 
positive; but it is only in the case of n = s that a general 
theorem such as (d), by means of which the general value of </> 

is obtained from the value when u-0, can be established. 
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177 Let us now apply these formulaB to the case of 5 = 2 : 
we may in this case conveniently replace x, y, z, and 

fuj by V’ Equations (c) and (d) become 


(/) = 


and 


-f r 

27rj_J_c 

+ + 


1 r 1 

r ^d^dy 

-in 

27rj_ooi 



r#, 


where ^ denotes the value of ^ when x= y — rj, z — 0. 

178 The first of these theorems maybe deduced from a very 
geneial theorem given by Gieen in his essay on Electricity and 
Magnetism [§ (5) eq. (G)]. The second may be demonstrated m 
the following manner — 

Let X, y', z be considered as the co-ordinates of a point P, 
where there is situated a quantity of matter p' dx dy dz\ in the 
volume dx dy dz Then 0 will be the potential on a point 
P {x, y, z), above the plane of x, y which we may regard as hori- 
zontal, due to a quantity of matter, 

{^^mpdxdy'dz) 

situated below this plane. Now it follows from a theorem, first, 
so far as I am aware, given by Gauss, for a surface of any form, 
that there is a determinate distribution of matter upon the 
plane {xy) which will produce this same potential on points 
above the plane. Let k be the density of this distribution at a 
point II (f, 77 ) of the plane, so that 

kd^drf 


which 


gives 


a 00 

r M^dr, 

J —ooJ —00 K^—xY 


d(h 

dz 


Let ^ = 0 ; then denoting by k and the values of k and 

\dzJo 

d(j) 

at the point (x, y, 0 ), we find 

0 ]=-kr r 

\X/o 


zd^dt) 


= — k . 27r, 
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since the value of the integral in the second member is 27r, 
whatever be the value of z. Hence we conclude that 


and equation (/) is established. 

179. It should be remarked that the total quantity of matter 
distributed over the plane xy must be equal to the mass M, 
which it represents : this is readily verified from the preceding 
formulae. 


180. The same formula? admit of an interesting application 
m the theory of heat. Thus let </> be the permanent tempera- 
ture of a point P in an infinite homogeneous solid, heated by 
constant sources distributed below the plane (xy), (the case in 
which some of the sources aie in this plane being of course 
included). If the temperature <I> at any point H in the plane 
{xy) be given, the formula {e) enables us to find the temperature 
at any point above the plane. 

181. As an example, let us suppose that the sources of heat 
are such that the temperature of a portion A of the plane {xy)^ 
between two lines parallel to OY and at equal distances, a, on 
its two sides, has a constant value c, and the temperature of the 
remainder of the plane zero. In this case the formula {e) will 
give, for the temperature at a point {x, y, z) above the plane, 

“ 27ri_ooi-a((f + 

c /, _i + a , -1 X - 

= - tan tan — 

TT V ^ ^ 


= ~ tan“^ 
ir 


2ax 

x^ z^ — a^' 


From this we conclude that the isothermal surfaces which corre- 
spond to this case aie circular cylinders, which intersect the plane 
(xy) in the two parallel lines bounding A. 

The application to this example, and all others in which the 
isothermal surfaces are cylindrical, may be made directly by 
putting 5 = 1 in the general formula. 
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PART 11. 

182. I now proceed to find the values, which will be denoted 
by V and W, of the integrals 

«[^?f]*[cos 


and 




[(f//i]^[cos mx^ 


{Imy 


where the symbols [cos [cos inx^^ denote the products 
cos . cos . cos 
cos ii\x^ cos . . cos in,x^‘, 
and the notation is in other respects the same as before. 

By means of the formula 

[cos + sin 1)]’ = cos (2?/i0 + sm . \/(~ 1)^ 

it IS easily shown that 

]'[c?f]’cos5:()Hf) 

_ ^ ’ 

Hence, by a suitable lineai transfoimation, in which one of the 
assumptions is Smf = ?; (2w")^, we have [if ^ denote (2??^^)^] 


F= 


F=r cos fiy.dvJr 

J —00 [_J — uO 




Now, by means of Liouvilles theorem*, wo find 

l'Hs-l)Jo (f 


.(i). 




^+v‘+uyi'-‘)' 


Hence F- rff’ M 

'^“ri(.-i)jojo(f+7*+iO‘“-') 

Differentiating with respect to f/, by which the further reductic 
of the integral will be facilitated, we have 

dV 47rK’-i) cos fi7} . d^dj] , 

- & = iW^)Jo Jo 


r _ r , r dt 

J 0 (r+ V' + io 71 Vo {1+{v‘+77^''* 

1 1 

s-l'y + u^’ 

See Cambridge Mathematical Journal, Feb. 1841, p. 221 [or Gregory’s 
h^xamplee, Ed. 1841, p. 469] 
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^ dV cos gTjdrj 

^du^ TW^) Jo VTt?'' 

27r^(*+i) 

= p-f^u 

n(s-i) • 

From this, by integration with respect to u, we deduce the value 
of V : thus we have the result 

r |'[d:f]'[coswif]’ _ 27r«’+" 

/_«J (Sf + ~fi(s-i) {imy ■ 


.(V). 


183. To evaluate the integral W we may in the first place 
reduce it to a double integral by a process similar to that in- 
dicated above, for obtaining the expiession (c); and we thus find 


F= 


477-i(«-i) r'^dmdn.m^~^cos{nr) 


;a 


■(ft), 


where r denotes If we take m = p cos ^,n-p sin this 

becomes 

4_i(?-l) fin 

.1 / dOdpp^"'^ cos {rpsm^)6~<'^,,.{b). 

Now we have 

Kdid d?) ~ cos^^^ . cos (rp cos . .(c). 

Considering first the case where s is even, lct/= — 1 ; we thus 
find 


fd^ 


cos*“^^ cos (rp cos 
and, by substitution in (6), we have 


W^drV 


, I COS (rp sin 


F= 




I r® fiir 

I I d^dp cos (rp sin e~<’“ 
Jo J 0 




47rl«-i) 

-l)W'^*V Jo 


'm 


ud^ 

-f- sm^^ 


___ 47ri(^-i) / ^TT 

"r^s+i) /)«'-« ^ 
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In the second case, when s is odd, let f=\{s - 1) in (c); then, 
making use of the result m (b), we have 


1) W drV Jo Jo 


d^dpp cos cos(r/)sin^)6“<’“ 




dry Jo r 

Hence, whether s be odd or even, we conclude that 


[dm]^ [cos m.} 1) (1^). 


184 The investigation which we have just gone through, of 
the integrals (F), (IF) constitutes tlie verification of ''Fourier’s 
theoiem” in a particular case For, by this theorem, we have, 
if E(.i\, ^’2 •••) he a function which remains the same when the 
signs of any of the variables are changed, 

2VF’{.r^, = 



[di]icosm(yE(^^, fa-*) •••(«): 


and if we take 

^(fi> fa ••*) 

the lesult of the integrations with respect to , is given 

hy ( F), and the second member thus becomes a multiple 
integral with respect to m^, which is shown by (IF) 

to be equal to the first member. Conversely, if we assume 
Fourier’s theorem, we may deduce the value JV, by means of 
it, from that of V. The integrals V and IF are also con- 
nected by means of another case of Fourier’s theorem, found by- 


taking, m (c), 



W 


In this way, after the value of IF has been found, that of F may 
be deduced. 


185. The formula (F) and (W) may be applied to evaluate 
the multiple integral u, and we shall thus obtain the result of 
the investigation m § 1. in a different manner. 
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By means of the equation obtained by differentiating (TP) 
with respect to w, we find 

w _ 1 

[ \dmY [cos m (f — . 

J — co_ 

Making this substitution, for one of the factors of the expression 
under the integral signs U, we have 


Uu = 


r 
L 




r 

y 

ly J [(/m]'[cos m (f - 


\d 7 nj [cos m {x— 


[cos m (f — ^/)]^ 


Is g-*(2m2)V 

27rh-^+i)_ ^1 _ ^ u (W) 

which agrees with the value obtained above. 


PART III. 

186. The value of the integral U may also be obtained by a 
direct process of reduction, as follows. — 

By a suitable linear transformation, in which assumptions such 
as 

are made, we find 

1 m , . 

_ (lr+ M‘)i(»+l)(Sr-2/?,+/?+M'‘)i'»-l) ^ 

where = % (x — a'y. 

Let us now assume 

= p cos (/>, = p sin (f > cos = p sin 0 sin 0^^ cos 0^..., 

= p sin 0 sin 6^ sin 0^ cos 6^^, 

= p sin </> sin sin sin 


U= 


L 
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from which we deduce* 

[d^]* - p*~^ sin [dO]'~^d(l)dp; 

a transformation given first by Green. Equation (a) is thus 
reduced to 

u-H rr 

where denotes the product 

f sin'^~^ddd . [ sin^~'‘^^dd .... [ dO. 
h Jo Jo 

Let p = ii tan ; we thus get 

uu=iHs-, r r 

Jo 'o 

sin*“^ ^ 

{ 2 (/^+ + //'■* — id) cos ^ - 4?^/’sin ^ cos 

and we may now conveniently assume 

2{r+u'^+id)=jd+k\ 

2{f^ + u'^ - id) cos ^ — 4?//sin ^ cos (p 

= 2 {( /^ + id - iPf + ‘^idf^]^ cos 6 = 2hh cos 6, 
and sill (p sin ^ = sm 9 sm 0, 

liom which we deduce 

Jd = {u uf -{■ Id = (u — uf 4 - /^, 
hWi^^dipd^ — sin Od(pdd , 
the expression for becomes 

~ '~\lo {Id - 2hk cos 0 + ' 

Let h sm {^jr - 0) = k sin i/r ; 

by me.tns of this transformation, observing that h > k, we 

readily find 


Ti (s+l) {Xy- x') ^i-(u + ’ 

which IS the same as the result previously obtained. 

St Peteb’s College, Oct. 3, 1846. 


* See Cambridge Mathematical Journal, Nov. 1843, p 24, First Series, [or 
Orreen, “ Attraction of Ellipsoids,” § 6, Camb. Phil. Trans , May, 1833 ] 
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the brackets enclosing the integrals denoting that the integra- 
tions are to be extended over the whole surface E. Now for 
ds, we may choose any one of the expressions, 


, _ dydz , _ dxdz , _ dxdy 

(JjS ““ j CLS — " ' • 

cos « cosp cosy 

Hence any integral of the form 

(f(A cos Of 4- ^ cos j3 -hO cos y) dsj 
may be transformed into the sum of the thiee integrals, 
ijjAdtjdz), (fJBdxdz), (jjCdxdtj), 
by using the first, second, and third of the expressions for ds 
in the first, second, and third terms of the integral lespectively 



the limits of the integrations lelative to y and z, :r and Zy 
X and y, being so chosen as to include the whole of the surface 
considered. 


190. 


Now 


Making use of this transformation in {a) we have 



du d 1 \ 
dx d(c A / 


191. Hence, if the integrals in the second member include 
every point in the space contained between E, and another 
surface of equilibrium, E^, without E^ and which we shall sup- 
pose to be also without F, we have 



du d \ 
dx dx A 


j dxdydz, 


the accent denoting that, in the term accented, the integrals are 
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to be ext^ded over the surface E. Modifying in a similar 
manner the second and third terms of v, we have 


du 


du 


du 


=i 


. ^ j dxdydz (c). 


'Pu d\ Pu du d 
dx^'^ dy"^ ^ dP‘ ^dx dx 


1 du d 1 du d 
A dydif b. dzdz' 


Now, for all points without il/, 

d\ dhi d^ii _ 
dP ^ d}/^ dP ’ 

by a known theorem ; and such points only are included in the 
integrals in the second member of (c). 

Also, by integration by parts, 

I lAx i [ “ [HA A } - //f<£ i 

Modifying similarly the two remaining terms of the second 
member of (c), we have 
du ^ 


fdiA") , f 

ff ( 

{/— 1/^ = 1 

iin 


-1//" 


!+-^ldxdtj) 


-III’ 


.(o'). 


f d 1 , ^ d 1 -j j 

j -^d ydz + -- dxdz -r ^ 

\dxiiL dyL dz 

(P \ d^\ d^\\. , , 

Now, since E and E^ are sui faces of equilibrium, u is con- 
stant for each. Again, 

dx^ dy^ dz^ ^ 

•‘xcept when P coincides with P\ at which point u has the 
value u. Hence, the value of the integrals, 


^ d‘^ 




^f^dxdydz 


H only affected by these elements, for which u — u, and hence 
may be taken without the integral sign, as being constant 
<md equal to u. If, therefore, for brevity, we put 
T. E. 


9 



132 Propositions in the Thecyry of Attraction. [xii. 


external points, and in the latter on internal, will be equal to 
the attraction of M on the same points. This theorem, which 
was proved from physical consideiations in the paper On the 
Uniform Motion of Heat, etc , is proved analytically in Gauss’s 
Memoirs, but the same method is used in both to infer from it 
the truth of propositions (1) and (2). 

From Prop. (2) it follows that, if E be the surface of an 
electrified conducting body, the intensity of the electricity at 
any point will be propoitional to the attraction of M on the 
point. Hence we have the means of finding an infinite number 
of forms for conducting bodies, on which the distribution of 
electricity can be determined. 

Thus, if M consists of a group of material points, n\, n\, etc , 
whose co-ordinates are a?,, y,, etc.: the general 

equation to the surfaces of equilibrium is 


, + r, V 


7 + etc. == \, 


and the intensity of electricity at any point of a solid body, 
bounded by one of them, will be the value of 



at the point. 

To take a simple case Let there be only two mateiial 
points, of equal intensity. The surface will then be a surface 
of revolution, and will be symmetrical with regard to a plane 
perpendicular, through its point of bisection, to the line joining 
the two points, and would probably very easily be constructed 
in practice. We should thus have a simple method of verifying 
numerically the mathematical theory of electricity. 


PAHT II. 

[From the Camhndge Mathematical Journal, February 1843.J 

199. I shall now prove a general theorem, which comprehends 
the propositions demonstrated in Part i, along with several 
others of importance in the theories of electricity and heat. 

Let if and M^ be two bodies, or groups or attracting or re- 
pelling points; and let v and be their potentials on xyz) 
let R and R^ be their total attractions on the same point ; and i 
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let B be the angle between the directions of R and R^, and 
afiy, the angles which they make with xyz. Let 8 be 

a closed surface, ds an element, corresponding to the co- 
ordinates xyz; and P and P^ the components of R,R^^ in a 
direction perpendicular to the surface at ds. Then we have 
dv j. ^ dv 
dx^ dy 

dv^ r> /I dv^ ^ dv, 

li^cosy^= — 


cos a = - 


R, cos a, = 




cos 0 - cos a cos + cos jS cos + cos y cos ; 

dv dv, dv dv, dv dv, ^ 

, / +.- -j^-\--j--,^ = RR^eose. 

dx dx dy dy dz dz 


licnce, 

Hence 

where we shall suppose the integrals to include every point in 
the interior of 8. Now, by integration by parts, the second 
member may be put under the form, 




d:v , d‘v (rv\ 7 7 7 /7 x 

wlieie the double integrals are extended over the surface 8, 
and the triple integrals, as before, over every point in its 
inteiior. If we transform the first term of this by {b), Part I., 

and obseive that — ^ = P, it becomes 


dn 


Again, 


- JJv^Pds. 
d^v dh ,d^v_^. 




dP^ df ' d^~ 
except when xyz is a point of the attracting mass. 

If this be the case, and if k be the density of the matter at 
the point, we have 


d% d^v <Pv . j ^ 

dh 


therefore ^ ^irdm = 0 j 


.{d). 
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Hence (a) is transformed into 

cos Odxdydz = — ^l^fRds (8); 

similarly, by performing the integration in (a), on the terms 


instead of 


dv. 


dx’ 


dv^ 

Ty^ 


dz * 


dv dv dv 
dx' dy' dz’ 

we should have found 

cos Odxdydz - 4i7rJJJvdm'- jjvP^ds (4). 


200. If the triple integrals in (a) were extended over all the 
space without S, or over every point between S, and another 
surface, S^, enclosing it, at an infinite distance, it may be 
shown, as in Part l , that the superior values of the double in- 
tegrals in (b), corresponding to vanish Hence, the inferior 
values being those which correspond to S, we have, instead of 
(3) and (4), 

JffPP^ cos Odxdydz = + Ijvft’ds (5), 

cos Odxdydz = iirjjjvdm^ -{-^IvPfs (6). 

It is obvious that v and in these equations may be any 
functions, each of which satisfy equations (o) and (d), whether 
we consider them as potentials or temperatures, or as mere 
analytical functions with the restriction that, in (5) and (6), v 
and must be such as to make jjvJPds and JJvPfs vanish 
at [and (a condition the necessity for which has been dis- 
covered by Helmholtz),* that, in (3) and (4), if 8 be multiply 
continuous, v and must be single- valued functions through- 
out it]. If each of them satisfy (c) for ail the points within the 
limits of the tiiple integrals considered, dm and (iwq will each 
vanish ; but if there be any points within the limits, for which 
either v or does not satisfy (c), the value of dm or dm^ at those 
points will be found from {d). 


201. Thus let = 1, for every point. Then we must have 
dm^ ~ 0. Also = 0, = 0. 

Hence (3) becomes 

JJPds==4!7rfJfdm— iirm (7), 


* [See Helmholtz; Crelle’s Journal^ 1858 (Wirbelbewegung), translated 
by Tait, Phil. Mag. 1867, i. (Vortex-Motion); or Thomson (Vortex-Motion, 
§§ 64.. .58), Trans. Royal Society of Edinburgh, 1868.] 
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if m be the part of M within 8, This expression is independent 
of the quantity of matter without 8, and if w = 0 it becomes 
ISPds^O ( 8 ). 

If J/ be a group of sources of heat in a solid body, P will be 
the flux across a unit of surface, at the point xyz. Hence the 
total flux of heat across 8 is equal to the sum of the ex- 
penditures from all the sources in the interior; and if there be 
no sources in the interior, the whole flux is nothing. Both 
these results, though our physical ideas of heat would readily 
lead us to anticipate them, are by no means axiomatic when 
considered analytically. In exactly a similar manner, Poisson* 
proves that the total flux of heat out of a body during an 
instant of time is equal to the sum of the diminutions of heat 
of each particle of the body, during the same time. This 
follows at once fiom (7) For if we suppose there to be no 
sources of heat within 8^ but the temperature of interior points 
to vary with the time, on account of a non-uniform initial 
distribution of heat, we have 

Pv (Pv (Pv __ dv 

Hence, by {d), we must use —^-dxdydz, instead of iirdm, 
and therefore (7) becomes 

It was the analysis used by Poisson, in the demonstration 
of this theorem, that suggested the demonstrations given in 
Part I. of propositions (1) and (2). 

202. As another example of the application of the theorem 
expressed by (3) and (4), let he the potential of a unit of 
mass, concentrated at a fixed point, xy/. Hence, and 

d?f}^ = 0, except when xyz, at which dm^ is supposed to be 
situated, coincides with xyV; and, if A be the distance of 

xyz from xyz, ^ • 

Hence, according as xyz is without or within 8, 

fJJ vdm^ = 0, or vdm^ — v' jjj dm^ = v (c), 


See TMoiie de la Chaletir, p. 177. 
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the triple integrals being extended over the space within 8. 
Now let us suppose M to be such, that v has a constant value 
{v) at B. Then ^oPfis = {v) i\Pfs, which, by (7), is = 0, or 
to 47 r {v), according as xy z is without or within S. Hen^je^y 
comparing (3) and (4), we have, in the two cases. 


i^fj 

'!dm 

i A 

11 

O 

o 

>~i 


(9), 

and 

Y dm 

J A ", 


;) -h 4>ttv ; 


therefore 

1 



(10). 


These are the two propositions (1) and (2) proved in Part I., 
which are therefore, as we see, paiticular cases of the geneial 
theorem expressed by (3) and (4) 

203. If V = Vj, and if both arise fioin sources situated with- 
out S, (3) becomes 

fffR^dxdydz==^ffoPds ( 11 ), 

a proposition given by Gauss. If v have a constant value (v) 
over /S', we have 

jlvPds = (v)f]Pds = 0, by (8), 
hence / J f Ifdxd ydz - 0 

Therefore = 0 and v = {v) for interior points. Hence, if 
the potential produced by any number of sources have the same 
value over every point of a surface which contains none of 
them, it will have the same value for every interior point also. 
If we consider the sources to be spread over B, it follows that 
V — (v) at the surface is a condition which implies that the 
attraction on an interior point will be nothing. Hence the solo 
condition for the distribution of electzicity over a conducting 
surface, is that its attraction shall be everywhere perpendicular 
to the surface, a proposition which was proved from indirect 
considerations, relative to heat, in a former paper, j* 

* It may be here proper to state that these theorems, which were first 
demonstrated by Gauss, are the subject of a Mcmoire by M. Chasles, in the 
Additions to the Connaissance des Temps for 1845, published in June, 1842 
In this MCmoire he refers to an announcement of them, without a demonstra- 
tion, m the Comptes Rendus des Seances de V Academic des Sciences, Feb. 11, 
1839, a date earlier than that of M. Gauss’s M6moire, which was read at the 
Eoyal Society of Gottingen m March, 1840. 

■f S^e I. above, § 5. 
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204. In exactly a similar manner, if none of the sources be 
without B, by means of (5) and (7), it may be shown that 

/// R^dxdydz = 47rilf (v) (12) ; 


the triple integrals being extended over all the space without 
S. Hence a quantity of matter p can only be distributed in 
one way on B, so as to make {v) be constant. For if there were 
two distributions of p, each making [v) constant, there would 
be a third, corresponding to their difference, which would also 
make (y) constant. The whole mass in the third case would be 
nothing. Hence, by (12), we must have JJfR^dxdydz~0, and 
therefore = 0 for external points ; and, since (y) is constant at 
the surface, R must be = 0 for interior points also. Now this 
cannot be the case unless the density at each point of the 
siuface be nothing, on account of the theorem of Laplace, that, 
if p be the density at any point of a stratum which exerts no 
attraction on interior points, its attraction on an interior point 
close to the surface will be iirp. This impoitant theorem, 
which shows that there is only one distribution of electricity on 
a body that satisfies the condition of equilibrium, was first 
given by Gauss. It may be readily extended, as has been done 
by Liouville,* to the case of any number of electrified bodies, 
influencing one another, by supposing B to consist of a number 
of isolated portions, which will obviously not affect the truth of 
(5) and (6). 

Then, if we suppose v to have the constant values, (y), (y)', 
etc , at the different surfaces, and the quantities of matter on 
these surfaces to be M, M', etc., we should have, instead of (11), 

/ jjRddxdydz = 47r [M (y) + M' (y)' 4- etc ) (13), 

and from this it may be shown, as above, that there is only one 
distribution of the same quantities of matter, IT, M\ etc., which 
satisfies the conditions of equilibrium. 

205. If both M and be wholly within By by comparing 
(5) and (6), or if both be without By by comparing (3) and (4), 
we have 

jjPvfts^SjP.vds (14). 


See Note to M. Chasles’ M6moire in the Conmmance des Temps for 1845. 
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Now let 8 he d, sphere, and let rd<l> be the polar co-ordi- 
nates, from the centre as pole, of any point in the surface to 
which the potentials v and correspond. Then we shall have 

= and we may assume ds = 7^ sin 6ddd(l>. 

Hence (14) becomes 

Jo dr ^ddd(f> =j j sin 0d0d(j) (15). 

This equation leads at once to the fundamental property of 
Laplace’s coefficients. For if v and be of the forms 
F^r”, m and n being any positive or negative integers, zero 
included, and and F^ being independent of r, we have, by 
substitution in (15), 

m I I F^ F^ sin 6ddd(j) = n I I Y^Y^ sin 6d$d(j). 

JoJo JoJo 

If m be not = n, this cannot be satisfied unless 

[ r F^^ F sin OdOdcj) = 0 (16) 

JoJo 

This is the* fundamental propeity of Laplace’s coefficients. 

There are some other applications of the general theorem 
which has been established, especially to the Theory of Elec- 
tricity, which must, however, be left for a future opportunity. 


* [For a justification of this use of the definite article, see Muriihj’s Elec- 
tncity, Chap. i. Props, i. and ii., Cambridge 1833 J 



XIII. THEOEEMS WITH KEFERENCE TO THE SOLUTION OF 
CERTAIN PARTIAL DIFFERENTIAL EQUATIONS. 

(Art. XXXVI. of complete list in Mathematical and Physical Papers, Vol. i.) 

[From tbe Cambridge and Dublin Mathematical Journal, Jan. 1848.] 

206. Theorem 1. It is possible to find a function V, of 
X, y, z* which shall satisfy, for all real values of these variables, 
the differential equation 



a being any real continuous or discontinuous function of x, y, z, 
and p a function which vanishes for all values of x, y, Zy exceed- 
ing certain finite limits (such as may be represented geo- 
metrically by a finite closed surface), within which its value is 
finite, but entirely arbitrary. 

Theorem 2. There cannot be two different solutions of equa- 
tion (A) for all real values of the variables. 


1. {Demonstration ). — Let ?7be a function of x^y, Zy given by 
the equation 

u= [[[ („) 

- //+ (y -/f + (z - zj}^ 

the integrations m the second member including all the space 


for which p is finite ; so that, if we please, we may conceive 
the limits of each integi*ation to be — oo and + oo , as thus all 
the values of the variables for which p is finite will be included, 


and the amount of the integral will not be affected by those 


values of the variables for which p vanishes, being included. 
Again, V being any real function of Xy y, 2 ?, let 


* The case of three variables, which includes the applications to physical 
problems, is alone considered here; although the analysis is equally applicable 
whatever be the number of variables. 



140 


Theorems with reference to the Solution of [xiil. 


^00 /•«) -00 

H / / 

J —00^ —00^ —00 


dx a dx / 


I 

r dy a dy) 


It is obvious that, although V may be assigned so as to make 
Q as great as we please, it is impossible to make the value of Q 
less than a certain limit, since we see at once that it cannot be 
negative. Hence considered as depending on the arbitrary 
function F, is susceptible of a minimum value; and the calculus 
of variations will lead us to the assigning of V according to 
this condition. 

Thus we have 


»•///{("£-; 


IdU' 

dy 


dx 


dSV ( dV_ldU\ 
dy a dy) 
(/V_^ldU\ 

\ dz ad. 


dSV 




dSJ 

dz 


dy 


d'xdydz. 


Hence, by the ordinary process of integration by parts, the 
integrated terms vanishing at each limit,* we deduce 




dV 

dx 


dU' 

dx 


J dy\ dy dy J 
d / ,dV^dir\\ 

dz V dz dz)] 


dxdydz. 


But by a well-known theorem (proved in Pratt’s Mechanics, 
and in the treatise on Attraction in Earnshaw’s Dynamics), wo 
have d^U d^U di^U , 

Hence the preceding expression becomes 




+ 


,dM 

dy 

dz 


(y'^) + dxdyd.-! 


We have, therefore, for the condition that Q may be a maximum 
or minimum, the equation, 

^TA ^ / ^TA 

= — 47rp, 

to be satisfied for all values of the variables. 



' ,dV\ 

d 

/ 

, di 

( ,dV\ 

dx\ 

^dx) 

+ 

V^y) 

+s( 

dz) 


* AH the functions of x, y, z contemplated in this paper are supposed to 
values of the variables. 
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Now it is possible to assign V so that Q may be a minimum, 
and therefore there exists a function, F, which satisfies equa- 
tion (A). 

2. {Demonstration) — Let F be a solution of (A), and let F^ 
be any different function of x, y, z, that is to say, any function 
such that F, - F, which we may denote by </>, does not vanish 
for all values of x, y, z. Let us consider the integral Q^, 
obtained by substituting Fj for F in the expression for Q, Since 

V dx a dx j \ dx a dx J ^ \ dx adxjdx~^^ 


we have 




Now, by integration by parts, we find 

r r r / dv idu\ # , , , 




the integrated term vanishing at each limit. Applying this 
and similar processes with reference to y and z, we find an 
expiession for the second term of which, on account of 
e(piation (A), vanishes Hence 

+///““ 

which shows that is greater than Q. Now the only pecu- 
liarity of Q is, that F, from which it is obtained, satisfies the 
equation (A), and therefoie V^ cannot be a solution of (A). 
Hence no function different from F can be a solution of (A). 

The analysis given above, especially when interpreted in 
various cases of abrupt variations in the value of a, and of 
infinite or evanescent values, through finite spaces, possesses 
very important applications in the theories of heat, electricity, 
magnetism, and hydrodynamics, which may form the subject of 
future communications. 

Edinbarnet, Dumbartonshire, Oct . 9 , 1847 . 
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ADDITION TO A FRENCH TRANSLATION OF THE 
PRECEDING. 

[From Liouville’s Journal de MathSmatiqueSy 1847 ] 

207. DaDS les applications qiii presentent le plus d’interet, 
il faut considdrer des transitions siibites dans la valeur de a. 
Par exemple, si a a une vaieur constante dans tout Fespace ex- 
tdrieur a une surface fermde S, dans Fintdrieur de laquelle a 
est infinic, notre analyse convicnt au cas d un corps conducteur 8 
soumis ^ Fmfluence d une masse dlectrique donnde {jjjpdxdydz)^ 
et cette application ne prdsente aucune difficulte On en tire, 
en effet, les ddmonstrations donndcs par Green, que la solution 
analytique du probleme de la distribution d’dlectricite dans ces 
circonstances est possible et qu’elle est unique, 

Dans une application ^ Fhydrodynamique, ou h un certain 
probldme de magndtisme, il faut considdrer un dspace dans 
lequel la valeur de a soit zdro. L’mterprdtation du rdsultat ne 
prdsente aucune difficultd, mais il est plus difficile de bien 
comprendre comment la ddmonstration telle que je Fai donnde 
plus haut se piete a ce cas. En essayant de Fexplupier 
nettement, j ai trouvd une ddmonstration directe du tlidoreme 
suivant, qui renferme le rdsultat dont il s agit : 

“Il est possible de trouver une function Y qui sdvanouisse 
pour les valeurs infiniment grandes des variables x, y, z, et 
satisfasse a Fdquation 

dW . d^V . dT 


dx^ ^ dy’^ 


+ 


dz^ 


= 0 , 


pour tons les points extdrieurs a une surface fermde 8, avec 
cette condition 

dn ’ 

dans laquelle F est une fonction arbitraire des coordonndes 
d un point sur la surface 8, et dn est Fdldment d’une normale 
extdrieure h la surface en ce point.” 

Pour le ddmontrer, considdrons Fintegrale 

fffrfdVV . ^dV\^ /dVY 
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relative a I’espace exterieur k S. Parmi toutes les fonctions V 
qui v^rifient la condition 

JfVFdS^A, 

oh. A est une quantity quelconque, il y en a une pour laquelle 
rintdgrale Q est un minimum. Une fonction V, ainsi ddter- 
minde, satisfait aux dquations 


dP dy^ dz^ 


dV 

dn 


= cF 


(oil c est une constante), comme on sen assure par le calcul 
des variations Suivant les valeurs de il, c aura des valeurs 
proportionnelles ; on pent prendre A telle que c= 1. De \h on 
conclut le tbdoreme dnoned II serait facile d’ajouter une 
ddmonstration, quo la solution du probldme de la de'termination 
de V sous ces conditions est unique * 


* [Provided /S' is a simply continuous surface. If S be a multiply continuous 
surface, as, tor instance, the inner boundary of an endless tube (a finite tube 
with its ends united, so as to constitute a circuit), we may add to V the velocity- 
potential ot a liquid moving through it irrotationally (Thomson and Tait’s 
Natural Philosophy, §§ 184—190, Thomson, Voiter, Motion, §§ 54 58j without 
\iolating the conditions piesciibed in the text Compare above, § 200, footnote ] 
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EXTRAIT D’UNE LETTRE DE M. WILLIAM THOMSON 
A M. LIOUVILLE. 

(Art. XIX. of complete list m Mathematical and Physical Papeis, Vol. i ) 
[From Liouville’s Journal de MathSmatiques, 1845.] 

“ Cambuidoe, 8 Octobre 1845. 

208. Pendant mon sdjour a Pans, jo vous ai parld du 
principe des images pour la solution de quelques probl^mes 
lelatifs k la distribution de I’electricitd II y a line foule de 
probl^mes auxquels je ne pensais pas alors, et ob j’ai trouvd 
plus tard qu’on pent Fappliquer. Par exeinple, on parvient 
ainsi a exprimer algdbriquement la distribution d'dlectricitd 
sur deux plans conducteurs qui se coupent sous un angle 

quand un point elcctrique est posd dans I’espace entre les 

deux plans. (L’ldde est analogue k celle du kaleidoscope de 
Brewster.) Quand il y a trois plans qui se coupent perpen- 
diculairement, ou quand il y a un plan qui coupe perpendicu- 

lairement deux plans (|ui se coupent sous un angle on peut 

egalement trouver la distribution sous rmfluence dun point 
electrique donnd. On peut aussi exprimer tres-facilement la 
distribution sur les parois intdiieures d un parallel ipipbde rect- 
angulaire cieux, soumis a rmfluence d un point electrique pose 
en dedans, en se servant des inte'grales ddfinies. 

''Soient G le centre dune sphere S\ Q, Q' deux points 
pris sur un meme rayon GA et sur son prolongement, de telle 
mani^re que GQ.GQ' = GA^; 

et Fun point quelconque sur la surface F. On a, comme on 
sait, 

FQ ^ AQ 
W AQ' 

On peut, k cause de ce thdorbme, appeler Q et Q' points recipro- 
ques relatifs d la sphhe dont chacun est Vimage de Tautre 
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dans la sphere. Suivant cette definition, Timage d’unc ligne 
ou surface sera le lieu des images de points pris sur cette ligne 
ou surface Ainsi, on trouve que Timage d’un plan ou d’une 
sphere est toujours une sphere (le plan dtant compris sous cette 
designation). Les images de deux spheres se coupent sous le 
meme angle, rdel ou imaginaire, que les surfaces donndes. 

“Soient Q, Q deux points rdciproques, relativement ^ une 
sphere S, et q, q\ s leurs images et Timage de la sphere B dans 
une autre sphere donnde. Les points q, q seront rdciproques 
relativement a la sphere 5. 

209. “ A Faide de ccs thdorhmes, je parvicns facilement a 
determiner les images siiccessives d’un point quelconque (qui 
n’est pas ndcessaiiement dans la ligne qui passe par leurs 
centres), dans deux spheres qui se coupent sous un angle 
doiind. Quand cet angle est imaginaire, je parvicns ainsi a 
eifprimer la distribution de I’dlectricite sur les deux spheres, 
sous I’lnflucnce d’un point quelconque, cliargd d’dlectricitd, an 
moyen des sdries do M. Poisson (([ui convergent comme des 
sdries gdomdtriques) Quand Tangle d’mtersection est re'cl et 

compiis dans Texpression v, on parvient ainsi a exprimer 

algdbriquement la distribution d’une quantity donnde d’elec- 
tricitd sur la surface extdrieure des spheres, qui n’est soumise a 
aucune influence ou qui Test k celle d’un point donnd. S’ll y 
a tiois surfaces sphdriques qui se coupent perpendiculairement, 
on exprime algdbriquement, par les memes principes, la distri- 
bution sur la surface extdrieure. Je parviens aussi a deter- 
miner les tempdratures stationnaires dans Tintdrieur d’une 

lentille dont les deux surfaces se coupent sous un angle ^ , la 

tempdrature de chaque point de ces surfaces dtant donnde. 

210. “Si Ton veut ddterminer la distribution d’dlectricitd sur 
une surface donnde S, sous Tmfluence d’un point quelconque 
on rdduit, par les mdmes principes, le probldme ^ la determina- 
tion de la distribution, sans aucune influence, sur Timage de S 
dans une sphdre ddcrite du centre Q, avec un rayon quelconque. 
Une application gdndrale de ce thdordme conduit k une demon- 
stration rigoureuse du thdordme de M. Gauss, qu’on peut pro- 
duire, au moyen d’une distribution ddterminde de matidre sur 

T. E 10 
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une surface ferm^e queiconque, une vafeur donne'e du potentiel 
k chaque point de la surface. II y a aussi beaiicoiip d ’applica- 
tions spdciales [see below, §§ 218... 220] qu’on peut faire de 
ce thdorbme aux cas dans lesquels S est une sphke, un disqiie 
circulaire, on un segment d’une surface sphdrique fait par un 
plan. J’en ai aussi ddduit une demonstration gdorndtrique du 
tbdorbme que vous avez publid dans le numdro d’avril 1845 
de votre Journal (voir page 137), dont voici I’expression analy- 
tique * * *” [see above, xi. §§ 167, 186]. 


EXTEAITS DE DEUX LETTEES ADEESSEES 1 M. LIOUVILLE, 
PAE M WILLIAM THOMSON. 

[From Liouville’s Journal de MatMnmtiques, 1847 ] 

“Cambridge, 2 ^)juin 1810. 

211. “ . . . Les rechercbcs sur lesquelles je vous ai dcrit, le 

8 octobre 1845, m’ont conduit a I’emploi dun systemo nouveau 
de coordonndes orthogonales tres-commode dans quelques pro- 
blbmes des thdories de la chaleur ct de rdlectiicitd Les sur- 
faces coordonndes dans ce systeme sont les surfaces engendre'es 
par la rotation, autour d un axe convenable, d’un systeme de 
coordonndes curvilignes dans un plan, et les plans mdridiens. 
En effet, soit M un plan mdridicn queiconque ; les coordonndes 
d’un point P dans ce plan sont deux cercles qui se coupent a 
angle droit en ce point, et dont le premier passe par deux points 
fixes A, A\ dans I’axe de rdvolution X'X, tandis que le second 
est la courbe orthogonale de la sdrie entiere des cercles qui 
passent par les points A, A'. On ddmontre facilement que 
cette courbe est un ccrcle qui passe par deux points imaginaires 
B, dans la droite Y'OY perpendiculaire A X' OX, a des dis- 
tances aux deux cotds de 0 dont cbacune est dgale A a -s/ — 1, 
a dtant la valeur des distances dgales AO, OA, En effet, la 
premiere sdrie est exprimde par Fdquation 

( 1 ) - %iy = (P, 

u dtant un param^tre variable, et Ton en ddduit 

(2) + 'if - 2vx = -- a^, 
pour I’dquation de la courbe orthogonale. 
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212. ^'Posons, 

u = acoiO, V — a J- 1 . cot -v/r ; 

0 sera Tangle que la tangente du cercle (1), au point A oii A] 
fait avec Taxe X'X, et sera Tangle imaginaire que la tangente 
du cercle (2), au point B ou B\ fait avec Y'Y. Pour avoir la 
s^rie entiere des cercles (1), il faudrait donner a u toutes les 
valeurs r^elles de ~ go a go , ou a d toutes les valeurs de 0 ^ tt ; 
et, pour la sdrie (2), il faudiait donner h v toutes les valeurs de 
a ^ 00 , et de — CO a — a. On pent considdrer un point P corame 
ddtermind sans ambigui'td par les coordonndes 9, ^ (en prenant 
^ 4* TT au lieu de 0 pour Tautre point d’lntersection des memos 
cercles). Les dquations de transformation, entre les coordon- 
neds (x, g) et (0, ^|r) d’un meme point P, sont 
(8) +g‘^ — 2ay cot 0 — a^, 

(4) “ Sax cot J - 1 = - 

On en dddiiit 

sin ylr I 

x = -a ; 

cos \jr — COS 9 

sin 0 

^ cos - cos 0 ’ 

„ o o cos -l/r -f cos 0 

= i 

' cos Y - cos 0 

Dans les applications physiques, il s’agit d’exprimer la distance 
A, entre deux points P, P' en fonction des nouvelles coordon- 
ndes. On trouve facilement, a Taide des formules donnees 
ci-dessus, dans le cas do P et P' dans un meme-plan mdridien M, 

A'! = 2a“ cos(f-tlr')-cos(&-0’) _ 

(cos — cos 0) (cos y/r' — COS 0') ’ 

Pour le trois coordonndes d'un point dans Tespace, je prends 0, 
yfr qui fixent sa position dans un plan mdridien, et Tangle (f) 
que ce plan fait avec un plan mdridien fixe. Je trouve main- 
tenant, pour la distance entre deux points quelconques P, P\ 

^2 _ 2^2 cos - y^r') - [cos 0 cos 0' 4 - sin ^ sin cos ( ~ (j)')] 

(cos ^jr — cos 0) (cos yjr' — cos 0') 

Pour dviter Temploi de quantitds imaginaires, je pose 
2co3^|r = r-i-~y 2 cosi/r' = r'4-4, 
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d’oil Ton ddduit 

2cos(f -f') = ^ + p 

et Texpression pr^cddente se rdduit a 
' ^ j _ 2 r^— 2rr' [cos 9 cos + sin 0 sin O' cos (0 - (fl)] + 

^ - ® p - 2 r cor^+l)(f'‘' - 2 r' cos 6' + 1 ) 

A I’aide de cette expression, on tiouve 

r 

oil 5 = (r® — 2 r cos ^4* 1 )^ 

pour rdquation du mouvement uniforme de la chaleur exprimee 

par les coordonndes r, 0, <^. 

“ Les surfaces reprdscntees par T^quation 
r — constante 

sont des spheres engendiees par la revolution d^une sdrie de 
cercles autour de la droite qui contient leurs centres, Sup- 
posons que Tespace entre deux de ces spheres (quand chaque 
sphere est en dehors de I’autre, cet espace sera Tespace infini en 
dehors des deux spheres), dont les equations sont 
r = a, r = aj, 

soit rempli d’un milieu solide homoghne, que les tempdratures 
de tous les points de chaque surface soient donnees, et qu’il 
s’agisse de determiner la temperature stationnaire d’un point 
quelconque dans le solide; on rdsoudra ce probldme avec 
beaucoup de facilite au moyen de I’analyse de Laplace, en 
employant les coordonnees que j’ai indiqudes. Dans le cas 
particulier d’une tempdrature constante pour chaque sphere, on 
parvient, aprds quelques reductions, a trouver la solution que 
Poisson a donnde pour le probldme correspondant de deux 
spheres dlectrisdes. 

213. ‘‘II y a un systdme nouveau et trds-remarquable de 
cqordonndes, qu’on trouve en posant 

r cos ^ r sin ^ cos ^ r sin 0 sin (jy— 
r, 0, (p appartenant au systbme expliqud ci-dessus. Dans ce 
systbme (f, 9 ;, f), les surfaces coordonndes sont des spheres 
--it.nnrr»n}ilps Qui passent par un point fixe, et qui touchent, par 


^{s-^vr} . JL I dO 1 
dr'^ sin 9 dO ^ sm® 9 ’ 



149 


XIV.] 


Electrio Images. 


consequent, trois plans orthogonaux menes par ce point. Je 
suis parvenu ^ considerer ces syst^mes de coordonnees en 
cherchant les images des sdries de surfaces des systemes (polaire 
et rectangulaire) ordinaires, dans des spheres convenablement 
disposdes. 

“ L’application du systbme (f, tj, f) aux probiemes de physique, 
pour le cas de deux systbmes qui se touchent Tun Tautre, en 
donne les solutions avec beaucoup de facilitd; mais il est plus 
simple de faire directement la rechercho de ces coordonndes, 
que de les ddduire du systeme (r, B, 0). En effet, soient 

■ + + 

V 


les equations de trois spheres qui se coupent a un point P 
(elles se coupent aussi h I’origine 0 ). Je prends 77, f pour 

£ — 2 ^ 

les coordonnees de ce point (il faudrait substituer - — , -, - 
^ ^ a a a 


dans ces equations, au lieu de tj, f, pour retrouver les coordon- 
ndes Tj, f indiquees ci-dessus) De ces equations on tire 

, 

f V f 


f^-rr+fa-vr+(r-rr 


'r+v+r 

+ (y - yJ + (^ - ’ 

d% d^v d% 


et requation 


dx^'^d'sf'^d^ ® 


devient, pour les nouvelles coordonnees, 

(a) + + 


d? 


drf 




oh p = 4- 17* + f 

Pour exemple de Temploi qu’on pent faire de ce systeme de 
coordonnees, supposons que la temperature d’un point (a, ■77, f) 
cst une function donnee F (y, f) des coordonnees 77, f de sa 
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position snr la sphere a, et que la temperature d’un point 
(a^, t;, f) est (r), f), et qu’il s’agit de determiner la temperature 
permanente d’lm point quelconque P (f, rj, f) dans I’espace 
entre les spheres a, a, (c’est-a-dire I’espace entier pour lequel f 
a une valeur intermediaire h a et aj, que nous supposerons 
rempli d’un solide homogene. Suivant la radthode de Fourier, 
en observant que les valeurs 

cos w 7 ;. cos 
cos w?psiii 


substitudes pour p~^v, sont des solutions particulieres de I’equa- 
tion (a), pourvu que F — + je troiive, pour la solution du 

probleme proposd, 


(i) 


p r r j r r j,j^cosm(^-v)cosn(r-r) 


(a;+v“+n*^ J 


oh 6 est la base des logarithmes nepdriens, et 
h ~ {m^ + n^)^. 

214 ^^Comme exemple do I’usage de cette formule, je ferai 

V etant une constante. Pour la reduction de I’expression, dans 
ce casj ’observe que 

J -dcj -00 \ 


(«) 

d’oh Ton ddduit 
J -ooj -00 




(X- + + qy ^ 


(,a‘ + v‘+n^ =27rcosmvcos«?.~-^- 


et 


cosnt. 

h 


le signe supdrieur ou infdrieur dtant pris, dans la seconde 
expression, selon que est positif ou ndgatif (je prends a 
toujours positif et > a J. Ces reductions faites, I’expression 
( 5 ) se trouve rdduite h 
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, Too foo 

J J dmdn cos mt) cos wf 


g“(wi*+n*)i^ 

(m** + ny 


JpJ- 
Stt 


^ [€*(«-«.) ~ 

suivant les deux cas. L’dquation (I) se rdduit a 
^;= F, 

a cause de la valeur qu on trouve pour Tintdgrale ddfinie qui y 
est contcniie*. 

215 “ L’expression pour v, dans le second cas, se trouve 

reduite en sene coiivergente, si Ton substitue pour 

1 

. la sdrie 


gA(a-ai) _ ^-h(a-aj 
^-h(a-aj j-j ^ g- 2 A(a-a,) ^ ^-4A (a~a,) 

ct puis, pour chaque terme, sa valeur, suivant la formule citde 
dans le cas (I). On trouve amsi 

1 ^ 1 ^ i__ . 

[(y+ 2 a-^)HV+f=]^ [( 2 y+ 2 a-^)H^H<'^]i 


v~ Vp •< 


[(y-^)'+>?^+^2ji [(3y-f)2+i?2+^2ji 

, 1,1,1 


[(y+f-2ai)2+»>2+ir2Ji [(2y+|-2ai)2+>?Hf«)J 

1 1 

[(y+^)^+)?2+^']i [(2y+^)Hn2+^2J* [(3y+^)H>j2+^'Ji 

y = 2(a-a,). 


* Les intZ-giales dCfinies ((?) et (I) sont des cas particuliers de deux int^grales 
multiples dunt j’ai tiouve les valeuis eu cheicliant ime demonstration de la 
formule (5), tome X de votie Journal, page 141. J’ai tiouv6, [above, § 182, 
formula (T)], en effet, 

f°° dpvlp^ d/i,jC0SOTjPjC0SWoP2 __(a-l)7r* 

^ ~K+“’+ )* 

et 

dm^dm^ cos cos 7112^2 

J -00 j -00 (wil + Twl 

{n~l){x\+x\-{- ..+^„+tt^) ^ 

oil Ton d6duit imm6diatement les int^grales cities. 
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De cette expression on d^duit facilement la distribution d'dlec- 
tricitd sur deux spheres qui se touchent. 

216. *‘Le cas (I) correspond h, deux spheres dont Tune, (a), 
est en dedans de I’autre, (a^. Dans le cas (II), le solide 
considdrd remplit Tespace entier en dehors des deux spheres, 
et la temperature est zdro k uue distance infinie. 

217. "'ll y a une interpretation pour le nouveau systeme de 
coordonnees (r, dans un plan, qui est tres-simple. En effet, 
soient A, A' deux points fixes, et P un point quelconque dont 
il s’agit d’exprimcr la position. Cela peut se faire au moyen 
de Tangle A FA', que j'appelle 6, et de la raison r de AP a AP'. 
Quand 6 a une valeur constante, le lieu de P est un cercle qui 
passe par les points A, A ' ; et quand r a une valeur constante, 
le lieu de Pest un cercle, dont le centre est dans le prolonge- 
ment de AA, aim cdtd ou de Tautie, suivant que cette valeur 
est plus grande ou plus petite que Tunitd, et qui a la propridte 
(le couper a angle droit tout cercle di^^cnt par les points A, A' 

“ Posons inaintenant, pour expliquer le second systeme, 

T cos 6 r sin 0 = 7], 

Le lieu de P, quand f a une valour constante, scia tel que, si Ton 
m^ne, de A, AD perpendiculaire a AP, la raison DP—AP 
sera constante, et Ton trouve ainsi quo ce lieu est un cercle 
qui touche en A une droite peipendiculaire a A A ; et Ton 
trouve scinblablement que le lieu de P, quand rj a une valeur 
constante, est un cercle qui touche A A au point A!^ 


‘ ‘ Knock, le 16 septcmbre 1846. 

218. “...Depuis que je vous ai dcrit la dernihre fois, jai 
considdrd le problhme de la distribution d’e^lectricitd sur le 
segment d’une couche splidrique infiniment mince, fait par 
im plan, ce corps dtant composd de matiere conductrice, et 
j’ai trouvd, en expression fime, la solution complete, en sup- 
posant que le corps posshde une quantity donnde d'dlectricitd 
et que la distribution se fait sous Tinfluence de masses dlec- 
triques denudes. Javais Tintention de rddiger de suite pour 
vous un petit Mdmoire sur ces recherches, mais j’ai rencontrd 
quelque difficultd dans Texposition de la mdthode suivie, et 
comme je suis k pidsent trds-occupd (les cours k Glasgow 
commenccnt le P’’ noveinbre, ct il me faudra beaucoup de 
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preparation), il me faut differer cette Uche*, Je me bornerai 
pour le moment aux dnoncds de quelques-uns des rdsultats. 

219. “Soit 8 le corps conducteur sur lequel il s’agit de de- 
terminer la distribution. Pour premier cas, soit Q un point en 
dehors de 8, sur la meme surface sphdrique dont 8 fait partie, 
et supposons que 8 soit mis en communication avec le sol par 
un fil conducteur infiniment mince (ainsi le potentiel dans 8 
sera toujours zero, quels que soient les coips electrises qui en 
soient voisins). Il s’agit de determiner la distribution d’eiec- 
tricite sur 8 sous I’influence d’une quantitd donnee d’dlectricite 
negative Q, concentree au point Q, Je ddmontre que Tintensite 
d’eiectricite a la meme valeur alix points voisins des deux cdtds 
de la couche 8 , et, .en ddnotant par <t cette valeur, pour un 
point quelconque F de 8, je trouve 

^ Q 

27r‘ A” 

oh a, 5 et r sont les distances du bord de 8, du point Q et du 
point P, h> im point C de 8 qu’on pent appeler son centre, et A 
est la distance entre Q et P. Il est remarquable que cette 
expression ne contient pas le rayon de la sphere dont 8 fait 
partie. En supposant que ce rayon soit infini, on a I’expression 
pour la distribution d’dlectricitd sur un disque circiilaire, sous 
finfluence d’un point dans son plan, qui est, en effet, la meme 
que cede que Green a donnee pour ce cas. 

220. “ Pour trouver la distribution dans le cas de 8 isold et 

dlectrise, je remarque que, si la quantitd d’dlectricitd sur 8 
est telle que le potentiel qui en rdsulte a une valeur donnde V, 
la distribution sur 8 sera la meme que celle qui aurait lieu si 8 
dtait situd dans Fintdrieur d une couche dlectrique qui produit 
le potentiel - V, 8 dtant dans I’dtat d’un corps qui n’est pas 
Isold On peut prendre pour cette couche une sphere conqen- 
trupie avec celle dont 8 fait partie ; en supposant I’exces du 
rayon de la premibie sphbre sur le rayon de la seconde infini- 
uient petit, on rdduit le problhme k la determination de la 
distribution sur 8, sous I’influence d’une distribution donnde 
d’dlectricitd sur la sphbre dont 8 fait partie, ce corps 8 n’dtant 

* It has, in fact, been, clelajed till December 1868 and Janu.aiy 1860. See xv. 
below. 
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pas isol^. Ainsi, par integration, je ddduis du rdsultat donnd 
ci-dessus les expressions 


a 







(oil /est le diametre de la sphere dont S fait partie), pour les 
intensitds sur les deux cotds, convexe et concave, de /S' en un 
point Fr 


NOTE AU SUJET DE L’ARTICLE PRECEDENT; 
PAR J. LIOUVILLE. 


221 La Lettre de M. Thomson m’a sugg^rd quelques re- 
marques que je crois devoir prdsenter ici, parce qu elles montre- 
ront, CO me semble, plus clairement encore toute Timportance 
du travail dont le jeune gdombtre de Glasgow nous a donnd un 
extrait rapide. 

Nous rdsoudrons d’abord le problbme suivant : 

Prohlhme. — Soient x, y,..., z et f, ^ deux grou 2 )es con- 
tenant un nombre ^gal ou indgal de variables, les pi emigres 
X, y,..., z, mddpendantes, les autres y,.,., f fonctions des pre- 
mihies, en sorte que 


soit encore p-ylr{x,y,...,z). 

Ddsignons d'ailleum par f', p ce que deviennent les 

fonctions rj,..., f, p, quand on y remplace y,..., z par 

y,..., z. Cela posd, on demande de determiner les fonctions 
fy F,...y yjr, de mambre h avoir gdndralement 

{x-xy+(y-yf+...+(z'-zy 
2 '2 * 
PP 

Pour fixer les idees, nous nous bornerons au cas de trois 
variables x, y, z, et de trois variables '»?, f ; et la question sera 
de verifier rdquation 




* [The original numbering of M. Liouville’s sections has been altered by the 
addition of 220, for more convenient reference in the present volume.] 
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(1) (r - f)' + iv' - vT + (r - f)* = fr' 

La meme m^thode rdussirait pour deux groupes x, y,..., z et 
77,..., f quelconques. II n’y aurait de changement que dans 
quelques details, et seulement si le nombre des variables dtait 
different dans les deux groupes. Au surplus, nous n'aurons 
besom plus tard que du cas oil ce nombre est le meme de part 
et d autre, et ne surpasse pas trois, ce qui nous permettra dln- 
terprdter gdomdtriquement les resultats de notre analyse. 

Donnons k x', y, z des valeurs parti culibres h 

volontd, et reprdsentons par p^, les valeurs correspon- 

dantes de p\ f ??', f L’dquation (1) nous donnera 
= ( g-iy.)' + (.y-.%r + (^-0 ' 

^ pM-D]+(v-vor+(^-Lr]' 

Mais, pour plus de simplicity, nous mettrons partout 
V + %, + y + 2/o.^ + ^o. au lieu de I r), as, s, et 

do memo + x' + x^, etc., au lieu de f', x, etc., ce qui ne 
change rien aux differences f' — f, x' — x, etc. La valeur de 
deviendra 

2 __ x'^ + y^-i- 

et 1 equation (1) subsistera telle qu'elle est. 

En faisant 


on aura 


ment 




'/op' ' 


2 ^ 

~Fop'‘‘ 

ct on portant ces valeurs dans rdquation (1), on trouvera aisd- 

1 1 

2 + '2 

P P 


[p'^ p^^ P^ p'V 


--pi 


: + 

r 


,.'2 


P P 
z z 


~ 2 '2 ~ 


Mamtenant donnons a x, y\ z quatre systbmes de valeurs 
connues k volontd, k chacun desquels rdpondront des valeurs 
determindes de r, f', y, p\ et nous auions ainsi quatre 
equations du premier degrd qui fourmront les valeurs de 


I 1 

?' p^’ 


P P 


considdrdes comme quatre inconnues, en fonction lindaire de 
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X y z 

En designant done par B, G, D des constantes, et par P, Q, 
P, B des poIyn6mes du premier degrd en x, y, z, ces valeurs 
seront de la forme 


p r p r p r p 

En faisant la somme des carrds des trois premieres, on trouve 


a - ^ + ^2 , 


1.0,1 

r p r 


une valeur de qui doit etre dgale k celle que donne la 
quatri^me Equation. Ainsi les deux fonctions 



r r 

doivent ^tre dgales. Mais la premiere devient une fonction 
entiere quand on la multiplie par II faut done que la 
seconde le devienne aussi, et que, par consequent, P^ + + P® 

soit dgalement divisible par rl Le quotient ne pent dvidem- 
ment etre qu’une constante, puisquc le numdiateur et le de- 
nominate ur sent du meme degrd. Soit cette constante, et 
F^ + g^ + Il^ = mV = (x^ + + ^ 0 - 

P, Q, R etant des poljnomes du premier degrd, je fais 
P~m {ax hy cz g), 

Q = m {ax + h'y + c'z + g), 

R =7n(a"x+h"y+c"z-\-g"), 

et j’en conclus par la comparaison des deux membres, d’une 
part, a" -1- a'^ -f- a"^ = 1 , + a'b' + a"b" = 0, 

P + V — 1, ac + ac + a"c" = 0 , 

+ c'’* -f = 1 , 5c + b'c + bV' = 0, 
equations d’ob rdsultent, comme on sait, les equations inverses 
* -}- 5* + c*^ = 1, aa' + bh' -f cc — 0, 

+ c'* = 1 , aa" -}- hb" + cc"— 0, 

1 , a'a"+h'b"i^cc"= 0 ; 

et, d’ autre part, 

ag + ag + a"g" = 0, eg c'g + c"g" = 0, 
bg + h’gJf h"g" = 0, g‘‘ A g" + g"^ = 0. 
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Si nous admettions que g, g\ g' sont des constantes rdelles, 
rdquation g^ + g^ + g'”^ — 0 nous donnerait ^ = 0, ^' = 0, g” — 0. 
Mais, dans tous les cas, on arrivera au m^me r^sultat k Taide 
des trois prdcddentes, en ayant dgard aux Equations de con- 
dition entre a, b, c, etc. Pour prouver, par exemple, que ^ = 0, 
il suffira d’ajouter entre elles les trois Equations dont nous 
parlons apr^s les avoir multiplides par les facteurs respectifs 
a, b, c. II nous reste done 


F — m{ax +by -\-cz)y 
Q = m {ax + b'y -f- c'z)y 
It = m {a”x-\- b"y+ c"z), 


a, b, c, etc., satisfaisant aux Equations de condition ci-dessus, les 
memes qu on rencontre dans la transformation de coordonndes 
rectangulaires en d’autres rectangulaires aussi. Et comme les 
equations 



Q -^*91 9 



donnent 




on en conclut les formules suivantes : 



Mais il faut k present rdtablir f-fo, au lieu de 

f) et x-Xf^, y-y^f z — z^ au lieu de Xy y, z, Ce change- 
nient fait, on aura les formules les plus gdndrales qui puissent 
satisfaire k Tdquation (1). Mous avons done le thdor^me 
suivant : 
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et de m6me 


y z 


17®, f® dtant des coustantes, et Y, Z des fonctions lindaires de 
Xy y, z, Les poljnomes X 7 , Z s’obtiendraient sans peine par 
ce qu’on vient de dire ; mais on les trouve sous une forme plus 
commode • en opdrant comme il suit. II est aisd de voir qu’en 
attribuant une valeur infinie ^ une ou plusieurs des quantitds 
Xy y, Zy ou, si Ton veut, en faisant 

i*?* + y* + -2* = ^ 1 

ona ?=r. — • 

Si done on introduit cette hypothdse de x^+y^-{-^~cc dans 


rdquation gdndrale 

a'-if+(v'~vn(^-o^= 

il viendra 


(«' - + (!/'- ;/)’+ 


p'p‘ 


(f f)'+(’7 vy+{^ n* [a'+b'+g^)p'" 

dbb, en effa^ant les accents, 

(f-r)’+(»?-’?T+(r-r)’= 

Mais, d’un autre cotd, 

(f-r)’+(’;-»;T+(r-n'= 

done 




e’est-^-dire 




Z* + r + Z' = {x- a-,)> + (y - y.)* + {z- z^. 

De 1 ^, par un calcul tout semblable ^ celui qu’on a effectud dans 
le numdro prdeddent pour Tdquation 

on conclut qu’en reprdsentant par a, 7, a', etc., des constantes 
assujetties aux dquations de condition 

a* + a"* + a"'* = 1, + ol^ + = 0, 

^ 1, ay + a'y -f- a"y"- 0, 

7»+7'*+y^= 1, ^7+^y+7SV=o, 

du mdrne genre que celles entre a, 6, etc., on devra prendre 
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Z=a (®-«!,) + /3(y-y,)+7 
r=«'(«-ir,) + /8' (y - y^) + y’ {z - z^), 

z= o"(® - «.) + - y,) + y"{^ - -^i)- 

Et, rdciproquement, il est facile de verifier qu en adoptant ces 
valeurs de Z, F, Z, les formules 

nX ^ nY ^ nZ 






7)-rj = 








qui rdsultent de notre analyse en faisant, pour abrdger, 


= w, d’oil = 


Z*+P + P 


entraineront I’dquation demandde ( 1 ) dont la solution gdndrale 
est exprim^e ainsi d’une manibre nouvelle et plus simple. En 
effet, on trouve d’abord 

V)r\i i) {X'+Y‘+r)(X"‘+Y'^+Z'‘) ’ 

puis 

{X'-Xr+ {¥'- Y)'+{Z'-Zf=(x-xf + (y’-yy+iz'-zf, 
h cause des Equations de condition entre a, etc. Et de la 
on tire 

(f i) +{v n) +(? t) - ’ 

c’cst-^-dire I’dquation ( 1 ), on prenant 


P = 


+ P ~ (y - yy^{z-z,Y 


223. On pourrait former inversement les valeurs de x, y, z 
il est clair sans calcul, et k priori, que ces 
valours doivent s’exprimer par des formules du meme genre 
que cellos qui donnent f, rj, f en x, y, z. En effet, p dtant une 
fonction de x, y, z, on pent concevoir cette quantity comme 
fonction de f, rj, f. Soit done 

1 , 1 
^ vs ^ vr 

^ dtant une certaine fonction de f, 17 , f, et vs' la m 6 me fonction 
V> t ’ L’equation (1) se changcra dans I’dquation nouvelle 

d’line forme toute semblable k Tdquation ( 1 ) elle-m^rae, et qui, 
T F 11 
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par consequent, donnera oo, y, z en y, f de la meme maniere 
que rdquation (1) a donnd tj, f en x, y, z. 

224, On volt que, par Tdchange des lettres x, y, ^ et y, f 
les unes dans les autres, une solution particuliere de I’equation 
(1), je veux dire une solution dans laquelle les constantes 
auraient des valeurs particulieres, en donneia une autre, la 
plupart du temps diffe'iente, qiioique rentiant toujours, bien 
entendu, dans le type gendral iiKliqiid tout a Flieure. II est 
aisd aussi de voir que deux solutions donnees en fournisscnt 
une troisieme. Siipposons, en effct, qu’en prenant pour y, t, q 
des fonctions de U, V, IF, on ait 

et que, de memo, en prenant pour /7, F, 11^, j), des fonctions de 
X, y, z, on ait 

([/■'_ 17)-+(V'- vy + ( IF- 1F)*= , 

il est clair qu’on pourra exprimer aussi y, y, f on x, y, z, et 
qu’il viendra 

(r - + in - vT + (r - ”/^F- - , 

d’oii une solution nouvellc de notrc probleme 
On pent dire, en dautrcs teimcs, quo divoises transformations 
qui rdsolvent ce probleme etant opdrdcs sucecssivemcnt, la 
tiansformation unique composde do cot ensemble le idsout 
aussi. Et par la mani^ic dont m-us avons venfid ci-dcssus 
notre solution gdnerale, il est manifeste que cettc solution n’est 
que le rdsultat d’une suite de solutions paiticulieres ainsi 
ajoutdes entre elles pour ainsi dire. 

225. Il y a une solution particulidie do lequation (1) que 
nous devons dtudier spdcialement parce qu elle constitiie, ^ pro- 
prement parler, I’dldment essentiel de nos formules gdndrales, 
et qu elle nous servira d’ailleurs a en bien raontrer le sens 
geomdtrique. Elle a e'td employde par M. Thomson, et consiste 
^ poser 

'^y y- 




a— 




dob rdsulte, en effet, I’dquation 

I? e+w v)+[i ;) » 
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c est-^-dire I’^quation ( 1 ), en prenant 

^ n 

On a alors + - 2 ; - g , 

X + !/'{■ Z 

ct, par consdquent, 

_ _ 117 ] __ 

^“r+v+r 

valcnrs dc memo composition en f, rj, f que les prdcddentes en 
.r, ij, z. 

On pent interprdter gdorndtricpiement ces formulcs en re- 
gardant O', y, z, par exemple, comme des coordonndes rectangu- 
laires, et f, 7), f comme des paiametres. Les surfaces (f), (tj), (f), 
pour lesqiielles im de ces parametres conserve memo valour, 
sont des splieics qui se coupcnt deux a deux ortliogonalement, 
et par rintersection de tiois desquelles M. Thomson determine 
la position de cliaque point (o’, y, z) ou (f, t], f). Sous ce point 
dc vuc, 7 ], f sont des coordonnecs curvilignes qui se rappor- 
tcnt a la meme hguio que les coordonnecs rectilignes x, y, z. 
Mais il est plus commode, j(; crois, d’lntroduiie dans nos re- 
ehorclies une de ces tian.sniutations de figures si familiercs aux 
geometies, et qui out taut contiibue aux piogrds de la science 
dans ces dormers temps. La tiansformation dont il sagit est 
bicn connue, du rcste, et des plus simples ; cost cello (|ue 
M. Thomson lui-meme a jadis em])loyee sous le nom dc pi 111- 
cipe des images* Consideiez ,r, y, z comme les cooulonnees 
d’un point quelconque m d’une figure rapportde k trois axes 
icctangulaires Ox, Oy, Oz, t], ^ comme celles d’un point fi 
dhine autre figure rapportde h trois axes 0^, Ot], Of, rectangu- 
laires aiissi, et auxquels nous donnons la meme engine 0 , et 
rcspectivement les memes directions, une de ces figures ddiivant 
dc I’autre, et le point yu, en particulier, correspondant au point 
m, on veitu des relations par lesquelles f, t], f s’expriment en 
X, y, z, ou X, y, z en f, g, f. Il est dvident que les deux points 
correspondants m, g sont en ligne droito avec Ibrigme 0 , et 
que le produit Om.OyL des rayons vccteurs Om, Og est constant 

* Tome X. de ce Joumal, page 301 [above, § 207J. 


11—9 
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et =n. Une des figures se ddduit done de Tautre en prenant 
sur cliaciin des rayons vecteurs mene's du point 0 ^ iin point 
quelconque de la premike figure d’antres rayons vecteurs en 
raison inverse des premiers; les extrt^mitds de ces nouveaux 
rayons vecteurs ddterminent la seconde figure. Nous donne- 
rons a cette transfoimation le nom de transformation par rayons 
vecteurs r^ciproques, relativement a Torigine 0. Si, pour un 
point w, on a Om — Jn, on aura aussi Op ~ J n, et les points 
m et p qui se correspondent ainsi dans les deux figures coin- 
cideront. En disposant de n, on pent faire en sorte qu’un point 
donnd m reste fixe dans la transformation ; il suffit de prendre 
n = et alors tons les points situk sur la sphere dont 0 est 
Je centre et Oin le rayon, resteront fixes aussi, mais tous les 
autres seront deplacds. 

226. A I’aide de cette transformation par rayons vecteurs ri- 
ciproques, on deduira d une figure denude une infinite d’autres 
figures, soit en cliangeant roriginc 0 d’oii partent les rayons 
vecteurs, soit en prenant divcrses valenrs de n avec une memo 
engine 0, ce qui iie donne, aii siiiplus, lieu qu’a des figuics 
transformdes toutes seniblablcs eiitre olios, du moms tant (pie 
n garde le meine signe; car les figiiies (pii rdpondent a deux 
valours do n (^gales et de signes contraires sent syrndtriqucs. 
On pout d’ailleurs effectuer, rune aprds Fautre, des transforma- 
tions relatives a des engines diffdrentes. Mais je dis que nos 
formules gdndrales de n‘^ 222 peuvent toiijours s niterpr(^ter j\ 
Faide d’une seule transformation de cette espbee, en sorte qu’on 
nobtiendrait rieii de vraiment nouveau cn ajoutant d’autres 
transformations h celle-k. 

En effet, dans le cas le plus gdndral, nous pouvons encore 
considdrer x, y, z et f , rj, f comme les coordonndes de deux points 
m, p appartenant a deux figures diffdrentes et rapportds k deux 
S 3 ^stemes d’axes rectangulaires des x, y, z et f, Et voici 
comment s’opere la transformation de Fune des figures dans 
Fautre. 

D’abord on passe de x, y, z, ^ X, F, Xpar les formules 
Z = a - a;,) + /3 (y -y„) + 7 (a - 

y,) + 7' (z - 

Z = !«"(,r - se) + X{y - y) + i'O - 1). 
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Or, h cause des equations de condition entre a, etc, ce 
passage n’est qu’un changemeot de coordonndes rectangulaires 
cn d’autres coordonnees rectangulaires, qui n’altere cn rien la 
premii^rc figure k laquelle il est appliqud ; on pent le supposer 
opdid d’avance, et confondre des lors X, F, Z avec oj, y, z. 

De lit nous iions aux forinules 



f ? X^+Y^+Z^' ^ ^ X^+Y‘+Z'‘’ ^ ^ X‘+Y^+Z-^' 

ct nous auions ainsi une transformation de A^, F, Z en — 
V~Vo’ regardcrons comme des coordonndes 

icctangulaires puses par rapport aux niemcs axes. Cette trans- 
foi Illation est il rayons vecteurs leciproques, comme nous Tavons 
vu 11 ° 225. Elio s’opere en portant sur les rayons vecteurs 
menes de rorigine actuelle des longueurs invcrsement propor- 
tionnelles ii cos rayons vecteurs; rancienne figure se trouvc 
ainsi cliangde cn cello qui resulte des extrdmitds do toutes ces 
longueurs Passer ensiute de f — Vj 
nest ([uun simple deplaccment de Toiigine, les axes lestant 
parallMes il eux-memes; cola no produit <lans la figure trans- 
formec aueunc alteration 

Nos foimules du n° 222 resiiltent done d’unc transformation 
par rayons vectcius recipro(|uos, combinee avec des cliange- 
nients oidinaiies de cooidonnecs De tellos tiansformations 
cn iiombre (pielcom^uo donnent toujouis naissance a une e({ua- 
tionde la foimo (1), et rmterpietation geomdtrKjue des formules 
par lesquelles nous avions d’aboid lie (ii° 221) x, y, 2 - et y, ^ 
semblait en dernander deux, lelativesa deux origines diffei elites. 
Tune pour le passage de x, Y, z a v, v, w, I’autre pour le passage 
de u, V, w a f, f ; mais on voit, par cc qui precede, et grfico 
aux formules plus simples du n" 222, qu’uno seule transforma- 
tion suffit pour coiiduiro au idsultat lo plus gdndral ; il dtait 
important do le demontrer. 

227. Les considerations gdorndtriques dont nous venons de 
faire usage, pour interpreter les formules qui conduisent k 
r^quation (1), donnent lieu il des consequences remarquables 
dont nous aliens dire quelques mots. Dans les deux figures 
que ddterminent lespeotivement les coordonndes x, y, z et les 
coordonndcs y, f, consideions, d’lme part, deux points quel- 
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conques m, m\ et, d autre part, les points correspondaiits fx, fx, 
Soient D la distance des deux premiers, A celle des deux autres, 
en soite que 

L’dqualion (1), qui pourra secure 

iV PP’ ^ ^ 

foiiriiit line relation entre la distance A do deux points jx, ix 
dans rune des dgmes et les quantites D, p, //. Nous venous 
de due quo J) est la distance des deux points /ti, m' corresiion- 
daiits dans I’autic figure, quant i\ p et p, ce sent, a uu facteur 
constant pres, les distances des points m, vi a uii ceitam point 
fixe. Toiite i elation metiique entre deux on plusieurs dis- 
tances A dans rune des figures fourniia done iininodiatement 
line lelation analogue dans lautie figuie. Mais d ne faut pas 
crone ({ue les diveis points couespondants a ceux do la droito 
A soient sur la dioitc D\ cela ariive pour les points extiemes 
par la definition nieine dc ces droites, niais n’a pas lieu, on 
geneial, pom les points intcimediaircs. En geneial, la suite 
des points coriespondants a ceux d’unc dioite do la picmieTo 
figure forme dans la seconde figmo une cnconfeicnco de cercle, 
laipielle ne se icduit ii une ligne dioitc quo dans un eas par- 
tiCLilier, celui oil son layon est infim 

Ayant en rj, f 1 equation dune suildce on les dquations 
d’une ligne ajipartenant a la premiere figuic, il suffit de substi- 
tuer a ?/, f lems valours pour former en .r, y, z Feapiation de 
la suiface ou les equations dc la ligne correspondante On 
trouve bien facilement, de cette manibre, que les plans et des 
spheres se transfoimeiit en des spheres qui peuveiit se rdduire 
h des plans quaiid le rayon devient infim ; que, de meme, des 
droites et des circonfdrences de ccicle se transforraent en des 
circonferences de cercle, etc. Mais, pour suivre le mdcanisme 
de ces tiansformations, il suffit de considerer la transformation 
par rayons vecteurs reciprCK[ues, qui combinde avee des changc- 
ments dc coordonnecs donne, comme on la vu, la transforma- 
tion la plus gendrale. Soit done 
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y _ n.c __ nx 

_ ny _ ny ny ny 

~ “ ?' ’ y - f + r - 7 ’ 

f - yyif +? ~r‘’ ^‘W+ ^~p‘' 

* 1) nl) nB 

*" ” VP ” ’ 

ronseinblo des formules relatives a la transformation par rayons 
vccteius iecipro(pics On on conclut immediatement ce que 
nous venous d’avancer, conceinant les plans et les spheres, Ics 
dioitcs et les ciiconfeiences do ccrcle Mais on voit, de plus, 
et memc sans calcul, <|iic les j)lans qui passcnt par le point 0, 
oiigine des rayons vccteius sont les seuls qui restent des plans 
dans la tiansfoiination , avant et apies, leur position est la 
meine, quoi([ue leiiis divers jioints, bien entendu, se soient 
deplaces pour so substitiier les iins aux antics, ceux qui dtaient 
loin de roiigine eii etant a piesent devenus voisins, et vice 
versa Tout autic jilan se transfoimc en unc sphere passant 
]»ar le point 0 (oii la transfoimation anienc tous les points 
Mtues ii rinfiiii) et ayant sen centie sur la peipcndiculaire au 
])lan iiK'iiee dii point 0; la peipeiidiculaire et le diam^tre de 
l.i spheio out un jiroduit dgal i\ la constantc n, et se ddduisent 
.‘iinsi facilenient rune de I’autre. II est inutile dajouter que 
deux spheies (|ui coiiespondent a deux plans parallbles se 
touchent au point 0. De ineme, deux sphbies amsi posees se 
tiansfuimeiaient eii deux plans paralleles. Mais une sphere 
qui no passe p<is par le point 0 doit roster unc sphere, puis- 
qu’elle lie pent acquerir aucun point a rinlini. Les droites 
passant par le pmnt 0 icstent des dioites, et conseivent leur 
position mvaiiable. Toute autic droite donne lieu a une cir- 
confdrence de ceicle dont le plan est determine par la droite et 
par le point 0, et dont le centre est situd sur la perpendiculaire 
abaissde du point 0 sur la droite ; le diarnbtre est le quotient 
de la constante n par cette perpendiculaire. Les circonferences 
provenant de droites parallbles sont toutes tangentes a une 
parallble mcnde par le point 0 a ces droites. On peut voir, 
enfiri, que la transformde d’unc circonfdrence est une droite 
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quand la circonf^rence passe par le point 0, et, dans tout autre 
cas, reste une circonfdrence. 

Une propridte reinarqiiable de ce genre de transformation 
consiste en ce que les deux triangles formds par trois points 
infiniment voisins quelconques de la figure primitive et les 
trois points correspondants de sa transformde sont scmblables 
Tun ^ Tautre, en sorte que si deux lignes se coupent dans Tunc 
des deux figures sous un certain angle, les bgnes correspon- 
dantes de Taiitre figure se couperont sous le meme angle*. La 
demonstration de cette piopridtd repose snr Tequation (1), a 
laquelle nous avons donnd la forme 

A=— 

PP 

Supposons, en effet, que les deux points m, m!, ou {x, y, z), 
(x\ y', z)y soient infiniment voisins, et que leur distance B soit 
representde par ds Kcpresciitons par da celle des deux points 
conespondants y, fi. Comme p et p n auront pas de difference 
sensible, il nous vieudra 

, ds 
da= -i. 

P 

Les elements da^ ds ont done en chaquo lieu un rapport con- 
stant qui depend de p et change, en gendral, d\m lieu a I'autre. 
Considerons un troisieme point ni' infiniment voisin des deux 
premiers, et designons par ds et ds' scs distances a m et a m' , 
da, da" dtant les distances correspondantes dans la scconde 
figure, on auia encore 

ds' 


da' — - 


P 

7 // ds" 
da 

P 

Done da : da : da" ::ds : ds' : ds". 

Ainsi, le triangle infinitesimal 7n7n'm" est semblablc au triangle 


* De la similitude des triangles infiniment petits correspondants, il r6sulte 
encore que la figure transform^e est semblable k la figure primitive, ou k sa 
sym^tnque, dans ses ^l^ments infiniment petits. En s’en tenant au premier 
cas, qui est proprement celui de nos formules, od nous prenons naturellement 
la constante n positive, on aura, a trois dimensions, une sorte de representations 
des corps, analogue au trace des cartes gdograpbiques [those according to tho 
“ atereographic projection”], pour lesquellcs le rapport de similitude des elements 
correspondants est vaiiable aussi d’un lieu d Tautic. 
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correspondant ixfifA". L’angle de ds avec ds' est, par conse- 
quent, le meme que celui de d<T avec da', Cette demonstration, 
on le voit, n exige pas meme quo requation (1) ait lieu pour 
deux points situds k une distance finie; elle demande seulc- 
ment que cette equation ait toujours lieu pour deux points 
infiniinent voisins. On doit en dire autant d’un theoreme que 
je vais etablir, et qui n’est qu’un corollaire de la proposition 
precddente 

Unc surface appartenant a Tune des deux figures etant 
donnec, representez-vous les lignes de courbure de cette sur- 
face, et les deux sdries de surfaces developpables, orthogonales 
entre ellcs et a la surface donnee, qui sont formees par les 
normales suocessives'. Dans la seconde figure, les sdries de 
suifaces coirespondantes restcront oithogonales entre elles et k 
la transformee de la surface donnde; par suite, en vertu du 
beau thdor^me de M. Cli. Dupin, ellcs traceront encore sur 
cette transformee des bgiies de couibuie Ces ligncs de cour- 
bure rdsulteront ainsi des lignes de courbure de la premiere 
surface donndc, et seront immddiatcment connues si les autres 
le sont. II sera aisd d’appliquer ce thdor^me aux surfaces du 
second degrd, comme aussi aux systbmes triples do surfaces 
ortliogonalcs que M. Serret a iiidiques dans une Note recente*', 
ct qui, par notre transformation, en doimeront d’autres non 
moins cuneiix, etc. 

Proposons-nous, par exemple, de trouver les lignes de cour- 
buie de la surface enveloppe des spheres qui touclient trois 
spheres donndcs, probleme que M. Ch. Dupin a resolu jadis 
dans la Correspondance sur VEcole Folgtechnique, tome I, page 
22. Soient 0 et F les points d’intersection de ces trois spheres , 
prenons lo point 0 pour origine, et opdrons une transformation 
par rayons vecteurs r^ciproques, ce qui nous fournira unc 
scconde figure d oil nous reviendions aisdment it la premiere 
Dans la seconde figure, les trois spheres donndes seront rem- 
placdes par trois plans qui so couperont en un point 11 
correspondant au second point F d’mtcrsection de nos trois 
spheres. La surface enveloppe des spheres tangentes k ces 
trois plans sera (en se bornant k un des angles solides ot k son 

* Page 241 du pi^sent volume [Liouviile’s Joimudf 1847J. 
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opposd) celle d'lm cone droit k base circulaire aj^ant son sommet 
au point H, et circonscrit k une quelconque des sphkes tan- 
gentes aux trois plans. Les lignes de coiirbure de cette surface 
conique sont : 1° les generatrices rcctilignes qui passent toutes 
par le point IT : dans le retour k la premiere figure, ces droites 
deviendront des cercles passant tous par le point P, dont les 
tangentes en F feiont toutes le meme angle avec la tangente 
au cercle dans lequel so transforme Taxc du cone, d oil rdsultera 
un nouveau cone droit, et passant toutes aussi avec des cir- 
constances semblables par le point 0 ; des cercles, dont les 
plans sont tous parall^les entrc eux et perpendiculaiies k I’axe 
du cone, et qui, lors du retour a la premiere figure, deviendront 
des cercles coupant a angle dioit ceux qui rdsultent de 
gdneratiices rectihgnes Les lignes de couibuie de la surface 
enveloppe des spheres tangentes a trois splieies donndes sont 
done des circonferences de cercle. 

On ddmontre avec la memo fiicilite' le theoremc do M, Dup]n 
concernant la courbo quo trace sur cbacune des trois splibies 
donnees la sphere vaiiablc qui les touche. En effet, quand les 
trois spheres donnees sont remplacecs par tiois j)lans, il est 
clair que la suite des points suivant les([uels la sphetc variable 
touche un quelconque des jdans est une ligne droite passant 
par le point d'lntersection IT. Done, en revenant aux trois 
spheres donnees, la courbe demandee est une circonfdrence de 
cercle qui passe par les points 0 et P. II pout arriver, bieii 
entendu, que les points 0 et P soient imaginaircs ; mais il n’y 
a alors aucun changeraent essentiel a faire dans ce que nous 
venous de dire, et nos conclusions subsistent. 

La circonstance d’une origiue 0 imaginaire aurait plus 
d’inconvdnient s’ll s’agissait de rdsoudre le probleme d’une 
sphbre tangente a quatre autres, en le ramenant au probleme 
treS'Simple de trouver une sphere tangente k une sphhre donnee 
et ^ trois plans donnds ; mais on y remddierait en augmentant 
d’une meme quantity les rayons des quatre spheres donndes, ce 
qui ne change pas la position du centre de la sphbre tangente. 

De meme, en se bornant ^ considerer des points tous situds 
dans un plan passant par I’origine 0, on rambnera la determi- 
nation du cercle tangent k trois autres ^ celle d’un cercle qui 
iin cercle donne et deux droites donndes. 
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En gdndral, les syst^mes de spheres ou de cercles, et sp^iale- 
ment de spheres ou de cercles passant par un point donn^, 
jouissent de propridtds ciirieuses dont beaucoup deviennent 
intuitives par la transformation dont nous venons de nous 
occuper. On pent appliquer en particulier cette remarque aux 
tlidor^mes que M. Miquel a donnds dans son Mdmoire sur les 
angles curvilignes* Pour nous borner au cas le plus simple, 
il est evident que, dans un tiiangle ABC found par trois aics 
de cercles passant tons par un raeme point 0, la somme des 
angles vaut 2 droits, puisque notie transformation rend ce 
triangle rectiligne sans altdrer ses angles. 

228. Lc passage des relations metriqucs d’lme figure a laiitre, 
dans la transfounation par rayons vecteuis rdciproques, en 
allant des cooidonndes f, r], f aux coordonnecs x, y, z, s’opdic a 
I’aide de la foimule 



ou simplement A = - v, 

1 rr 

en posant n-\, ce qui ii’a aucun inconvdnient. Mats en 
ddsignant pai 0 roiigine, dans la scconde figuie seulemcnt,-et 
on employant les autres letties A, B, etc , pour lepidsenter t\ la 
fois les points de la piemieic figuic et les points coirespondants 
de la secoiide figuie, cette foimule levient a dire ([ue, dans toute 
1 elation entie des distances AB, BD, etc, il faiit remplacer 

clia(]ue distance telle que AB par une 


leglc piati(|uc ties-commode ; cette regie convient aussi bien au 
cas du plan quk celui de I’espace. Deux exemplos suffiront. 

Que des dioites partant d’un point fixe A coupent cliacune 
un cercle on deux points B et C, II et G\ etc., on aura 
AB xAC~ AB' xAG' = constante. 

Done, dans la figure transfer mde, 

AB AC AD' AC^ 

OA.OB^ OA. 00^ OA .OB' ^ OA , OC ’ 


et par consequent, 


AS AG_ 

OB ^ 0G~ 


constante. 


* Tome IX. de ce Journal page 20 [Liouville’s Journal^ 1844]. 
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D’ailleurs les points A, B, C, qui dtaient en ligne droite, se 
trouvent k present sur une circonfdrence de cercle passant par 
le point 0. Nous voyons par E que les cercles passant par 
deux points fixes A, 0 coupent iin cercle donnt^ en deux 
points B, G tels, que le rapport des produits des distances 
ABxAC et OBx OG a une valeur constante pour tons cos 
cercles, 

Que les cotds BC, AG, AB d’un triangle rectilignc ABC 
soient coupes en trois points A', B', G' par une transversalc, on 
aura 

AC X BA' X GB' =BG'xGA'x AB\ 

Done, dans la figure transformde, 

AG' BA' GB' __ BG'^ GA' ^ AB' 
OA.OG' ^ OB. OA ^ OO. OB’ " OB. 6C'^ OOMA ^OA. OB ' ’ 
ce qui redonne 

AG'x BA' X GB'=BG' x GA' x AB'. 

Mais cette relation s’applique k present a un triangle curvihgnc 
ABG formd par trois cercles qui passent tons au point 0 ct 
dont les cot^s sent coupes en A', B', G' par un qnatrieme cercle 
passant aussi au point 0. II est, du reste, inutile d’ajoutei que 
AG', BA', etc., sont les plus courtes distances des points A et 
G', B et A', etc , et non des segments mesures sur les cottas du 
triangle curviligne 

On gdndraliserait aisdinent de la memo manieie le tlujoreunc 
relatif a un polygone gauche coupe* par un plan. Mais en voila 
assez sur ce sujet. 

229. Etant donndes deux spheres qui ne se coupent pas, on 
pent toujours placer Torigine 0 sur la dioite qui joint leurs 
centres, en un point rdel tel, qu’apres la transformation pai 
rayons vecteurs r^ciproques, ces deux spheres seront con- 
centriques. Prenons la droite des centres pour axe des x; 
d^signons par h la distance mconnue du point 0 au centre de 
la premihre sphere, et par h + l sa distance au centre de la 
seconde sphhre ; soient k, k' les rayons. Les Equations des 
deux spheres seront, avant la transformation, 
ix-k)^ + f + z^:=.k\ 

et apres la transformation, qui consistera k rcmplacer x, y, z par 
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m 


^ y z 

dies deviendront 


h + l 




+y + ;3^= 


{E-kJ’ 

r 


Pour qiie le centre soit le meme ^ present, il faut et il suffit 

It /i -}- / 

//P4-(P+p-r)/*+//i^=o, 

dquation dii second degrd qui donnera pour h deux valours, 

, ' I^¥--k'^ . 1 

'*= 


quo 

d’ou 


en posant 

G^{l-^h- k') {l-k^- k') (l + k- //) (l-i-k^ k') ; 
et il est aisd do voir quo G sera positive si les deux sphdos 
([u’on a donnees d abord no sc coupent pas. 

230. Co thdoibme pourra ctre utile on gdomdtrie; mais il 
aura surtout unc application importante dans les questions de 
physique mathemati(iue, Essayons ici d’indiquer rapidement 
Til sage, cn ce genre de questions, do la transformation gdndrale 
qui donno Thquation (1). La Lcttrc de M. Thomson nous 
servira de guide ; nous y ajouterons quclqucs developpements. 
La gdndralitd plus ou moms grande de la solution par laquelle 
on satisfait a I’dquation (1) no change en rien la marche K 
suivre, qui resto la meme dans tous les cas. 

Et d’abord de I’dquation 

A" B 


on pout conclure, avee M. Thomson, quo, si une fonction U do 
7}, f satisfait a I’dquation 

eff dv^ ^ 

cette meme fonction, divisde par p et exprimde en x, y, z, 
vdifiera Tdquation de mOme forme 

d\p-^U d\p~^U d\p~^U . 
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De une liaison entre deux problemes distiiicts concernant 
tou3 deux I’dquilibre de temperature dans les corps homogenes, 
mais relatifs k deux systbmes dont Tun resulte de Tautre par la 
transformation qui lie Xy y, z. 

Que le premier systbme soit formd de deux spheres qui ne se 
coupent pas, que la temperature soit donnde en chaque point 
de leurs surfaces, et demandons quelle est la loi des tempdra- 
tures permanentes dans Fespace compris entre elles, si Tune 
est intdrieure k Fautre, ou dans Fespace infini extdrieur k toutes 
deux, si Fime est en dehors de Fautre, en ajoutant dans ce 
dernier cas la condition que la tempdrature soit niille k Finfini. 
On ramdnera cette question au cas tres-facile de deux spheres 
concentriques. Cola rdsulte du thdordme dtabli ci-dessus et en 
montro toute Fimportance. En indiquant cctto application a 
la thdorie do la chaleur, M. Thomson ajoutc, du reste, avec 
raison qu’ellc s’dtend d’ellc-meme k la thdorie de Fdlcctricitd 
Dans la thdorie do Felectricitd ou du magndtismc, et, en 
gdndral, dans la thdorie de Fattraction, la quantitd que G. Green 
et M. Gauss nomment jMentiel, c’est-a-dirc la quantitd qu’on 
obtieut en faisant la somme des dldmcnts attractifs ou rdpuLsifs 
d'une masse divisds par leurs distances a un point, jouo un idle 
capital. On connait le piobldme do M. Gauss . “ Distribuer 
sur une surface donnde une masse attractive ou rdpulsive, de 
telle sorte que le potentiel ait on chaque point de la suiface 
une valeur donnde.” On a rdsolu ce problhmc pour diffdrentes 
surfaces, en particulier pour Fcllipsoide. Or la solution relative 
^ une surface quelconque donne la solution ])our toutes les 
surfaces qui se ddduisent do celle-la par une tiansformation 
pour laquelle Fdquation (1) ait lieu. Ayant, on cffet, Fdquation 



pour la premidre surface, on aura pour la seconde surface une 
dquation du meme genre, rempla^ant par leurs nouvelles 
valeurs A et da)'. On a 



Quant a day', j'observe que les dldments lindaires correspondants 
dcr et ds sont lids par la formule 

j ds 
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j , dd! 
day 


Done entre deux dldments superficiels correspond ants dcD, da, 
, da 

on aura aw = — , , 

V 

. ff\' da Q 

par suite, jjy»7J = p’ 

ce qui rdsout le probleme de M. Gauss pour la surface trans- 
formde. 


On pent voir aussi que les Equations designees par (A), (B), 
(0) dans mes Lettres a M. Blanchet’^, et qui sont dun si grand 
usage dans la plupart des questions physico-mathdmatiques 
concernant rellipsoide, ont Icurs analogues, qu’on en ddduit 
immddiatement pour les surfaces transformees de Tellipsoidef. 

On peufc consid(ircr encore Tdquation 

(PU _dm d^U d'^U 

(lt‘ ~ it "drf ' 

ct lui faire subir la transfoimation dc f en x, y, z 
A cause de I’equation 

qui pout s’dciire 

c+'¥+K'="--'y,-^. 

on trouve, par des formules connues, que la quantite 

ePU iPU dPU 

est dgale il 

. IdU . IdU ,1 
dx . dz 

dx dy dz /' 



da = 


ds 


fl v~ 4 - rhi^ 4 - r] 


* Voyez le tome XI de ce Journal. 

+ Parmi ces surfaces, il faut distinguer ceUo que donne la transformation par 
rayons vecteurs rSciproques, en mettant Torigine au centre m6me de I’ellipsoide. 
Ou salt qu’elle est aussi le lieu des pieds des perpendiculaires abaiss^es du 
centre siir les plans tangents il un autre ellipsoide dont les axes ont pour valeurs 
les inverses des valeurs des axes de I'cllipsoide donnlj. Une propriety analogue 
a lieu dans le plan, pour la lenmisoate par exemple, qui peut amsi 6tre engendrCe 
de deux mani^res diff6rentes au moyen d’une hyperbole 6quilat6re, circonstance 
dont M. Chasles a tir6 un heureux pnrti dans ses recherches sur les arcs Sqattx 
de la lemnucate [Comptes Rendus de I* Academic des Sciences, tome XXI, seance 
du 21 juillet 1845) 
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c est-^-dire h 


, (d^U d^U ^ d^U\ o « 4 . ^ ^ 


dx^ df dz^ 


dx dx dy dy dz dz. 


ou enfin h ^ — 

en se rappelant que 


.p-^U d^.p'^U (P,p-^U ' 


(f- d‘- (f- 
_£+_£+^=o 

dx^ dy^ 


Par on voit d’abord que lequation 

d^U (EU . d^U 


d^‘ + drf ^ 


revient h celle-ci : 


d\p'-^U d\p-^U 
dx^ dy"^ dz^ ’ 
ce que nous savions ddjfi. On voit ensuite que rdquation 

df cZf dv^ rfr 

se transfonne en 

d^U_ jd\p-^U dKyrni d^ p-^U\ 
^de~^\ dx^ drf dz’^'/’ 

ou, mieux encore, en 

^pfj__ ,/d\jf^ d.p-^U d\p-^U\ 


Rdciproquement, cette derniere Equation, oil Ic coefficient p 
varie proportionnellement a la distance du point (x, y, z) a un 
point fixe, se ram^ne ^ Fdquation 

df d^^ df df ' 

qui est ^ coefficients constants, rdsultat qui trouve une applica- 
tion utile dans la thdorie du son 
On peut enfin ajouter que les Equations aux differences 
partielles 

fdU\^ , fduy , fdUs^ Q 


dx) "^xdy 
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sont des transformdes rune de I’autre, ce qui pourra servir dans 
les questions de dynamique, oti MM. Hamilton et Jacobi ont 
introduit de telles Equations aux differences partielles. 

On me paidonnera, je Fespere, ces ddveloppements qiie j’ai 
cru pouvoir donner, la suite des deux Lettres si interessantes 
de M. Thomson, sans le gener dans ses reclierches Mon but 
sera rempli, je le rdpete, shls peuvent aider a bien faire com- 
prendre la haute importance du travail de ce jeune geombtre, et 
SI M. Thomson lui-merne veut bien y voir une preuve nouvelle 
de I’amitid que je lui porte et de Testime qiie j’ai pour son 
talent 
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XV. DETEEMINATION OF THE DISTRIBUTION OF ELECTRI- 
CITY ON A CIRCULAR SEGMENT OF PLANE OR 
SPHERICAL CONDUCTING SURFACE, UNDER ANY 
GIVEN INFLUENCE. 


[Jan 1869. Nut hitheito puhlibhed] 


231. The electric density at any point of the sur 
insulated conducting ellipsoid, electiified and 
by external influence, is (§ 11) simply propoiUv..^ . 
tance of the tangent plane fiom the centie. If w® 
as the expression of this law, and call q the whole quaniity or 
electricity communicated, we have (§ 14) ^irlabc^q-, so that 
the foimula for the electric density, p, at any point P of the 
surface in terms of p, the distance of the tangent plane from 
the centre, and a, h, c the three semi-axes, is 

9 




4!7rabc 


,P- 


or, in terms of lectangular co-oidinatcs of the point P, 
9 




.( 1 ); 


.( 2 ). 


4!7rahc ('\ -f 

Vr b c\ 

232. To find the “electrostatic capacity” (§ 51, footnote) of 
the charged ellipsoid, let V denote the potential at its surface. 
We have, by § 15 (e), 

dll 




(S); 


+ + 

and therefore the capacity is the reciprocal of the definite 
integral which appears in this foimula. 

238 By taking c = 0 we fall on the case of an infinitely thin 
plane elliptic disc : for which we have 
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and therefore 




(4). 


Putting h^a in this, we have, fur an infinitely thin circular 
disc, 


q ... 

^ 47rtt — r“)i 

where a denotes the radius of the disc, and p the electric density 
on either side of it, at a distance r from the centre. This result 
was first given by Green, near the conclusion of his paper ‘'On 
the Laws of the Equilibiium of Fluids analogous to the Electric 
Fluid” {Transactions of the Cambridge Philosophical Society for 
Nov. 12, 1832) ; from which I make the following extract : — 
234. “Biot {Traite de Physique, tome li p. 277j has related 
“ the results of some experiments made by Coulomb on the 
“distribution of the electiic fluid when in equilibrium upon a 
“ plate of copper 10 inches in diameter, but of which the thick- 
“nC'S IS not specified If we conceive this thickness to be 
“ veiy small compared with the diameter of the plate, which 
“ was undoubtedly the case, the formula just found ought to be 
“applicable to it, piovided we except those parts of the plate 
“ which arc in the immediate vicinity of its exterior edge As 
“ the comparison of any results mathematically deduced from 
“the received tlieoiy of clectiicity with those of the expen- 
“ ments of so aceuiate an obseiver as Coulomb must always be 
“interesting, we will here give a table of the values of the 
“density at different points on the suiface of the plate, calcu- 
“lated by means of the foimula (29), together with the cor- 
“ responding values found fiom experiment . — 


l))stnijc(s from 

Obhtr^od 

1 e.ilculattd 

tilt i’liitt 8 edi'e 

IHlIhltJtb 

j DtiisiUts 

5 in ... 1 

1, 

1 1 

4 . . 1 

1,001 

! 1,020 

S . . . 

1,005 

1,090 

2 . . . ' 

1,17 

1,250 

1 . . , 

1,52 

1,007 

, 5 . . . . ; 

2,07 

2,294 

0. . -i 

2,90 

iniimte 


“ We* thus see that ^e differences between the calculated 
'and observed densities are trifling; and, moreover, that the 

12—2 
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“observed are all something smaller than the calculated ones, 
“ which, it is evident, ought to be the case, since the latter 
“ have been determined by considering the thickness of the 
“ plate as infinitely small, and consequently they will be some- 
“ what greater than when this thickness is a finite quantity, as 
“ it necessarily was in Coulomb’s experiments.” 

235. In this case (3) of § 232 becomes 

= ( 6 )- 

! a V {u —a) la 

2rfc /> 

Hence the capacity is — . But [§ 232 (3;] the capacity of a 

TT 

globe is numerically equal to its radius ; and therefore the 
capacity of an infinitely thin disc is less than that of a globe 

of equal radius, in the ratio of 1 to or 1 to 1*571. Caven- 
dish found the ratio 1 to 1 57, by expeiiment * ' 

236. The expression (5), § 233, for the electric density at 
any point F on either side of an 
infinitely thin circular disc of con- 
ducting material clectiified and left 
free from disturbing influence, may 
be put into a form more convenient 
for geometiical investigation, thus : — 
Let C be the centre of the disc, so 
that CA = a, CP = r, according to 
previous notation. Hence BP — a + r, PA ~ a — r ; 



* My authority for this statement is tlie following entry which I lind 
written in pencil on an old memorandum -book — 

“ Plymouth, Mond , Juhi 2, 1849 

“ Sir William Snow Harris has been showing me Cavendibh's unpublished 
“mss , put in his hands by Loid Burlington, and his woik upon them ; a 
“most valuable mine of results. I find alieady the capacity of a disc 

“ (circular) was determined experimentally by Cavendish as that of a 
“ sphere of same ladius. Now we have 

P rdj^ _ 

“capacity of disc - = - =: — — t ” 

' r dr Z 

2 

It IS much to be desired that those manuscripts of Cavendish should be 
published complete; or, at all events, that their safe keeping and accessi- 
bility should be secured to the world. 
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^-r^^BP.PA^KP.FL; 


2a V 


if KL be any chord through P, and (5), with substituted 
for q according to (G), becomes 

17 

( 7 ) 


■Zir^JKF.PL 

237, Consider a plane disc, S\ thus electrified, to a potential 
which we shall, for a moment, denote by V'; and, following the 
suggestion of § 210, take its image relatively to a spherical 
surface of ladiiis P described from any point Q as centre. 
This image will (§ 207) be a s[)herical segment, S, electrified 
(§§ 210 and 238) as an infinitely thin conducting suiface under 
the influence of a quantity P 'P of electricity concentrated at 
Q; and (coinpaie § 213) the spliciical surface of which S is a, 
]>art will pass tliiough Q The reader will have no difficulty 
in verifying these statements for himself, but if he desires it, 
he will find some fuither infoimation and examples in Thom- 
son and Tait’s Natural Philosophy, §§512. ..518. Thus (§ 515 
of that woik) if p he the electric density on either side of the 
disc at P\, and p that on either side of its image at P, we have 
- ir 

f 

and if V and v bo the potentials at any point 11', and 11 the 
image of TT, due lespectively to the disc S' and its image, we 
have (Thomson and Tait, § 51G) 

Tills shows tliat, as tlie potential due to S has a constant value, 
V, at all points of S', the potential due to Swill be, at different 
points of S, inversely as their distances from C; and if vve take 
q — — RV’, and denote by V the potential due to electricity 
distributed over the two sides of S, we have 


QP 


.(10), 


and so see that S is electrified as an infinitely thin conducting 
sheet of the same figure would be if connected with the earth 
by an infinitely fine wire, and inductively electrified only by 
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the influence of a quantity of electricity insulated at Q. 
Now, with our present notation (7) gives 

F _ 1 <1 

'UP 




^ I'PjVP, K' ^Tr\'L'P PIC R 

if K'L be any chord thiough P’ of the circle bounding the 
plane disc P 

238 Let K, P, and L be the images of K\ P\ L', so that 
KL, the image of 1CL\ is the are in 
which S is cut by the plane through 
, " Q and K'TJ. We have (§ 207) 



K'Q^ 


R'‘ 

lx 


PQ' 

Hence K'Q : FQ . PQ : KQ-, and 
theiefore the tiiangles 7v 'P'Q, PKQ 
aie similai , and theiefoie 

/P'Q K'Q 
K(J PQ' 

1C 


FK' = KP 


= KP- 

KQ PQ 


( 12 ). 


(Compare §§ 213,227) From this, 
and the coriespondmg ex])iebsion for 
LP, we have 

F' LP KP 

KP' FK'= . - tl3) 

PQ2- jQ 

an cxpiessioii in which, as the fiist mi'inber has tlie same value 

for all lines such as KJC thiough 7-*', the second must have 

the same value for all planes thiough PQ, cutting one circle 

on one spherical suifacc through P and Q, m K and L. As 

. LP.KP. 

is constant, it follows that , is constant*; a theorem 

PQ' LQ.KQ 

of geometiy given above (§ 228) by M. Lioiiville. Each mem- 


* As a particular case let Q be cithci pole of the fixe J ciicle. In this case 
LQ-KQ, a constant. Hence LP . KP is constant; that is, the product of 
the two chords from any fixed point P on a spheiicui suiface to the two 
points 111 which any fixed ciicle on the surface is cut by a plane through P 
and one of the poles of that circle, is constant, liow'ever the plane be varied. 
This IS the simplest extension to spheiical surfaces of the elementary geo- 
metrical theorem (Euc. in. 35) for the constancy of the rectangle under the 
two parts of a varying chord of a fixed ciicle through a fixed point, already 
used in the text f§ 230). 
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ber of (12) may be altered in form thus ; bisect L'K' in if, and 
arc LK m N. We have 

LP. KP =N1F-NP^ i (14), 

LQ. KQ -NIP j 

equations of wliich the last two are very easily proved from 
the formula sin (a - S) sm (^t + (3) = sin^a — sin% 
by taking for a and S the angles subtended by \FK and \NP 
at the centre of the circle QKPL; and again, by taking for 
a and ^ the angles subtended by IFQ and ^NK at the same 
point. 


239. Using (13) in (11), and the result in (8), we find 
1 q j^Q • 

I 'PTkF 

and modifying by (14), 

1 ^ /N(f-NlC 

^ ~ W Ql-“ V 


( 15 ); 


(IG). 


If we take for PKQL the plane through PQ and C the central 
point (or pole) of the spherical segment S, so that F becomes 
C, FK becomes equal to tlie chord of any arc from G to the 
lip; and (lo) becomes 


U^ifFs/ ce^-CF 


( 17 ), 


which is the result stated in § 210, above. It is remarkable 
tliat this expiession is independent of the radius of the spheri- 
cal siuface of which the bowl is a part. Hence, if we suppose 
the ladius infinite, we have the same expression (17) for the 
electric density at any point P on either side of an infinitely 
thin circular disc of ladius a, connected with the earth by an 
infinitely fine wiie, and influenced by a quantity Q of electricity 
collected at any point Q in the ])lane of the disc, but outside 
its bounding circle. It agrees with the solution previously 
given by Green for this case in his paper referred to in § 234, 
above. 


240. (Compare § 220.) To find the distribution for the case 
in which S is insulated, electrified, and removed from all dis- 
turbing influence, let V be the constant potential produced 
throughout S by this distribution. Remark that the same 
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distribution of electricity on S would be produced inductively 
if it were connected by can infinitely 
fine wire with the eaith, cand en- 
closed by any surface, EE, rigidly 
electiified with such a quantity and 
distiibution of electricity as (§§ 5, 
78, 200, 207 ; also Thomson and 
Tait, § 491)) to piodnce a uniform 
])()tential — V through its interior. 
Now take this enclosing surface, 
EE, to he splieiical, conccntiic witli that of which 8 is a part, 
and of radius gieatei than that of the last montiencd by an 
infinitely small excess The elettiic density of the inducing 

V 

if/ be the diameter of the surface. The poitien of EE which 
lies infiniti'ly near to the convex suiface of 8 will clearly induce 
on this convex suiface an 0 ({ual electiic density of cuntiaiy 

r 

smn, that is, + The remaindei of EE w ill induce (‘(lual 

^ ^ 27r/ ^ ^ 

electric densities on the concave and convex sides of 8, the 
amount of eithei of which at anv point P is to be obtained by 
integiation fiom (la), (Ifi), or (17), thus — 

241. Let da be an infinitesimal element of E, situated at a 
point Q any'whcre on it. The (piantity of electiicity on this 

Vda 


distiibution will be iinifoim all over EE, and equal to - 



element is — 


27r/ 


and Lisinof this for - ( 


in (17), we find, foi the density on either 
side at P, of the electrification induced 
by it, the following expiession : — 
da jCff-E 

\idj PifsJ 

Now calling 0 the centre of the spherical 
suiface, let COP he denoted by COQ 
by 6; the value of either of these when P or Q is at the lip of 
the bowl, by a ; and the angle between the planes of COP and 
C OQ, hy (f): so that we have 

a*-|//l-cosa), CF=^f a -cos v), C(f if {I -- cos 6) 
and PQ^ ~ I f (1 - costj cos 0 - sin y sin $ cos (/>) ; 
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and we may take 

da = \f^ sin Odddcf). 

Hence if, lastly, p denote the electric density at P, on the con- 
cave side of the segment, we have 

V P Pn- 

^ J de Bin0s/(co8a~-co8e} ^ 

o’r /V (cos?;- cos ajy a Jo 1 -cos?; cos sin?; sin ^ cos 0 

But putting tan ^<f) = t, A = 1 — cos rj cos 6, and B= sin rj sin 0, 
we find 

d(f> _ _ (It _ 27r _ 27r 

0 l-cos7;co^6'-sjn?;siii6'cos0 ~ J 0 + {d \/(A‘‘ ~ B‘}~ cohi] -cos (p' 

and therefore 

_ V PdO sin dsl{cos a - cos 6) 

^ ‘h'uf \/(eos 7} - cos a) j « cos ?; — cos 6 


Lastly, putting \/(cos a - cos 6)-^, we find 

P(W sin ^i/(cOS OL - cos 0) f V(tOSa+l) 

J a cosy — cos d ' 0 e*os y — cos a + / 


= 1 ^ (cos 0 L-\-l) — Jcos )} - cos JL tan 


cos a + 1 
cos 7) — cos % 


Kence we li.ive, in conclusion, 




V 


c< >s a -f 1 


-Try’ ('y cos 7 — cus a 


— tan 


j cos a -f- 1 ) 
Y cost;- cos aj' 


(18), 


01 , with /and a as above, and r to denote the chord C'P, 

Lf-^^ 


_ F f 

^ 2Tr'‘f[\ a‘-r 


■ tan 


Y “ 'f'\ 


(1»); 


and the same, with the addition of 


V 

27r/ ' 


( 20 ), 


gives (§ 240) the electric density on the convex side ; which are 
exactly the results stated above in § 220. Twenty-two years 
ago these and the very simple formula (17) were communicated 
by me to M Liouville without proof, and weie published in his 
Journal. From that time till now they have not been proved, 
or even noticed, so far as I am aware, by any other writer. 


*242. Numerical results, calculated from the preceding for- 
mulae (19) and (20), arc shown in the following tables ; — 
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Plane Dlsa Curved Disc. Curved Disc Bason. 

Arc 10». Arc 20''. Arc m 



Concave. 

Convex 1 

Concave | 

Convex I 

1 Concave. 

Convex 

9186 

1 0685 i 

•8686 1 

1 1864 1 

•4459 

1-5511 

9457 

1 0H26 

8776 1 

1-1504 ! 

•4469 

1 5551 

9920 

1 1 1289 

9286 ' 

1-1964 

1 -1828 

1 5910 

1 0858 

1 2227 ' 

10165 1 

1 2893 J 

5566 

1 6618 

1 2722 

1 1091 ' 

1 2884 ' 

15611 ; 

•7065 

1 8147 

1 7386 

1 8755 1 

1 6652 1 

1 9879 ,1 

1 0983 1 

2 2015 



Moan 

Me.in 

Mean 

10000 

1 0000 

1 0000 

1 0000 

1 0142 

1 0111 

10140 

1 0010 

1 0607 

1 0605 

1 0600 

1 0869 

1 1547 

1 1512 

1 1529 

1-1106 

1 3416 

1 3407 

1 4217 

1 2606 

1 8091 

1 8071 

18016 

1-6474 


JjoMi Bowl Bowl 

Arc IhO" Arc ‘2'{)0 Arc 310'' 



Concave 

1 Convex 

1 Concave 

Convex j 

Concave 

Convex 

1202 

1 8798 

1 -0185 

1 9865 

•0001 

1 9999 

1266 

1 8862 

1 0141 

1 9874 1 

•0002 

1 9999 

•1418 1 

1 9014 

{ 0176 

1 '1906 '1 

0002 

2 0000 

1779 

' 1 9875 1 

1 0253 1 

1 9‘»88 1 

0001 

2 0001 

•2570 

2 0166 

! 0151 

2 0181 ' 

0009 

2 0006 

•4959 1 

2 2555 1 

, -1195 1 

2 0925 i| 

0042 i 

2 0010 


Mean 

Moan 

Mean 

1 0000 

1 0000 

1 0000 

1 00(i4 

1 0009 

1 0000 

1 0216 

1 0011 

1 0001 

1 0577 

1 0118 

1 0002 

1 1866 

10116 

1 0007 

1 8757 

11060 

1 0041 


It is remarkable bow slight an amoimt of curvature produces a 
very sensible excess of electiic density on the convex side in the 
first two cases (10^ and 20^) of curved discs; yet how nearly 
the mean of the densities on the convex and concave sides at 
any point agrees with that at the coiresponding point on a 
plane disc shown in the first column. The results for bowls of 
270’’ and 340*’ illustrate the tendency of the whole charge to 
the convex surface, as the case of a thin spherical conducting 
cnrfflBP with an infinitely small aperture is approached. 
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The constant coefficient for each case has been taken so as 
to make the mean of the electric densities on the convex and 
concave sides unity at the middle point (as in Green’s numbers, 
§ 234 above, for the plane disc). The six points for which 
the electric densities are shown in the tables below arc (not 
the SIX points to which Coulomb’s observations and Green’s 
numbers quoted in § 234 refer, but) the middle point, and the 
live points dividing the arc from the middle to the edge or lip 
into six equal parts. 

243. A second application of the piinciple stated in § 210, 
and used in §§ 237.. .239, allows us to proceed fiom the solu- 
tion now found for the electrification of an uninfluenced bowl 
to deteimiTie the electrification of a bowl or disc under the 
influence of electricity insulated at a point Q (not, as in the 
solution of § 239, necessarily in the sjflierical surface or plane 
of the bowl or disc, but) anijwhere in the neighhoiirhood. Con- 
sider the image, S, of an uninfluenced electiified bowl, S\ 
relatively to a spherical surface dcsciibed from any point Q in 
its neighbouihood, as centie, with radius E. Let I)' be the 
point on the spluu'ical suifacc of S' continued, which is equi- 
distant fiom the lip (so that 7/ and the middle point of the 
conducting surface S' aic tlie two poles of the circle constitut- 
ing the li])) ; UK' P'L' the ciicle in which S' , and the con- 
tinuation of its spheiical suifacc, are cut by the plane through 
D', Q, and any })oint P of S at which it is desired to find the 
electiic density; and DKPL the image of D'K'P'JJ. 

In the annexed diagrams two cases are illustiatcd; in one 
of which S IS spherical and concave towards the influencing 



point, Q ; in the other, S is plane. Using now for S' all the 
notation of §§ 240, 241, but with accents added, and taking 

fldvnnfonro nf R 9^^ fnnfnnfp we See that 
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and /'“ - = B'K “ - FL'^ = D'K' , D'L'. 

Hence (19) becomes 
V' 


p = 


27r7 


f iJj'K'.L'L' , /B'K'. D'L] 

' Iv FK. P’L' V FK'. Fl\ ' ■ ■ 


for the electric density at B' on the concave side of S' , Bat, 
as in § 238, we find 

FK' = PK FL'=PL ,-....(22), 


and 


K 

'QFQK' 

B’K' = B'L'=^BK , 


.(23). 


K 

QPA/L 

^DL 

QJJQK ^^QD.QL- 
Albo, if h denote the shoitest distance from Q to tlie spherical 
or plane surface of S, and /the diameter of this suifacc (infinite 
of course when the surface is plane, or negative if tiie con- 
vexity be tow'ards Q), w'c have 

h f-h~ h(f-h) "" 

Using these in (21), putting F' = ^, and substituting the 
expression so obtained for p in (8) of § 237, w'o find 


r- 


( 21 ). 


_ qh (f-h ) [PQ ! 
27ry Pq^XUQ ' V . 


BI{.J)L 

PK.PL 


—tan' 


.\PQ / 

V . 


BK Bj: 
PKPL 


25), 


.(26). 


for the clectiic density on the side of B i emote fiom Q (that is, 
the convex or concave side, when B is splierical, according as Q 
is within or without the completed splieiical surface). The 
electric density on the side next Q is [§ 241 (20)] the same, 
with the addition of qh {f—h) 

'^Trf.Pjf 

These formuJie, (25) and (26), express the electiic density on 
the tw^o sides of a circular segment or di.sc of infinitely thin 
spherical or plane conducting suifacc connected with the earth 
by an infinitely fine wire, and electrified by the influence of a 
quantity — y of electricity insulated at a point Q anywhere in 
its neighbourhood, 

244, The position of the auxiliary point B (which appears in 
the diagrams as the image of //, the unoccupied pole of the lip 
of the original bowl S') may be found, without reference to S', 
by construction from B and Q supposed given ; thus ; — From 
(22) of § 243 we have 


. nr .. vn • 07 


( 27 ), 
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where K and L may be the points in which the lip of the bowl 
S is cut by any plane through QD'D. Let, for instance, this 
plane pass through the centre of one of the spherical surfaces. 
It must also pass through the centre of the other, and bisect 
each bowl ; and if E, F 
be the points in which 
it cuts the lip of S, (20) 
applied to tlie present 
case gives 

ED : DF , EQ : QF. 

Hence (Euclid, vi. 8) 
the lines bisecting the 
angles EDF, EQF cut 
the ba'^e EF in the 
same point ; and D must be m the circle which is the locus 
of all points in the plane EFQ fulfilling this condition, being 
found by the well-known constiuction, thus —Bisect the angle 
EQC by QA, meeting EF in A. Draw QB perpendicular to 
QA, and let it meet EF produced, in B On BA as diameter 
describe a circle, which is the required locus , and D is the 
point in winch this circle cuts the unoccupied part of the 
spherical or plane suiface of S. 

24o. D being found by this simple construction, the solution 
of the pioblem is complete, without reference to S\ thus : — To 
find the electiic density at any point P, diaw a plane through 
QDP, and let it meet the lip in K and L Measure DK, DL, 
PK, PL, PQ, and DQ, and calculate by (25) and (26). But we 
have an important simplification from the geometrical theorem 
of § 238, which shows that 

DK.DL _DhJ)l 

PK.PL~ Pk. PI 

if k, I be points in which the lip is cut by any plane whatever 
through PD. Choose, for instance, the plane through PD, 
and G the middle point of S. Then, as D, k, P, C, I lie all on 
one circle, and C is the middle point of the arc kPl, we have 
(as above, in § 238) 

Dk.Dl=GD^--Gk^^GU--a\ 

Pk.Pl= Ck^-GP^ =.a^~GF; 
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where, as before, a denotes the chord from the middle point to 
the lip. Using this in (28) and (25) we have, finally, 


^_yHf-h)(PQ f CD^-a^ SPQ /CD^-a^ 
■" 2n^fPQt [D Q V - CP^ [i)(3 V - CP\ 


( 20 ), 


for the density on the side remote from Q ; h and /- h being 
the shorter and longer distance. 

246. For the case in which yS' is a plane disc, or f— oo , this 
becomes 




A 

=1-/W « 


- tan" 


PQ 

DQ 


jCD^ - 

V 


a 

CP^ 


(80), 


fCIT-a^ 
a^-CP^ 

and the addition (26) to it to give the electric density on the 
side next to Q, 

_ qh 

-inPQ^ 

Also, as EFD is a straight line in this case, (27) gives 


.(31). 


CD=\EF 


.. ()F+ QE 


.(82). 


QE-QE' 

QE, (2jP are to be calculated immediately fiom data of whatever 
form, specifying the position of Q\ and from them and CD 
found by this formula, DQ is to be calculated. Tlius explicitly 
we have every element required for calculating electric densities 
by (30). 

247. For the case of Q in the axis of the disc, D is infinitely 

CD 

distant, so that CD=<X), DQ-oo, and y=l. And if for 
CP 'HQ put r, (30) and (31) give, for the density on remote sid-e/ 

PQ 


qh 


PQ 


2w^PQ‘\{a-‘-P}‘> 

and for the density on near side, 


—tan 




} m), 


P + i 


qh 


2irP(f 

If P be at the centre of the disc, and if we take q == 2^^, the 
become 

1 


for remote side, p - 


P-taE) 

\a aJ 
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from which the following numerical results have been calcu- 
lated, with a, the radius of the disc taken as unity : — 


Distance of 
intliuiiunfj 
I’ouit 
h. 

Induced Electric I 
ol 

On remote side 
p = h~^- cot"M h~^) 

tensity at middle 

' DibC 

On near side 

•2 


78 7049 

•4 

•1218 

19 7567 

6 

•1655 

8 8921 

'8 

•1957 

5-1044 

10 

•2146 

3*3562 

1 2 

•2250 

2 4067 

1 1 

•2293 

1 * 83*22 

IG 

•2296 

1 4568 

1 8 

2273 

1 1969 

20 

2232 

1 0086 

30 

•1946 

•5137 


j 248 These miiiibors show that tlie distance at which the in- 
jfluoncmg point, if restiicted to the axis of the disc, must be 
“ held to render the induced electric density at the middle on 
jthe far side a maxnnuin is about 1 5 times the radius. But the 
icharacteristics (1) of the zeio electric density on the far side, 
ifinite on the near side, when the influencing point is 
3ly neai the disc ; (2) the proportionality of the latter 
for very small distances ; and (3) the ultimate vanishing 
diflerence between the two sides as the influencing point 
oved to an infinite distance, and the approximation of 
> Green’s result for a plane uninfluenced disc electrified 
otcntial equal to qh (§ 234, above), is better illustrated 
formulse themselves, (35) ; (33), (34) ; and (30), (31) ; 
y any numerical results calculated from them, however 
tely. It would be interesting to continue the analytical 
Ration far enough to determine the electric potential at 
nt in the neighbourhood of a disc electrified under in- 
land so to illustrate further than is done by the numbers 
uula3 already obtained, the theory of electric screens, and 
iday’s celebrated “induction in curved lines” {Expert- 
Researches in Electricity, §§ 1101, 1232; Dec. 21, 1837) ; 
m obliged to leave the subject for the present, in the 
at others may be induced to take it up 




XVI. ATMOSPHERIC ELECTRICITY 


[Fiom Nichol's Cycloptedta, 2d Ed. (1860) ] 


249. It may be premised, to avoid circumlocution in this 
article, that every body in communication with the earth by 
means of matter possessing electric conductivity enough to 
prevent its electric potential* from diffciing sensibly from that 
of the earth, will be called part of the eaith. Moist stone, and 
rock of all kinds, and all vegetable and animal bodies, in their 
natural conditions, except m circumstances of extraordinary 
dryness, possess, either superficially or throughout their sub- 
stance, the requisite conductivity to fulfil that condition. On 
the other hand, various natural minerals and artificial com- 
pounds, such as glass, — various vegetable gums, such as India- 
rubber, gutta percha, rosin, — and various animal products, such 
as silk and gossamer fibre, — when cither in a vety dry natural 
or in an artificially dried atmospheie, resist electrical cond 
tion so strongly that they may support a body, or otherwl 
form a material communication between it and the eaith, 
yet allow it to remain charged with electricity to a poteid 
sensibly differing from the earth’s, for fiactions of a second, 
minutes, for hours, for days, or even for years, without -■ 
fresh excitation or continued source of electricity Again, 
whether dry or saturated with vapour of water, and prob 
all gases and vapours, unless ruptured by too strong an ele*. 
motive force, are very thoroughly destitute of conductivi^ 
that is to say, are very perfectly endowed with the pro? 
of resisting the tendency of electricity to pass and e“tf 


* Two conducting bodies are said to be of the same electric potfuj ■ 
if put m conductmg communication with the two electrodes of an 
no electnc effect is produced. When, on the other hand, the electi,—.! 
an effect, the amount of this effect measures the difference of potentials ’ 
the two bodies thus tested. Difference of potentials is also called 
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quality of potential between two bodies' not otherwise maten- 
Hy connected. 

250. Hence, when “the surface of the earth” is spoken 
DK the surface separating the solids and liquids of the earth 
!iOm the air will be meant; and when the more qualified ex- 
fjfession “outer surface of the earth” is used, inner surfaces 
•f vesicles, or the surfaces bounding completely enclosed spaces 
of air, must be understood to be excluded. Thus, the surface 
)f a mountain peak; the surface of a cave, up to the inmost 
• ecesses of the most .intricate passages ; the sutface of a tunnel ; 
the surface of the sea, or of a lake or river ; all the surface of a 
heet of unbroken water in such a fall as that of Niagara ; the 
urface of blades of grass and flowers, and of soil below; in a 
wood, the surface of soil, and of trunks and leaves of trees; 
tfie surface of any animal resting on the earth ; the outside of 
the roof of a house; the whole inside surface of a room with 
■fi open window ; all belong to the outer surface of the earth. 

251. On the other hand, the moon, meteoric stones, birds or 
insects flying, leaves or fruit falling, seed wafted through the air, 
:qjiay breaking away from a cascade or from w’aves of the sea, 
the liquid particles of a cloud or a fog, present surfaces not 
belonging to the earth, and between which and the earth’s 
•uiface differences of potential, and lines of electric force, may 
■nd generally do exist. 

262. The whole surface of the earth, as defined above {§ 250), 
|t every moment electrified in every part, with the exception 
‘lieutral lines dividing portions which are negatively (resin- 
%) from portions which are positively (vitreously) electrified, 
le negatively electrified portions are of very much greater 
at all times, than those positively electrified ; and there 
bedtimes when the 'whole surface is negatively electrified, 

= ^ in all localities in which electrical observations have 
lerto made, with possibly one remarkable exception*, 
surface is always found negative, day and night, 

jata station, on the Peak of Teneriffe, “During the whole period of 
n, by day and night, the electricity was moderate in quantity, and 
iaous. This was during the period of N.E. trade wind, and within 
ce, though above its clouds.”— gProfessor Piazzi Smyth’s Account of 
e Astronomical Experiment, Philosophical Transactions, 1858, and 
ordered ]^v the Lords of the Admiralty.] The “electricity” 

I to was that acquired by an insulated conductor carrying a burning 

13 ' 
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during fair weather, and only occasionally positive in broken 
weather, or during an actual fall of rain in the immediate 
neighbourhood, if not exactly on the place of observation. If, 
then, at any one time there chances to be fair weather over the 
whole earth, it may be presumed that the whole outer surface 
of the earth is then negatively electrified, unless, judging from 
the possible exception above alluded to, we are still to expect 
positive electrification in same extreme positions. 

253. As yet nothing is known regarding the electrification 
of air itself*, or of clouds or other matter suspended in the air, 
except what can be inferred (see below, § 254) from the elec- 
trification of the earth s surface, and its variations, with which 
alone, as Peltier has remarked, the observations of “atmo- 
spheric electricity ” hitherto published have dealt (see below, 
§§ 265, 266). It IS impossible, in the natuie of things, to 
investigate the bodily electrification of a non-conductor by any 
observation whatever of electric action without itf, or in any 
way whatever, except by something equivalent to a determina- 
tion of the magnitude and direction of the resultant force at 
every point of its massj. Towards this thorough investigation 


match in the air at some distance from tlie earth If it were really negative, 
the earth’s electrification at the place must have been iiositivc , but the test as 
to quality may have been deceptive, owing to the highly insulating condition of 
both outer and innei surfaces of the glass shade enclosing the gold leaves, 
and to the circumstance of the testing piece of rubbed sealing wax having been 
applied possibly too near the gold leaves, instead of beside a remote pait of the 
insulated rod Professor Smyth assures the writer, that he considers the 
electrical experiment as not sufficiently complete or confiimed to allow any 
conclusion to be built on it, and regards it rather as an mdication of the 
importance of making eleetncal observations with better apparatus, and 
more available time for using it, than the first Teneriffe scientific expedition 
afforded. 

* For knowledge gained since this article was written see §§ 296 — 301 below, 

t According to Green’s remarkable theorems, triply rediscovered by Gauss, 
Chasles, and the writer of this article, all different distributions of electncity 
within a solid, which produce the same potential at its surface, produce the 
same force at every point without it, and the problem of finding a distribution 
of electricity within the interior, to produce a given distnbution of potential at 
the surface, is indeterminate. 

t Let X, 7, Z be the components of the resultant force on a unit of eleo- 
tricity, if placed at any point x, y, z m & mass of am or other non-conductor; 
and let p denote the electrical density of the substance, that is to say, the 
quantity of electricity per unit of bulk actually possessed by the air in the 
neighbourhood of this point. Then, by a well-known proposition of the mathe- 
matical theory of attraction, we have 

^~4iv\dx ^ dy^ dz J * 
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of the distribution of electricity within a non-conducting mass, 
it may be remarked, that a determination of the normal com- 
ponent of the force all round a closed surface is just sufficient to 
show the aggregate quantity of electricity possessed by all the 
matter situated within it^. Hence observation in positions all 
round a mass of air is necessary for determining the quantity 
of electricity which it contains; and, therefore, the balloon 
must be put in reqiufition if knowledge of the distribution of 
electricity through the atmosphere is to be sought for. 

254. Without leaving the earth, however, although we cannot 
thoroughly investigate the electrification of the air, we can 
make important inferences about it from observations of the 
electric density over the earth’s surfiice, by a principle of judg- 
ing which may be thus explained * — If the earth were simply 
an electrified body, placed in a perfectly insulating medium of 
indefinite extent, and not sensibly infiuenced by any other 
electrified matter, or by leflex influence from any conductor or 
dielectric in its vicinity, its electricity would be distributed 
over its surface according to a perfectly definite law, depend- 
ing solely on the form of the surface, and deducible by a 
sufficiently powerful mathematical analysis from sufficiently 
perfect data of “geometry” (in the primitive sense of the term), 
or of what, in more modern language, is called geodesy. If 
the surface of the earth weie truly spherical, this law would 
simply be uniform distribution A truly elliptic oblateness of 
the earth would give, instead of uniformity, a distribution of 
electric density in simple proportion to the perpendicular 
distance between a tangent (that is horizontal) plane through 
any point and the earth s centre ; according to which the electric 
density at the equator would be greatest, and would exceed 
that at either pole, where it would be least, by : a differ- 
ence which, for the present, we may disregard. 

255. The whole amount of electricity over the surface of 
any great region of mountainous country, or of forest land, 


* Let N be the normal component of the force at any point of a closed 
surface, ds an element of the surface, / the sign of integration for the whole 
surface, and Q the whole quantity of deotrioity within it. Then, by a well- 
known theorem of Green’s, rediscovered as alluded to in a precedmg note, 
^ 1 
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or of soil aad vegetation of any kind, or of streets and houses in 
a town, or of rough sea, would be very approximately the same 
as that on an area of unruffled ocean, equal to the reduced” 
area of the irregular surface ; but the distribution of the elec- 
tricity over hill and valley, over the leaves and trunks of trees, 
and the surfaces of plants generally, and on the soil beneath 
them, over the roofs, perpendicular walls, and overhanging or 
overshaded surfaces of buildings, and the^surfaces of stieets and 
enclosed courts between them, and over the hollows and crests 
of waves in a stormy sea, would be extremely irregular, with, 
in general, greater electric density on the more prominent and 
convex portions of surfaces, and less on the more covered and 
concave — quite insensible, indeed, in any such position as the 
interior of a cave, or the soil below trees in a forest even where 
considerable angular openings of sky are presented, — or the 
roof or floor of a tunnel, or covered chamber, even although 
open to a considerable angle of sky. 

256. If thus a perfect electro-geodesy gave a “ reduced ” 
electric density equal over the whole earth, we might infer that 
the electrification of the earth is not influenced by any elec- 
tricity in the air. According to what has been stated above, 
there might in that case be either no electricity in the air, from 
the earth’s atmosphere to the remotest star, and the lines of 
electric force rising from the earth might either be infinite or 
terminate in the surfaces of the moon, meteoric stones, sun, 
planets, and stars; or there might be, at any distance con- 
sideiably exceeding the height of the highest mountain, a uni- 
formly electrified stratum of equal quantity and opposite kind 
to the earth’s, balancing through all the exterior space the force 
due to the terrestrial electricity, and limiting the manifestations 
of electric force to the atmosphere within it ; or there might be 
any of the infinite variety of distributions of electricity in space 
round the earth, by which the electric density at the earth s 
surface would be uninfluenced. 

257. But, in reality, the electric density varies greatly, even 
in serene weather, over the earth’s surface at any one time, 
as we may infer from (1.) the facts (established for Europe, 
and probably true in all the temperate zones of both hemi- 
snheres), that in any one place the electric density of the 
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surface observed during serene weather is much greater in 
winter than in summer, and that it varies according to some- 
thing of a regular periodicity with the hours of the day and 
night; and (2) the consideration that there is often serene 
weather of day and night, and of summer and winter, at one 
and the same time, in different temperate portions of the earth. 
We may, therefore, consider it as quite established that, even 
in serene weather, the ^ electrification of the earth’s surface is 
largely influenced by external electrified matter. Although we 
cannot (§ 253) discover the exact locality and distribution of 
this influencing electricity from its effects at the earth’s surface 
alone, yet it is possible, from the character of the distribution 
of the terrestrial electric density as influenced by it, to assign a 
superior limit to its height*. If at any one instant the electric , 
density reduced to the sea level were distributed according to 
a simple “harmonic” law, or, more generally, according to a 
certain definite character of non-abmptness of variation easily 
specified in mathematical languagef, the external influencing 
electricity might be at any distance, however great, for all we 
could discover by observations near the earth’s surface. But. 
little as we know yet regarding the diurnal law of electric 
variation in serene weather, it is, we may say with almost 
perfect certainty, not such as could give at any instant a dis- 
tribution over the whole earth possessing any such gradual 
character as that referred to; and, therefore, we may, in all 
probability, from the character of the diurnal variation itself, 
say that its electric origin is not at a distance of many radii 
from the surface. On the other hand, when we consider that 
in temperate regions the velocity with which the earth’s surface 

* If at any instant the co-efficients of the senes of “Laplace’s functions,” 
expressing the terrestrial electiic density reduced to the sea level, converged 

ultimately with less rapidity than the geometrical series 1, — , - 2 ,. we 

might be sure that there is electricity in the air at some distance from the 
centre of the earth, not exceeding vi times the radius of the earth’s surface. 
For the principles on which this assertion is founded, see a short article, 
entitled “Note on Certain Points in the Theory of Heat,” Cambridge Mathe- 
matical Journal, November 1843. 

t For instance, if in simple proportion to the cosine of the angular distance 
from any point of the earth’s surface, or more generally, if expressible by any 
finite number of “Laplace’s functions,” or still more generally, if expressible 
by a series of “Laplace’s functions,” with co-efficients converging ultimately 
more rapidly than any geometrical series. 
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is carried round in its diurnal course is from 500 to 900 miles 
per hour, we see clearly that any law of diurnal electric varia- 
tion, established on observations even so frequent as once every 
hour, could not possibly fix the locality of the origin to within 
100 miles of the surface; and as we have as yet nothing to go 
upon in the way of published observations more frequent than 
three or four times a day, towards establishing either the ex- 
istence or the character of the diurnal law, we cannot consider it 
as proved by observation that the influencing electricity which 
produces it is even as near as the 50 or 100 miles limit which is 
commonly (but in the opinion of the writer of this article, most 
unreasonably) assigned as an end to the earth's atmosphere. 

258. The great suddenness of the electric variations during 
broken weather, and their close correspondence with beginnings, 
changes, and cessations of ram, hail, or snow, compel us (by a 
commmi sense estimate founded on an unconscious application 
of the mathematical law stated in the footnotes to the preced- 
ing § 257) to believe that their origin agrees m position with 
that of the showers, and to give it a '‘local habitation” and a 
name — Thundercloud. 

259. The writer of this article has observed extremely rapid 
variations of terrestrial electrification during perfectly serene 
weather. Thus, in a calm summer night, with an unvarying 
cloudless sky overhead, and not the faintest appearance of 
auroral light to be seen, he has, in a temporary electric observa- 
tory in the Island of Arran, found large variations (as much as 
from a certain degree to double and back) in the course of 
a minute of time. The influencing electricity by which these 
variations were produced, cannot possibly (unless on the ex- 
tremely improbable hypothesis of their being due to highly 
electrified extra-terrestrial matter moving very rapidly with 
reference to the earth) have been very far removed from the 
earth's surface. It is not impossible, and we have as yet 
nothing to make it decidedly improbable, that they were due 
to fluctuations up and down of aerial strata, perhaps those of 
the great atmospheric currents, in high regions of the atmo- 
sphere. Judging, however, from still more recent observations 
referred to below (§ 262), we may think it more probable that 
these remarkable variations in the observed electric force were 
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due chiefly to positively or negatively electrified masses moving 
along within a few miles of the locality of observation. 

260, Returning to the subject of the distribution of elec- 
tricity over the earth’s surface at any instant, we may remark, 
that if over an area of several miles in diameter, of perfectly 
level bare country, or of sea, the electrical density is sensibly 
uniform, we could not, without going up in a balloon, and 
observing the electric force at points in the air above, form 
any judgment whatever as to the distance from the earth at 
which the influencing electricity is situated If, on the other 
hand, we find a very sensible variation in the electric density 
between two points of a piece of level open country, or at 
sea, not many miles apart, we may infer as quite certain 
that there is influencing electricity not many miles up in the 
air, and not uniformly distributed in level strata. Nothing 
can bo easier than to make this trial — only to observe simul- 
taneously with similar instruments, similarly placed, at two 
neighbouring stations, in a suitable locality — and most interest- 
ing and important results are to be derived from it, as soon as 
arrangements can be made for continuing the requisite observa- 
tions day and night, during various vicissitudes of weather, 
especially during a time of perfect serenity. 

261. Corresponding statements apply to a mountainous 
country, with this modification, that a very varied, instead of 
a uniform distribution of electric density, is, in such a locality, 
as explained above in § 255, the natural consequence of freedom 
from the disturbing influence of near electrified masses of air or 
cloud. The problem of accurately determining, from purely 
geometric data (§ 256), this undisturbed distribution over even 
the smoothest hillside, would infinitely transcend human mathe- 
matical power, although an approximate solution may be readily 
given for any piece of country over the whole of which both the 
inclination and the ratio of the height above the general level to 
the radius of curvature of the surface are small. For a rugged 
mountainous country, the most perfect geometric data, and the 
most strenuous mathematical efforts, could scarcely lead us 
towards an approximate estimate of the inequalities of electric 
density which different localities must present without any 
disturbance from near electrified atmosphere. Hence, in a 
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mountainous country — unless we find electricity strong in some 
locality where from the configuration of the surface^ we correctly 
judge it ought to be weak if undisturbed, or weak where it ought 
to be strong, or unless, at least, we find some very decided devia- 
tion from any such amount of difference between two stations 
as, without being able to make a precise calculation, we can 
estimate for the difference due to figure — we cannot judge as 
to the influence of aerial electrification from simultaneous 
absolute determinations at any one instant alone. But of one 
thing we may be sure, that although the absolute amounts of 
the electrification at any two stations not far apart may differ 
largely, they must remain in an absolutely constant propor- 
tion to one another, if there is no electrified air or cloud near. 

262. Hence, if we find observations made simultaneously by 
two electrometers in neighbouring positions, in a mountainous 
country, to bear always the same mutual proportion, we may 
not be able to draw any inference as to electrified air ; but if, 
on the contrary, we find their proportion varying, we may be 
perfectly certain that there are varying electrified masses of air 
or cloud not far off A first application of this test is described 
in the following extract from the Proceedings of the Literary 
and Philosophical Society of Manchester for October 18, 1859: — 

'' The following extract of a letter received from Professor W 
Thomson, F.K S,, Glasgow, Honorary Member of the Society, 
etc., was read by Dr Joule : — 

‘ I have a very simple “domestic ” apparatus by which I can 
^observe atmospheric electricity in an easy way. It consists 
‘ merely of an insulated can of water set on a table or window 
‘ sill inside, and discharging by a small pipe through a fine nozzle 
‘ two or three feet from the wall. With only about ten inches 
‘ head of water and a discharge so slow as to give no trouble in 
‘ replenishing the can with water, the atmospheric effect is 
' collected so quickly that any difference of potentials between 
‘ the insulated conductor and the air at the place whete the 
‘ stream from the nozzle breaks into drops is done away with at 
' the rate of five per cent, per half second, or even faster. Hence 
‘a very moderate degree of insulation is sensibly as good as 
' perfect, so far as observing the atmospheric effect is concerned. 

‘ T* drawing the atmosphere round the 
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' sulphuric acid, to insure a degree of insulation in all weathers, 
' by which there need not be more than five per cent, per hour 
‘ lost by it from the atmospheric apparatus at any time. A little 
‘ attention to keep the outer part of the conductor clear of 
^ spider lines is necessary. The 
‘ apparatus I employed at In- 
‘ vercloy stood on a table beside 
‘ a window on the second floor, 

' which was kept open about 
' an inch to let the discharg- 
‘ ing tube project out without 
‘ coming in contact with the 
' frame. The nozzle was only about two feet and a half from 
'the wall, and nearly on a level with the window sill. The 
‘ divided ring electrometer stood on the table beside it, and 
' acted in a very satisfactory way (as I had supplied it with a 
‘ Leyden phial, consisting of a common thin white glass shade 



' which insulated remark- 
' ably well, instead of the 
' German glass jar — the 
' second of the kind which 
'I had tried, and which 
‘ would not hold its charge 
‘ for half a day). I found 
‘ from 13^'" to 14° of torsion 
' required to bring the index 
' to zero, when urged aside 
‘ by the electromotive force 
' of ten zinc-copper water 
' cells. The Leyden phial 
‘ held so well, that the sensi- 
‘ bility of the electrometer, 

' measured in that way, did^B 
‘ not fall more than from "" 
‘ 13|° to 13i° in three days. 

‘ The atmospheric effect 
‘ ranged from 30° to above 
' 420° during the four days 
‘ which I had to test it; that 
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‘ is to say, the electromotive force per foot of air, measured hori- 
^ zontally from the side of the house, was from 9 to above 126 zinc- 
^ copper water cells. The weather was almost perfectly settled, 
‘ either calm, or with slight east wind, and in general an easterly 
‘ haze in the air. The electrometer twice within half an hour went 
‘ above 420°, there being at the time a fresh temporary breeze 
* from the east What I had previously observed regarding the 
‘ effect of east wind was amply confirmed. Invariably the 
‘ electrometer showed very high positive in fine weather, before 
'and during east wind. It generally rose very much shortly 
‘ before a slight puff of wind from that quarter, and continued 
'high till the breeze would begin to abate I never once 
' observed the electrometer going up unusually high during fair 
‘ weather without east wind following immediately. One even- 
'ing in August I did not perceive the east wind at all, when 
'warned by the electrometer to expect it; but I took the 
'precaution of bringing my boat up to a safe part of the beach, 

' and immediately found by waves coming m that the wind 
' must be blowing a short distance out at sea, although it did 
‘ not get so far as the shore I made a slight commencement 
‘ of the electrogeodesy which I pointed out as desirable at the 
'British Association, and in the couise of two days, namely, 

‘ October 10th and 11th, got some very decided results Mac- 
' farlane, and one of my former laboratory and Agamemnon 
‘ assistants, Russell, came down to Arran for that purpose. Mr 
' Russell and I went up Goatfell on the 10th instant, with the 
‘ portable electrometer (see Fig. 3), and made observations, while 
' Mr Macfarlane remained at Invercloy, constantly observing 
' and recording the indications of the house electrometer. On 
' the 11th instant the same process was continued, to observe 
'simultaneously at the house and at one or other of several 
' stations on the way up Goatfell. I have not yet reduced all 
' the observations ; but I see enough to leave no doubt whatever 
‘ but that cloudless masses of air at no great distance from the 
'earth, certainly not more than a mile or two, influence the 
‘ electrometer largely by electricity which they carry. This I 
‘ conclude because I find no constancy in the relation between 
'the simultaneous electrometric indications at the different 
' a+fltions. Between the house and the nearest station the rela- 
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‘ tive variation was least. Between the house and a station about 
‘half way up Goatfell, at a distance estimated at two miles and 
‘ a half in a right line, the number expressing the ratio varied 
‘from about 113 to 360 in the course of about three hours. On 
‘two different mornings the ratio of a house to a station about 
‘ sixty yards distant on the road beside the sea was 97 and 96 
‘respectively On the afternoon of the 11th instant, during a 
‘ fresh temporary breeze of east wind, blowing up a little spray as 
‘ far as the road station, most of which would fall short of the 
‘house, the ratio was 108 in favour of the house electrometer 
‘ — both standing at the time very high — the house about 350°. 
‘I have little doubt but that this was owing to the negative 
‘electricity carried^ by the spray from the sea, which would 
‘dimmish relatively the indications of the road electrometer’ ” 
263. The electrometers referred to m the preceding extract 
were on two different plans. The first, or “divided ring 
electrometer,” consists of— (1 ) A ring of metal divided into 
sectors, of which some — one or more — are insulated and con- 
nected with the conductor to be electrically tested, and the 
remainder connected with the earth. (2) An index of metal 
supported by a glass fibre, or a wire, stretched in the line of 
the axis of the ring, and capable of having its fixed end turned 
through angles measured by a circle and pointer. (3.) A 
Leyden phial, with its insulated coating electrically connected 
with the index. (4.) A case to protect the index from currents 
of air, and to keep an artificially dried atmosphere round the 
insulating supports — ^glazed to allow the index to be seen from 
without, but with the inner surface of the glass screened 
(electrically) by wire cloth, perforated metal, or tinfoil, to do 
away with irregular reflections on the index. In the instru- 
ment represented in the drawing (No. 2) above, the ring is 
divided only into two parts, which are equal, and separated by 
a space of air about of an inch. Each of these half rings is 
supported on two glass pillars ; and by means of screws acting 
on a foot which bears these pillars, it is adjusted and fixed in 
its proper position. The index is of thin sheet aluminium, and 
projects in only one direction from the glass fibre bearing it. 

A stiff vertical wire, rigidly connected with it, nearly in the 
prolongation of the fibre, bears a counterpoise considerably 
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below the level of the index, and heavy enough to keep the 
index horizontal A thin platinum wire hooked to the lower 
end of this vertical wire, dips in sulphuric acid in the bottom 
of the Leyden phial. The Leyden phial is charged either posi- 
tively or negatively; and is found to retain its charge for 
_ months, losing, however, gradually, at some 

low rate, less generally than one per cent, per 
I day of its amount The index is thus, when 
I the instrument is in use, kept in a state of 

I charge corresponding to the potential of the 

inside coating of the phial When one of the 
half rings is connected with the eaith, and a 
charge of electricity communicated to the other, 
the index moves from or towards the latter, 
according as the charge communicated to it is 
of the same or the opposite kind to that of the 
index. This instrument, as an electroscope, 
possesses extreme sensibility — much greater 
than that of any other hitherto constructed ; 
and by the aid of the torsion arrangement, it 
I may be made to give accurate metiical results. 

I There aie some difficulties in the use of it, 
especially as regards the comparison of the indi- 
cations obtained with different degrees of elec- 
trification of the index, and 
the reduction of the lesults 
to absolute measure, hither- 
to obviated only by a daily 
application of Delmann’s 
method of reference to a 
zmc-copper water battery, 
which Delmann himself ap- 
plies once for all, to one 
of his electrometers (unless 
his glass fibre breaks, when 
he must make a fresh deter- 
mination of the sensibility 
of the instrument with its 
new fibre). The high sensi- 

'' ' r«iT\rr 
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electrometer renders this test really very easy, as not more than 
from ten to twenty cells are required ; and a comparison with a 
few good cells of DanielPs may be made by its aid, to ascertain 
the absolute value and the constancy of the water cells. The 
difficulty thus met is altogether done away with in another 
kind of electrometer, also “heterostatic,'’ of which only one has 
yet been constructed — the electrometer of the portable apparatus 
shown in the third drawing. In it the index is attached at 
right angles to the middle of a fine platinum wire, firmly 
stretched between the inside coatings of two Leyden phials, 
and consists simply of a very light bar of aluminium, extend- 
ing equally on the two sides of the supporting wire. It is 
repelled by two short bars of metal, fixed on the two sides of 
the top of a metal tube, which is supported by the inside coat- 
ing of the lower phial, and has the fine wire in its axis. A 
conductor of suitable shape, bearing an electrode, to connect 
with the body to be tested, insulated inside the case of the 
instrument, in the neighbourhood of the index, and when elec- 
trified in the same way, or the contrary way, to the inside 
coatings of the Leyden phials, causes, by its influence, the 
repulsion between the index and the fixed bars to be diminished 
or increased. The upper Leyden phial is moveable about a 
fixed axis, through angles measured by a pointer and circle, 
and thus the amount of torsion, in one-half of the bearing 
wire, required to bring the index to a constant position, in any 
case, is measured. The square root of the number of degrees 
of torsion measures the difference of potentials between the 
conductor tested and the inner coating of the Leyden phial. 
In using the instrument, the conductor tested is first put in 
connexion with the earth, and the torsion required to bring the 
index to its fixed position is read off. This is called the zero, 
or earth reading. The tested conductor is then electrified, and 
the torsion reading taken. In the atmospheric application, this 
is called the air reading. The excess — positive or negative — 
of its square root, above that of the zero reading, measures the 
electromotive force between the earth and the point of air 
tested. This result, when positive shows vitreous, when nega- 
tive resinous potential in the air ; if the index is resinous. By 
the aid of Barlow’s table of square roots, the indications of the 
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instrument may thus be reduced to definite measure of potential) 
almost as quickly as they can be written down. Once for all, 
the sensibility of the instrument can be determined by com* 
parison with an absolute electrometer, or a galvanic battery. 
In the portable apparatus a burning match is used — instead of 
the water-dropping system, which the writer finds more con- 
venient than any other for a fixed apparatus — to reduce the 
insulated conductor to the same potential as the air at its end. 

264. As has been remarked above (§ 252), it is the electrifica- 
tion of the earth s surface which has either directly or virtually 
been the subject of measurement in all observations on atmo- 
spheric electricity hitherto made. The methods which have 
been followed may be divided into two classes — (1 ) Those in 
which means are taken to reduce the potential of an insulated 
conductor to the same as that of the air, at some point, a few 
feet or yards distant from the earth (2.) Those in which a 
portion of the earth (see above, § 253) is insulated, removed 
from its position, and tested by an electrometer, in a different 
position, or under cover. The first method was very imperfectly 
carried out by Beccaria with his long “ exploring wiie,” stretched 
between insulating supports, or elevated portions of buildings, 
tree tops, or other prominent positions of the earth (see above, 

§ 249) ; also, very imperfectly by means of “ Volta's lantern " — 
an enclosed flame, supported on the top of an insulated conduc- 
tor. On the other hand, it is put in practice very perfectly, by 
means of a match, or flame burning m the open air, on the top 
of a well insulated conductor — a plan adopted, after Volta’s 
suggestion, by many observers; also, even more decidedly, by 
means of the water-dropping system — described in the preced- 
ing extract — which has recently occurred to the writer, and has 
been found by him both to be very satisfactory m its action, 
and extremely easy and convenient in practice. The principle 
of each of these methods of the first class may be explained 
best by first considering the methods of the second class, as 
follows : — 

265. If a large sheet of metal were laid on the earth in 

a perfectly level district, and if a circular area of the same 

metal were laid upon it, and, after the manner of Coulomb's 

nroof nlane, were lifted by an insulated handle, and removed 
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to an electrometer within doors, a measure of the earth’s elec- 
trification, at the time, would be obtained ; or, if a ball, placed 
on the top of a conducting rod in the open air, were lifted from 
that position by an insulating support, and carried to an 
electrometer within doors, we should also have, on precisely the 
same principle, a measure of the earth s electrification at the time. 
If the height of the ball in this second plan were equal to one- 
sixteenth of the circumference of the disc (compare § 235) used 
in the first plan, the electrometric indications would be the same, 
provided the diameter of the ball is small, in comparison with 
the height to which it is raised in the air, and the electrostatic 
capacity of the electrometer is small enough not to take any 
consideiable proportion of the electricity from the ball in its 
application The idea of experimenting by means of a disc laid 
flat on the earth, is merely suggested for the sake of illustra- 
tion, and would obviously be most inconvenient in practice. 
On the othci hand, the method, by a carrier ball, instead of a 
proof plane, is precisely the method by which, on a small scale, 
Faraday investigated the distribution of electricity induced on 
the earth’s surface (see above, § 249), by a piece of rubbed shell- 
lac ; and the same method, applied on a suitable scale, for test- 
ing the natuial electrification of the earth in the open air, has 
given, in the hands of Delmann of Creuznach, the most accurate 
results hitherto published m the way of electro-meteorological 
observation*. 

266. If, now, we conceive an elevated conductor, first belong- 
ing to the eaith (§ 249), to become insulated, and to be made 
to throw off, and to continue throwing off, portions from an 
exposed position of its own surface, this part of its surface will 
quickly be reduced to a state of no electrification, and the whole 
conductor will be brought to such a potential as will allow it to 
remain in electrical equilibrium in the air, with that portion of 
its surface neutral. In other words, the potential throughout 
the insulated conductor is brought to be the same as that of the 


* Through some misapprehension, Mr Delmann himself has not perceived 
that his own method of observation really consists in removing a portion of the 
earth, and bnnging it insulated with the electricity which it possessed m sxtu^ 
to be tested within doors, otherwise, he could not have objected, as he has, 
to Peltier’s view. 
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(3) A Leyden phial, consisting of ah open glass jar, coatev 

outside and inside in the usual manner, with the exceptiof 
that the tinfoil of the inner coating does not extend to th^ 
bottom of the jar, which is occupied instead by a small quantity 
of sulphuric acid [connected with the tinfoil by means of ^ 
platinum wire], ^ 

(4) A stiff straight wire rigidly attached to the aluminium 
needle, as nearly as may be in the line 
of the suspendjug fibre, bearing a light 
platinum wire linked to its lower end, 
and hanging down so as to dip into the 
sulphuric acid. 

(5) A case protecting the needle from 
currents of air, and fiom iriegular electric 
actions, and maintaining an artificially 
dried atmosphere round the glass pillar 
or pillars supporting the insulated half- 
ring and the uncoated portion of the glass 
of the phial. 

(6) A light stiff metallic electrode pro- 
jecting from the insulated half-ring tin ough 
the middle of a small apeiture in the metal case, to the outside 

(7) A wide metal tube of somewhat less diameter than the 
Leyden jar, attached to a metal ring borne by its inside coat- 
ing, and standing up vertically to a few inches above the level 
of the mouth of the jar. 

(8) A stiff wire projecting horizontally fiom this metal tube 
above the edge of the Leyden jar, and out through a wide hole 
in the case of the instiiiinent to a convenient position for 
applying electricity to charge the jar with 

(9) A very light glass mirror, about three-quarters of an 
inch diameter, attached by its back to the wire (4), and there- 
fore rigidly connected with the aluminium needle. 

(10) A circular aperture in the case shut by a convex lens, ^ 
and a long horizontal slit shut by plate glass, with its centre in'^o 
mediately above or below that of the lens, one of them abo' 
and the other equally below the level of the centre of the min^ 

(11) A large aperture in the wide metal tube (7), on a le^ 
with the mirror (9), to allow light from a lamp outside the ) 
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reflected out through the plate-glass window, and three or 
Four flue metal wires stretched across this aperture to screen 
the mirror from irregular electric influences, without sensibly 
iiminishing the amount of light falling on and reflected off it. 

271. The divided ring (1) is cut out of thick strong sheet 
metal (generally brass) Its outer diameter is about 4 inches, 
its inner diameter ; and it is divided into two equal parts by 
cutting it along a diameter with a saw. The .two halves are 
fixed horizontally; one of them on a firm metal support, and 
the other on glass, so as to retain as nearly as may be their 
original relative position, with just the saw cut, from to 
of an inch bioad, vacant between them. They are placed with 
their common centre as nearly as may be in the axis of the 
case (5), which is cylindrical, and placed vertically. The Leyden 
jar (8), and the tube (7), carried by its inside coating, have 
i their common axis fixed to coincide as nearly as may be with 
that of the case and divided ling The glass fibre hangs down 
from above in the direction of this axis, and supports the needle 
about an inch above the level of the divided ring. The stiff 
wire (4), attached to the needle, hangs down as nearly as may 
be along the axis of the tube (7) 

[The following diagrams, placed here to facilitate comparison, 
represent the arrangement of “needle" and quadiants described 
below in § 345, as substituted in the modern instrument for 
the bisected iing and narrow needle of the old electrometer 
here described] : — 




f 272. Before using the instrument, the Leyden phial (8) is 
liharged by means of its projecting electrode (8). When an 
-lectrical machine is not available, this is very easily done by the 
' of a stick of vulcanite, rubbed by a piece of chamois leather. 
|jbe potential of the charge thus communicated to the phial, is 
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to be kept as nearly constant as is required for the accuracy oi 
the investigation for which the instrument is used. Two or 
three rubs of the stick of vulcanite once a day, or twice a day, 
are sufficient when the phial is of good glass, well kept dry 
The most convenient test for the charge of the phial is a 
proper electrometer or electroscope, of any convenient kind, 
kept constantly in communication with the charging elec- 
trode (8). [Compare § 353, below] 

The electrometer (IL) is to be ordinarily used for that pur- 
pose in the Kew apparatus. Failing any such gauge electro- 
meter or electroscope, a zinc-coppei -water battery of ten, twenty, 
or more small ceils may be very conveniently used (after the 
manner of Delmann) to test directly the sensibility of the in- 
flecting electrometer, which IS to be brought to itspioper degix'o 
by charging its Leyden phial as much as is recjuired. 

273. In the use of this electrometer, the two bodies of which 
the difference of potentials is to be tested are connected, one of 
them, which is generally the earth, with tlie metal case of the 
instrument, and the other with the insulated half ring The 
needle being, let us suppose, negatively electrified, will move 
towaids or from the insulated half ring, accouling as the poten- 
tial of the conductor connected with this half ring differs posi- 
tively or negatively from that of the othei conductor (eaith) 
connected with the case. The mirror turns accordingly in one 
direction or the other through a small angle from its zero })osi- 
tion, and produces a corresponding motion in the imago of the 
lamp on tiie screen on which it is thrown. 

271. (II.) The common house electrometer [compare § 203, 

above, and §§ 371 ..377, below] — This instrument consists of — 

(1) A thin flint-glass bell, coated outside and inside like a 
Leyden phial, with the exception of tlie bottom inside, which 
contains a little sulphuric acid. 

(2) A cylindrical metal case, enclosing the glass jar, cemented 
to it round its mouth outside, extending upwards about an inch 
and a half above the mouth, and downwards to a metal base 
supporting the whole instrument, and protecting the glass 
against the danger of breakage. 

(3) A cover of plate glass, with a metal rim, closing the top 
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(4) A torsion head, after the manner of Coulomb’s balance, 
supported in the centre of the glass cover, and bearing a glass 
fibre which hangs down through an aperture in its centre. 

(5) A light aluminium needle attached across the lower end 
of the fibre (which is somewhat above the centre of the glass 
bell), and a stiff platinum wire attached to it at right angles, 
and hanging down to near the bottom of the jar 



(G) A very light platinum wire, long enough to hang within 
one-eighth of an inch or so of the bottom of the jar, and to dip 
in the sulphuric acid. 

(7) A metal ring, attached to the inner coating of the jar, 
bearing two plates m proper positions for repelling the two 
ends, of the aluminium needle when similarly electrified, and 
pioper stops to limit the angular motion of the needle to with- 
in about 45” from these plates. 

(8) A cage of fine biass wire, stretched on brass framework, 
suppoited fiom the main case above by two glass pillars, and 
partially enclosing the two ends of the needle, and the repel- 
ling plates, from all of which it is sepaiated by clear spaces, of 
nowhere less than one-fourth of an inch of air. 

(0) A charging electrode, attached to the ring (7), and pro- 
jecting over the mouth of the jar to the outside of the metal 
case (2), through a wide aperture, which is commonly kept 
closed by a metal cap, leaving at least one quarter of an inch 
of air round the projecting end of the electrode. 

(10) An electrode attached to the cage (8), and projecting over 
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the mouth of the jar to the outside of the metal case (2), through 
the centre of an aperture, about a quarter of an inch diameter. 

275. This instrument is adapted to measure differences of 
potential between two conducting systems, namely ; as one, the 
aluminium needle (5), the repelling plates (7), and the inner 
coating of the jar ; and, as the other, the insulated cage (8). This 
latter is commonly connected by means of its projecting electrode 
(10), with the conductor to be tested. The two conducting 
systems, if through their pi ejecting electrodes connected by a 
metallic wire, may be electrified to any degree, without causing 
the slightest sensible motion in the needle. If, on the other 
hand, the two electrodes of these two s} steins are connected 
with two conductors, electrified to different potentials, the needle 
moves away from the repelling plates; and if, by turning the 
torsion head, it is brought back to one accurately marked posi- 
tion, the number of degrees of torsion required is proportional 
to the square of the difference of potentials thus tested. 

27G. In the ordinary use of the instrument, the inner coating 
of the Leyden jar is chaiged negatively, by an external applica- 
tion of electricity through its projecting electrode (9). The 
degree of tlie charge thus communicated, is determined by 
putting the cage in connexion with the earth thiough its elec- 
trode (10), and bringing the needle by torsion to its marked 
position. The square root of the number of degrees of torsion 
required to effect this, measures the potential of the Leyden 
charge. This result is called the reduced earth reading When 
the atmosphere inside the jar is kept sufficiently dry, — this 
charge is retained from day to day with little loss , not more, 
often, than one per cent, in the twenty-four hours. 

In using the instrument the charging electrode (0) of the jar 
is left untouched, with the aperture through which it projects 
closed over it by the metal cap referred to above. The 
electrode (10) of the cage, when an observation is to be made, 
is connected with the conductor to be tested, and the needle is 
brought by torsion to its marked position. The square root of 
the number of degrees of torsion now required measures the 
difference of potentials between the conductor tested and the 
interior coating of the Leyden jar. The excess, positive or nega- 
tive, of this result above the reduced earth reading, measures 
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the exces.<? of the potential, positive or negative, of the conduc- 
tor tested above that of the earth ; or simply the potential of 
the conductor tested, if we regard that of the earth as zero. 

277. (III.) The portable electrometer [compare § 263, above, 
and §§ 863... 373, below] is constructed on the same elec- 
trical principles as the house electrometer just described. 
The mode of suspension of the needle is, however, essentially 
different; and a varied plan of connexion between tl^e different 
electrical parts has been consequently adopted as more con- 
venient. In the portable electrometer, the needle is firmly 
attached at rij^dit angles to the middle of a fine platinum wire, 
tightly stretched in the axis of a brass tube with apertures in 
its middle to allow the needle to project on the two sides. 
One end of the platinum wire is rigidly connected with this 
tube; the other is attached to a graduated torsion head. The 
bra.ss tube caines two metal plates in suitable positions to 
repel the two ends of the needle in contrary diiections, and 
metal stops to limit its angular motion within a convenient 
range. The conducting sy.^tem composed of these different 
paits IS sujiported fioni the metal cover, or roof of the jar, by 
tliiee glass stems. The torsion head is cairied round by means 
of a stout glass bar, projecting down fiom a pinion centered on 
the lower side of this cover, and turned by the action of a tan- 
gent screw presenting a milled head, to the hand of the opera- 
tor outside. The conducting system thus home by insulating 
supports IS connected with the outside conductor to be tested 
by means of an electiode passing out through the centre of the 
top of the case by a wide aperture in the centre of the pinion. 

A wire cage, sui rounding the central part of the tube and the 
needle and repelling plates, is rigidly attached to the interior 
coating of the Leyden jar. It carries two metal sectors, or 
‘‘bulkheads,'’ in suitable positions to attract the two ends of 
the needle, which, however, is prevented from touching them 
by the limiting stops refeired to above The effect of these 
attracting plates, as they will be called, is to increase very 
much the sensibility of the instrument. The square root of 
the number of degrees of torsion required to bring the needle 
to a sighted position near the repelling plates, measures the 
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difference of potentials between the cage and the conducting 
system, consisting of tube, torsion-head, repelling plates, and 
needle. The metal roof of the jar is attached to a strong metal 
case, cemented round the outside of the top of the jar, and 
enclosing it all round and below, to protect it from breakage 
when being carried about. There are sufficient apertures in 
this case, opened by means of a sliding piece, to allow the 
observer to sec the needle and graduated circle (torsion-head), 
when using the instrument On the outside of the roof of the 
jar a stout glass stem is attached, which supports a light stiff 
metallic conductor, by means of which a burning match is 
supported, at the height of two or throe feet above the observer. 
This conductor is connected by means of a fine wire with the 
electrometer, in the manner described above, thiough the centre 
of the aperture in the roof An artiheially dried atmosphere 
is maintained around this glass stem, by means of a metal case 
surrounding it, and containing leceptacles of gutta peicha, or 
lead, holding suitably shaped pieces of jiumice-stonc moistened 
with sulphuiic acid. The conductor which bears the match 
projects upwards through the centre of a sufficiently wide aper- 
ture, and bears a small umbrella, which both stops ram from 
falling into this aperture, and diminishes the circulation of air, 
owing to wind blowing round the mstiument, from taking place, 
to so great a degiee as to do away with tlie dryness of the in- 
terior atmosphere required to allow the glass stem to insulate 
sufficiently. The instrument may be held by the obseiver m 
his hand in the open air without the assistance of any fixed 
stand. A sling attached to the instrument and passing over 
his left shoulder, much facilitates operations, and renders it 
easy to carry the apparatus to the place of observation, even if 
up a rugged hill side, with little risk of accident. 

278. The burning match in the appaiatus which has just been 
described, performs the collecting function referred to above. 
The collector employed for the station apparatus, whether the 
reflecting electrometer or the common house electrometer is 
used, is an insulated vessel of water, allowed to flow out in a 
fine stream through a small aperture at the end of a pipe pro- 
jecting to a distance of several feet from the wall of the build- 
infif in Avhich the observations are made. 
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279. The principle of collecting, whether by fire or by water, 
in the observation of atmospheric electricity, was explained by 
the speaker thus — The earth’s surface is, except at instants, 
always found electrified, in general negatively, but sometimes 
positively. [Quotation from NichoFs Cyclopcedia, viz., § 2C5, 
above, comes heie in the original] 

After having given so much of these explanations as seemed 
necessary to convey a general idea of the principles on which 
tlie construction of the instruments of investigation depended, 
the speaker proceeded to call attention to the special subject 
juoposod for consideiation this evening 

280 What IS teriestiial atmospheric electricity ^ Is it elec- 
tricity of earth, or electiicity of air, or electricity of watery or 
other ])articles in the air ? An endeavour to answer these ques- 
tions was all that was offered , abstinence from speculation as to 
the origin of this electric condition of our atmosphere, and its 
physical relations with eaith, air, and water, having been pain- 
fully learned by repeated and varied failure in every attempt 
to see beyond facts of observation. In serene weather, the 
eai til’s surlice is genoially, in most localities hitherto examined, 
found lU'gatively or resiuously electiified; and when this fact 
alone is known, it might be supposed that the globe is merely 
electiified as a whole with a resinous charge, and left insulated 
m space 

281. But it IS to be lemarked that the earth, although insulated 
in its atniospheiic envelope, being in fact a conductor, touched 
only by air one of the best although not the stiongest of in- 
sulatois, cannot with its atmosphere be supposed to be insulated 
so as to hold an electric charge in interplanetary space. It has 
been supposed, indeed, that outside the earth’s recognised atmo- 
sphere there exists something or nothing in space which con- 
stitutes a peifect insulator; but this supposition seems to have 
no other foundation than a strange idea that electric conduc- 
tivity is a strength or a power of matter rather than a mere 
non-resistance. In reality we know that air highly rarefied by 
the air-pump, or by other processes, as in the construction of 
the ‘'vacuum tubes,” by which such admirable phenomena of 
electric light have recently been seen in this place, becomes 
extremely weak in its resistance to the transference of elec- 
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tricity through it, and begins to appear rather as a conductor 
than an insulator. One hundred miles or upwards from the 
earth’s surface, the air m space cannot in all probability have 
resisting power enough to bear any such electric forces as those 
which we generally find even in serene weather m the lower 
strata. Hence we cannot, with Peltier, regard the earth as a 
resinously charged conductor, insulated in space, and subject 
only to accidental influences from temporary electric deposits 
in clouds, or air round it ; but we must suppose that there is 
always essentially m the higher aerial regions a distribution 
arising from the self-relief of the outer highly rarefied air by 
disruptive discharge. This electric stratum must constitute 
very nearly the electro-polar complement to all the electricity 
that exists on the earth s surface, and in the lower strata of the 
atmosphere; in other words, the total quantity of electiicity, 
reckoned as excess of positive above negative, or of negative 
above positive, in any large portion of the atmospheie, and on 
the portion of the earth’s surface below it, must be very nearly 
zero. The quality of non-resistance to electric force of the thin 
interplanetary air being duly considered, we might regard the 
earth, its atmosphere, and the surrounding medium as constitut- 
ing lespectively the inner coating, the di-electric (as it were 
glass), and the outer coating of a great Leyden phial, charged 
negatively; and even if we weie to neglect the consideration 
of possible deposits of electricity through the body of the di- 
electric itself, we should arrive at a correct view of the electric 
indications discoverable at any one time and place of the earth’s 
surface. In fact, any kind of “collector,” or plan for collect- 
ing electricity from or in virtue of the natural “ terrestrial 
atmospheric electricity,” gives an effect simply proportional to 
the electrification of the earth’s surface then and there. The 
methods of collecting by fire and water which the speaker 
exhibited, gave definitively, in the language of the mathemati- 
cal theory, the “electric potential” of the air at the point 
occupied by the burning end of the match, or by the portion 
of the stream of water where it breaks into drops. If the 
apparatus is used in an open plane, and care be taken to 
eliminate all disturbance due to the presence of the electro- 
meter itself and of tlie observer above the ground, the indicated 



XVI.] Atmospheric Electricity. ' 219 

effect, if expressed in absolute electrostatic measure, and divided 
by the height of the point tested above the ground, has only to 
be [according to an old theorem of Coulomb’s (see footnote on 
§ 25, above), corrected by Laplace] divided by four times the 
ratio of the circumference of a circle to its diameter, to reduce it 
to an expression of the number of units, in absolute electrostatic 
measure, of the electricity per unit of area of the earth’s surface 
at the time and place. The mathematical theory does away 
with every difficulty m explaining the various and seemingly 
11 reconcilable views which different writers have expressed, 
and explanations winch different observeis have given of the 
functions of their testing apparatus. In the present state of 
electiic science, the most convenient and generally intelligible 
way to state the result of an obseivation of ten’estrial atmo- 
spheiic electiicity, m absolute measure, is in terms of the 
number of elements of a constant galvanic battery, required to 
produce the same diffeieuce of potentials as exists between the 
earth and a point in the air at a stated height above an open 
level plane of ground Observations with the portable electro- 
metei had given, m ordinary fair weather, in the island of 
Allan, on a flat open sea beach, readings varying from 200 to 
400, Danicrs elements, as the difference of potentials between 
the eaith and the match, at a height of 0 feet above it Hence, 
the intensity of elcctiic force perpendicular to the earth’s sur- 
face must have amounted to from 22 to 44 Daniel’s elements 
pci foot of air. In fair weather, with breezes from the east or 
north-east, he had often found from 6 to 10 times the higher of 
these intensities. 

282. Even in fair weather, the intensity of the electric force in 
the air near the earth’s surface is perpetually fluctuating The 
speaker had often observed it, especially during calms or very 
light breezes from the east, varying from 40 Daniel’s elements 
per foot to three or four times that amount during a few 
minutes ; and returning again as rapidly to the lower amount. 
More frequently he had observed variations from about 30 to 
about 40, and back again, recurring in uncertain periods of 
perhaps about two minutes. These gradual variations cannot 
but be produced by electrified masses of air or cloud, floating 
by the locality of observation. Again, it is well known that 
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during storms of rain, hail, or snow, there are great and some- 
times sudden variations of electric force in the air close to the 
earth. These aie undoubtedly produced, partly as those of fair 
weather, by motions of electrified masses of air and cloud ; 
partly by the fall of vitreously or rcsinously electrified rain, 
leaving a corresponding deficiency in the air or cloud from 
which it falls ; and partly by disruptive discharges (flashes of 
lightning) between masses of air or cloud, or between either 
and the earth. The consideration of these various phenomena 
suggested the following questions, and modes of observation foi 
answering them : — 

283. Question 1 How is electricity distributed through the 
different strata of the atmosphere to a height of five or six 
miles above the earth’s surface in ordinary fair weather ? To be 
answered by electrical observations in balloons at all heights 
up to the highest limit, and simultaneous observations at the 
earth’s surface. 

Q 2. Does electrification of air close to the earth’s surface, 
or within a few hundred feet of it, sensibly influence the 
observed electric force ? and if so, how docs it vary with the 
weather, and with the time of day or year ^ The first part of 
this question has been answered very decidedly m the affirma- 
tive, first, for large masses of air within a few hundred yards 
of the earth’s surface, by means of observations made simul- 
taneously at a station near the seashore m the island of Arian, 
and at one or other of seveial stations at different distances, 
within SIX miles of it, on the sides and summit of Goatfell. 
After that it was found, by simultaneous observations made at 
a window in the Natural Philosophy Lecture-Room, and on the 
College Tower of the University of Glasgow, that the influence 
of the air within 100 feet of the earth’s surface was always 
sensible at both stations, and often paramount at the lower. 
Thus, for example, when, in broken weather, the superficial 
electrification of the outside of the lecture-room, about 20 feet 
above the ground, m a quadrangle of buildings, was found 
positive, the superficial electrification of the sides of the tower, 
about 70 feet higher, was often found negative, or nearly zero ; 
and this sometimes even when the positive electrification of the 
sides of the building at the lower station equalled in amount 
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an ordinary fair weather negative. This state of things could 
only exist in virtue of a negative electrification of the circum- 
ambient air, inducing a positive electrification on the ground 
and sides of the quadrangle, but not sufficient to counter- 
balance the influence, on the higher parts of the tower, of more 
distant positively electrified aerial masses. 

A long continuation of such systems of simultaneous obser- 
vation — not in a town oidy, but in various situations of flat and 
of mountainous country, on the sea coast as well as far inland, 
in vaiious regions of the world-will be required to obtain the 
information asked for in the second part of this question. 

Q.S. Do the pai tides of ram, hail, and snow in falling 
through the air qiossess ab>oIute charges of electricity? and if 
so, whether })Ositivc or negative, and of what amounts m differ- 
ent conditions as to place and weather? Attempts to answer 
this question have been made by vaiious obseivers, but as yet 
without success, as, for instance, by an “electro-pluviometer,” 
tiled at Kew many yeais ago Dy using a sufficiently well- 
insulated vessel to collect the falling pai tides, it is quite certain 
that a decided answer may be obtained with ease for the cases 
of hail and snow. Inductive effects produced by drojis splash- 
ing away fiom the collecting vessel, if exposed to the electric 
foice of the air m an open jmsition, or inductive effects of the 
<)p])()site kind produced by drops splashing away from surround- 
ing walls or screens and falling into the collecting vessel, if not 
in an exposed position, make it less easy to asceitam the elec- 
tiical quality of ram; but, by taking means to obviate the 
disturbing effects of these influences, the speaker hoped to 
arrive at definite lesults. 

284. It would have been more satisfactory to have been able 
to conclude a discourse on atmospheric electricity otherwise than 
in questions, but no other form of conclusion would have been 
at all consistent with the present state of knowledge 

285. The discourse was illustrated by the use of the mirror 
electrometer reflecting a beam of light from the electric lamp, 
and throwing it on a white screen, where its motions were 
measured by a divided scale. The principle of the water- 
dropping collector was illustrated by allowing a jet of water to 
flow by a fine nozzle into the middle of the lecture-room, from 
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an uninsulated metal vessel of water and compressed air, an( 
collecting the drops in an insulated vessel on the floor. Thi 
vessel was connected with the testing electrode of the reflectinj 
electrometer ; and it was then found to experience a continuall; 
increasing negative electrification, when fixed positively elec 
trifled bodies were in the neighbourhood of the nozzle. If th^ 
same experiment were made in ordinary fair weather in tin 
open air, instead of under the roof and within the walls of th( 
lecture-room, the same result would be observed, withoir 
the presence of any artificially electrified body The vesse 
from which the water was discharged was next insulated ; anc 
other circumstances remaining unvaried, it was shown tha' 
this vessel became rapidly electrified to a certain degree o 
positive potential, and the falling drops ceased to communicatt 
any more electricity to the vessel in which they were gathered 
28G The influence of electrified masses of air was illustratec 
by carrying about the portable electrometer, with its match burn 
ing, to different parts of the lectui e-room, while insulatec 
spirit-lamps connected with the positive and negative con 
ductor of an electrical machine, burned on the two sides. The 
speaker observed the indications on the poi table electrometer 
but the potentials thus measured were seen by the audience 
marked on the scale by the spot of light ; the reflecting electro 
meter being kept connected with the portable electrometer ii 
all its positions, by means of a long fine wire. It was founc 
that, when the burning match was on one side of a certair 
surface dividing the air of the lecture-room, the potential indi 
cated was positive, and on the other side negative 

287. The water-dropping collector constructed for the self 
registering apparatus to be used at Kew, had been prcviousl} 
set upon the roof of the Koyal Institution, and an insulatec 
wire (Beccaria s “ Deferent Wire”) led down to the reflectino 
electrometer on the lecture-room table. Tlie electric force ir 
the air above the roof was thus tested several times during the 
meeting ; and it was at first found to be, as it had been during 
several days preceding, somewhat feeble positive (corresponding 
to a feeble negative electrification of the earth's surface, oi 
rather housetops, in the neighbourhood). This was a not 
unfrequent electrical condition of days, such as these had been 
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of dull rain, with occasional intervals of heavier rain and of 
cessation, The natural electricity was again observed by 
means of the reflecting electrometer during several minutes 
near the end of the discourse; and was found, instead of the 
weak positive which had been previously observed, to be 
strong positive of three or four times the amount Upon this 
the speaker quoted * an answer which Prior Ceca had given to 
a question Eeccaria had put to him “concerning the state of 
“ electricity when the weather clears up.” “ ‘ If, when the ram 
“'has ceased (the Prior said to me) a strong excessivef elec- 
“ 'tricity obtains, it is a sign that the weather ivill continue fair 
‘"for several days; if the electricity is but small, it is a sign 
“ ‘ that such weather will not last so much as that whole day, 

“ ‘ and that it will soon be cloudy again, or even will again 
“‘rain.’” The climate of this country is very different from 
that of Piedmont, where Beccaiia and his friend made their 
observations, but their rule as to the “electricity of clearing 
weather” has been found ficquently confirmed by the speaker. 
He therefore considered that although it was still raining at 
the commencement of the meeting, the electrical indications 
they had seen gave fair promise]: for the remainder of this 
evening, if not for a longer peiiod There can be no doubt but 
that electiic indications, when sufficiently studied, will be 
found important additions to our means for prognosticating the 
weather ; and the speaker hoped soon to see the atmospheric 
electrometer generally adopted as a useful and convenient 
weather-glass, 

288. The speaker could not conclude without guarding him- 
self against any imputation of having assumed the existence of 
two electric fluids or substances, because he had frequently 
spoken of the vitieous and resinous electricities. Dufay’s very 
important discovery of two modes or qualities of electrification, 
led his followers too readily to admit his supposition of two 
distinct electric fluids. Franklin, iUpinus, and Cavendish, 

* From Beccaria’a first letter “On Terrestrial Atmospheric Electricity during 
Serene Weather .” — Garzegna di Mondovi, May 16, 1776. 
i t e , vitreous, or positive. 

t At the conclusion of the meeting it was found that the rain had actually 
ceased. The weather continued fair during the remainder of the night, and 
three or four of the finest days of the season followed. 
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with a hypothesis of one electric fluid, opened the way for a 
j lister appeciation of the unity of nature in electric phenomena. 
Beccaria, with his “electric atmospheres,” somewhat vaguely 
struggled to see deeper into the working of electiic fctrce, but 
his views found little acceptance, and scjircely suggested in- 
quiry or even meditation. Tlie eighteenth century made a 
school of science for itself, in which, for the not unnatural 
dogma of the earlier schoolmen, “ matter cannot act where it is 
not,” was substituted the most hintastic of paradoxes, contact 
does not exist. Boscovichs theory was the consummation of 
the eighteenth century school of physical science This strange 
idea took deep root, and fiom it grew up a barren tree, exhaust- 
ing the soil and overshadowing the whole field of molecular 
investigation, on which so much unavailing labour was spent 
by the great mathematicians of the eaily part of our nineteenth 
century. If Boscovich s theory no longer cumbers the giound, 
it is because one tiue philosopher requiied more light for trac- 
ing lines of electiic force. 

289. Mr Faiaday’s investigation of electrostatic induction 
influences now every department of physical speculation, and 
constitutes an era in science If we can no longer regaid 
electric and magnetic fluids attracting or repelling at a distance 
as lealities, we may now also contenqilate as a thing of the 
past that belief in atoms and in vacuum, against which Leib- 
nitz so earnestly contended in his memorable coirespondence 
with Dr Samuel Clarke. 

290. We now look on space as full. We know that light is 
propagated like sound through pressure and motion. We know 
that there is no substance of caloiic — that inscrutably minute 
motions cause the expansion which the thermometer marks, 
and stimulate our sensation of heat — that fire is not laid up in 
coal more than in this Leyden phial, or this weight : there is 
potential fire in each. If electric force depends on a residual 
surface action, a resultant of an inner tension experienced by 
the insulating medium, we can conceive that electricity itself 
is to be understood as not an accident, but an essence of matter. 
Whatever electricity is, it seems quite certain that electricity 
in motion IS heat; and that a certain alignment of axes of 
revolution in this motion is magnetism. Faraday’s magneto- 
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optic experiment makes this not a hypothesis, but a demon- 
strated conclusion*. Thus a rifle-bullet keeps its point fore- 
most; Foucault’s gyroscope finds the earth’s axis of palpable 
rotation; and the magnetic needle shows that more subtle 
rotatory movement in matter of the earth, which we call ter- 
restrial magnetism : all by one and the same dynamical action. 

21)1. It IS often asked, arc we to fall back on facts and pheno- 
mena, and give up all idea of penetrating that mystery whicli 
hangs round the ultimate nature of matter ? This is a question 
that must be answered by the metaphysician, and it does not'bc- 
long to the domain of Natural Philosophy. But it docs seem that 
the marvellous tram otf discoveiy, unparalleled in the histoiy 
of experimental science, which the last ycais of the woild has 
seen to emanate from experiments within these walls, must 
lead to a stage of knowledge, m which laws of inorganic nature 
will be understood m this sense— that one will be known as 
essentially connected with all, and in which unity of plan 
through an inexhaustibly varied ex-ecution, will be recognised 
as a universally manifested result of creative wisdom. 

292. [Postscript, with diagram, communicated to the Philoso- 
phical Magazwe in 18G1 ; but now first published ] 

Mr Balfour Stewart, Director of the Kew Meteorological 
Observatory, h.as, since the commencement of the present year 
(1861), brought into regular and satisfactory operation the self- 
recording atmospheric electrometer with water-dropping collec- 
tor, described in the preceding abstract . a specimen of the 
lesults is exhibited in the accompanying photogiaphic curves 
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* See “Dynamical Ulustrations of the Magnetic and the Heli 9 oidal Rotatory 
Effects of Transparent Bodies on Polarized Light.” By Prof. W. Thomson. — 
Proceedings of the Royal Society, June 13, 1856. 
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293. The diagram exhib^s the variations of the electric force 
of the atmosphere, as photographically recorded by the divided 
ring electrometer at the Kew Observatory for two succes- 
sive days, commencing on the 28th of April 1861. The 
prepared sensitive paper was made to move vertically at a 
uniform rate by means of clock-work, while a spot of light (the 
image of a portion of a gas-hame reflected fiom the mirror of 
the divided ring electrometer) moved horizontally across it 
according to the continually varying electric force of the atmo- 
sphere, and marked the curve photographically. The datum 
line, showing the position the spot of light would have if the 
electric force were zero, is produced by an image from the same 
source of light reflected from a flxed minor attached to the 
case of the electrometei. The numbers indicate hours leckoned 
flora noon as zero, up to 23. The same paper is, for the sake 
of economy, generally used to bear the lecoid for two days. 

Thus the distance of the spot of light from the datum line, 
on one side or other, indicates, and the photo-chemical action 
records, for eacli instant of time the electiic potential, positive* 
or negative, of the atmospheieat the point wheie the stream of 
\\ater discharged from the insulated vessel bi-oaks into drops 


OX ELFXTKI(^\L “ FREQUEXOY ’ 

[From Ilepoit oj British -issotuitKiii, Al>(.i(k‘Cn 1M>0 ] 

294 Beccaiia found that a conductor insulated in the open 
air becomes charged sometimes with greater and sometimes 
with less rapidity, and he gave tlie name of '' freijiiency ” to ex- 
press the atmospheric Cjuality on which the rapidity of charg- 
ing depends. It might seem natuial to attiibute this quality 
to electrification of the air itself round the conductor, or to 
electrified particles in the air impinging upon it; but tlie author 
gave reasons for believing that the observed effects arc entirely 
due to pai tides flying away from the surface of the conductor, 
in consequence of the impact of non-electrified particles against 
it. He had shown m a previous communication that when no 
electricity of separation (or, as it is more generally called, 
-1 ” or “contact electricity”) is called into 
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play, the tendency of particles continually flying off from a 
conductor is to destroy all electrification at the part of its sur- 
face from which they break away. Hence a conductor insulated 
in the open air, and exposed to mist or rain, with wind, will 
tend rapidly to the same electric potential as that of the air, 
beside that part of its surface from which there is the most 
frequent dropping, or flying away, of aqueous particles. The 
rapid charging indicated by the electrometer under cover, after 
putting it for an instant in connexion with the earth, is there- 
fore, in reality, due to a rapid discharging of the exposed parts 
of the conductor. The authoi had been led to these views by 
remarking the extreme rapidity with which an eicctiometer, 
connected by a fine wire with a conductor insulated above the 
loof of his temporary electric obseivatory in the island of 
Allan, became charged, reaching its full indication m a few 
seconds, and sometimes in a fraction of a second, after being 
touched by the hand, during a gale of wind and rain The 
conductor, a voitical cylinder about 10 inches long and 4 inches 
diameter, with its up[)cr end flat and corner slightly rounded 
otf, stood only 8 feet above the roof, or, in all, 20 feet above 
the ground, and was nearly surrounded by buildings using to 
a highei level Even with so moderate an exposuie as this, 
sparks were frccpiently produced between an insulated and an 
uninsulated piece of metal, which may have been about ^’^^th of 
an inch apart, within the electrometer, and more than once a 
continuous line of fire was observed in the instrument during 
nearly a minute at a time, while rain was falling in torrents 
outside 


ON THE NECESSITY FOR INCESSANT RECORDING, AND FOR 
SIMULTANEOUS OBSERVATIONS IN DIFFERENT LOCALI- 
TIES, TO INVESTIGATE ATMOSPHERIC ELECTRICITY 

[From Beport of Briti'>h Association, Abcidcon Meeting, 1859 ] 

295. The necessity for incessantly recording the electric con- 
lition of the atmosphere was illustrated by reference to obser- 
^^ations recently made by the author in the island of Arran, by 
^hich it appeared that even under a cloudless sky, without any 
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sensible wind, the negative electrification of the surface of the 
earth, always found during serene weather, is constantly vary- 
ing in degree. He had found it impossible, at any time, to 
leave the electrometer without losing remarkable features of 
the phenomenon, Beccaria, Professor of Natural Philosophy 
in the University of Turin a century ago, used to retire to 
Garzegna when his vacation commenced, and to make inces- 
sant observations on atmospheric electricity, night and day, 
sleeping in the room with his electrometer m a lofty position, 
from which he could watch the sky all round, limited by the 
Alpine range on one side, and the gicat plain of Piedmont on 
the other Unless relays of observers can be got to follow his 
example, and to take advantage of the moic accinate instru- 
ments supplied by advanced electric science, a self-recording 
apparatus must be applied to provide the data recpiired foi 
obtaining knowledge in this most inteiesting field of nature. 
The author pointed out certain simple and easily-executed 
modifications of w'orking electrometers (exhibited to the meet- 
ing), to lender them self-iccordmg. He also explained a new 
collecting appaiatus for atmospheiic electiicity, consisting of 
an insulated vessel of water, discharging its contents in a 
fine stream fiom a pointed tube This stream carries away 
electricity as long as any exists on its suifacc, where it breaks 
into drops The immediate object of this aiiangement is to 
maintain the whole insulated conductor, including the portion 
of the electrometer connected with it and the connecting wire, 
in the condition of no absolute charge ; that is to say, with as 
much positive electricity on one side of a neutral line as of 
negative on the other. Hence the position of the discharging 
nozzle must be such, that the point where the stream breaks 
into drops is in what would be the neutral line of the con- 
ductor, if first perfectly discharged under temporary cover, and 
then exposed in its permanent open position, in which it will 
become inductively electrified by the aerial electromotive force 
If the insulation is maintained in perfection, the dropping will 
not be called on for any electrical effect, and sudden or slow 
atmospheric changes will all instantaneously and perfectly in- 
duce their corresponding variations in the conductor, and giv( 
their appropriate indications to the electrometer. The neces- 
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sary imperfection of the actual insulation, which tends to bring 
the neutral line downwards or inwards, or the contrary effects 
of aerial convection, which, when the insulation is good, gene- 
rally preponderate, and which in some conditions of the atmo- 
sphere, especially during heavy wind and rain, are often very 
large, are corrected by the tendency of the dropping to main- 
tain the neutral line in the one definite position. The objects 
to be attained by simultaneous observations in different localities 
alluded to were — (1) to fix the constant for any observatory, 
by which its observations are reduced to absolute measure of 
electromotive force per foot of air, (2) to investigate the dis- 
tiibiition of electricity in the air itself (whether on visible 
clouds or in clear air) by a species of electrical trigonometry, of 
which the general piinciples were slightly indicated. A por- 
table electrometer, adapted for balloon and mountain observa- 
tions, with a burning match, legulated by a spring so as to give 
a cone of fire in the open air, in a definite position with refer- 
ence to the instrument, was exhibited. It is easily carried, 
with or without the aid of a shoulder-strap, and can be used 
by the observer standing up, and simply holding the entire 
apparatus in his hands, without a stand or rest of any kind. 
Its indications distinguish positive from negative, and are re- 
ducible to absolute measure on the spot. The author gave the 
lesult of a determination which he had made, with the assist- 
ance of Mr Joule, on the Links, a piece of level ground near 
the sea, beside the city of Abeideen, about 8 AM. on the pre- 
ceding day (September 14), under a cloudless sky, and with a 
light north-west wind blowing, with the insulating stand of the 
collecting part of the apparatus buried m the ground, and the 
electrometer removed to a distance of 5 or 6 yards, and con- 
nected by a fine wire with the collecting conductor. The 
height of the match was 3 feet above the ground, and the 
observer at the electrometer lay on the ground to render the 
electrical influence of his own body on the match insensible. 
The result showed a difference of potentials between the earth 
(negative) and the air (positive) at the match equal to that of 
115 elements of Daniells battery, and, therefore, at that time 
and place, the aerial electromotive force per foot amounted to 
that of thirty-eight Daniells cells, or 1*2' cells per centimetre. 
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OBSERVATIONS ON ATMOSPHERIC ELECTRICITY 

[From the Proceedings of the Literary and Philosophical Society of Manchestei , 
March, 1862 ] 

296. I find that atmo.splieric electricity is generally negative 
witliin doors, and almost always sensible to my divided ring 
reflecting electrometer I use a spirit-lamp, on an insulated 
stand a few feet from walls, floor, or ceiling of my lecture 
room, and connect it by a fine wire with the insulated half 
ring of the electrometer A decided negative effect is generally 
found, which shows a potential to be produced in the con- 
ductors connected with the flame, negative relatively to the 
earth by a difference amounting to seveial times the difference 
of potentials (or electromotive force) between two wires of one 
metal connected with the two plates of a single element of 
Danieirs. I have tested tliat the spirit-lamp gives no idio- 
electric eftect amounting to so much as the effect of a single 
cell. The electric effect observed is therefore not due to 
theimal or chemical action in the flame It cannot be due to 
contact electiifications of metallic or other bodies in conductive 
communication with the walls, flooi, oi ceiling, because the 
potentials of such must al\\a}s fall shoit of the dilfeience of 
potentials jaoduced by a single cell. I h.ive taken caio to 
distinguish the obsened natural effect from anything that can 
be produced by electiical operations foi lectuie oi laboiatoiy 
purposes Thus I observe generally in the moiiung before any 
electiical operations have been peiformed, and find oulinaiily 
results ([Uite similar to those observed on the Monday moimngs 
when the electiical machine has not been turned since the 
pievious Fiida} The effect, when there has been no aitificial 
disturbance, has always been found neyahve, except two or three 
times, since the middle of November, but tiustworthy obsei- 
vations have not been made on more than a ({uaiter of the 
number of days 

297. A few tuins of the electrical machine, with a spirit-'ahif 
on its prime conductor, or a .slightly chaiged Leyden jihial, with 
its inside coating positive put in connexion with an insulatei 
spirit-lamp, is enough to reverse the common negative indica 
tion. Anothei very striking way in which this may be doiu 
’0 to nut a neqativehj charged Leyden phi<d below an insulntec 
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flame (a common gas-burner, for mstanee). The flame, becom- 
ing positively electrified by induction, keeps throwing off, by 
the dynamic power of its burning, portions of its own gaseous 
matter, and does not allow them to be electrically attracted 
down to the Leyden phial, but foices them to rise. These, on 
cooling, become, like common air, excellent non-conductors*, and, 
mixing with the air of the loom, give a preponderance of positive 
influence to the testing insulated flame (that is to say, render the 
air potential positive at the place occupied by this flame). 

208. Half an hour, or often much more, elapses after such an 
opeiation, befoie the natural negatively electrified air becomes 
•igam pai amount m its influence on the testing flame, 

200, That either positive oi negative electiicity may be 
caiiK'd, even thiough n.tiiow passages, by air, I have tested by 
turning an electric machine, with a spirit-himp on its piime 
cniiductor, foi a shoit time in a room separated fiom the lecture 
loom by an olflupio passage about two yards long and then 
stopping the machine and extinguishing the lamp, so as to 
send a limited (piantity of positive electricity into the air of 
that loom. When the lectuie-ioom window was kept open, and 
the dooi leading to the adjoining loom shut, the testing spiiit- 
lamp showed the natuial negative When the window was 
closial, and a small chink (an inch or le5S wide) opened of the 
dooi, the indication (juickly became positive. If the door was 
then shut, and the window again opened, the natuial effect was 
slewdy lecoveied A curient of air, to feed the lecture-ioom 
flic, was found entciing by ('ither door oi windiAV when the 
other wois shut. This alternate positive and negative electric 
ventilation may be repeated many times wuthout renewing the 
positne electricity of the adjoining loom by turning the 
machine aftesh. 


* I fijul that stf'.im fioTU a boiling biibkly on a common lire is an 

oxcollcnt insnlatoi, I allow it to blow for a quartci of an hour or more 
■igcunst an insulated clectiitied conductor, without discovering that it has 
any eflect on the letcntion of tlie charge The electiicity of the steam itself, 
in sucli cncumstances, as is to be expected from Faiaday’s invCbtigation, is 
not considerable Common an loses ncaily all its resisting power at some 
tempeiatnie between that of boiling water and red-hot iron, and conducts 
continuotiBly (not, as I believe is generally supposed to be the case, by dis- 
luption) as glass does at some tompeiatiire below the boiling point, with so 
gteat ease as to discharge any common insulated conductoi almost completely 
in a few' seconds 



2o2 Atmospheric Electricity. [xvr. 

800. The out of doors air potential, as tested by a portable 
electrometer in an open place, or even by a water dropping 
nozzle outside, two or three feet from the walls of the lecture 
room, was generally on these occasions positive, and the earth’s 
surface itself, therefore, of course, negative ; — the common fair 
weather condition, which I am forced to conclude is due to a 
paramount influence of positive electricity in higher regions of 
the air, notwithstanding the negative electricity of the air in 
the lower stratum near the eaith s surface On the two or three 
occasions wlien the in-door atmosplienc electricity was found 
positive, and, therefoie, the surhxce of the floor, walls, and ceil- 
ing negative, the potential outside was certainly positive, 
and the earth’s suiflico out of doois negative, as usual in fair 
weather 

800'. Extract from letter addressed to General Sabine : — 

“ During my recent visit to Creuznach I became acipiainted 
with Mr Dellman of that place, who makes meteorological, 
chiefly electrical, observations for the Prussian Goveinment, 
and 1 had opportunities of witnessing his method of electrical 
observation. It consists in using a copper ball about 0 inches 
diameter, to carry away an electrical effect ftom a position 
about two yards above the roof of his house, depending simply 
on the atmospheric ‘])otentiar at the point to which the centre 
of the ball is sent; and it is cxactl) tlie method of the ‘carrier 
ball’ by which Earaday investigated the atmospheric potential 
in the nemh bom hood of a rubbed stick of shell-lac, and other 
electrified bodies {Ej’penjtieidal Researches^ Senes xi 1887). 
The whole process only differs fiom Faraday’s m not emjdoying 
tlie carrier ball diiectly, as the repeller in a Coulomb-electro- 
meter, but putting it into communication with the conductor of 
a separate electrometer of peculiar construction. The collecting 
part of the apparatus is so simple and easily managed that an 
amateur could, for a few shillings, set one up on liis own house, 
if at all suitable as regards roof and windows ; and, if provided 
with a suitable electrometer, could make observations in atmo- 
spheric electricity with as much ease as thermometric or baro- 
metric obseivations. The electrometer used by Mr Dellman is 
of his own construction (described m Poggendorffs Annalen, 
1853, Vol. Lxxxix., also Vol. lxxxv), and it appears to be very 
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satisfactory in its operation. It is, I believe, essentially more 
accurate and sensitive than Peltier’s, and it has a great advan- 
tage in affoiding a very easy and exact method for reducing its 
indications to absolute measuie. I was much struck with the 
simplicity and excellence of Mr Bellman’s whole system of 
observation on atmospheric electricity; and it has occurred to 
me that the Kew Committee might be disposed to adopt it, if 
determined to carry out electiical observations. When I told 
Mr Bellman that I intended to make a suggestion to this effect, 
he at once olfeicd to liave an electrometer, if desired, made 
under his own care. I wish also to suggest two other modes 
of observing atmospheric electricity which have occurred to me, 
as })ossessing each of tliem some advantages over any of the 
systems Iiitheito followed In one of these I piopose to have 
an uninsulated cylindiical iron funnel, about 7 inches diameter, 
fiYod to a height of two or three yards above the highest part 
of the building, and a light moveable continuation (like the 
telescope funnel of a steamei) of a yaul and a half or two yards 
moie, vhich can be letdown oi pushed up at pleasure. Insu- 
lated by suppoits at the top of the fixed part of the funnel, I 
ivould have a metal stem carrying a ball like Bellman s, stand- 
ing to such a height that it can be covered by a hinged lid on 
the top of the moveable joint of the funnel, when the latter is 
pushed up; and a fine wiie fixed to the lower end of the insu- 
lated stem, and hanging down, in the axis of the funnel to the 
elect! ometcr. When the apparatus is not in use, the moveable 
joint would be kept at the highest, with its lid down, and the 
ball uninsulated To make an observation, the ball would be 
insulated, the lid turned up rapidly, and the moveable joint 
cariymg it let down, an operation which could be effected in a 
few seconds by a suitable mechanism. The electiometer would 
immediately indicate an inductive electrification simply propor- 
tional to the atmospheric potential at the position occupied by 
the centre of the ball, and would continue to indicate at each 
instant the actual atmospheric potential, however variable, as 
long as no sensible electiification or diselcctrification has taken 
place through impel feet insulation or convection by particles of 
dust or currents of air (probably for a quarter or a half of an 
iiour, when care is taken to keep the insulation in good older). 
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This might be the best form of apparatus for inakiug observa- 
tions in the presence of thunder-clouds. But I think the best 
possible plan in most respects, if it turns out to be practicable, 
of which 1 can have little doubt, will be to use, instead of 
the ordinary fixed insulated conductor with a point, a fixed 
conductor of similar foim, but hollow, and containing within 
itself an apparatus for making hydrogen, and blowing small 
soap-bubbles of that gas from a fine tube terminating as nearly 
as may be in a point, at a height of a few yards in the air. 
With this arrangement the insulation would only need to be 
good enough to make the loss of a charge by conduction very 
slow in comparison with convective loss by the bubbles , so that 
it would be easy to secure against any sensible error from 
defective insulation If 100 or 200 bubbles, each inch in 
diameter, are blown from the top of the conductor pel minute, 
the electiical potential in its inteiior will vciy lapidiy follow' 
variations of the atmospheiic potential, and would be at any 
instant the same as the mein for the atmospheie during some 
period of a few' minutes pieceding The action of a simple 
point IS (as, I suppose, is geneially admittedj essentially unsa- 
tisfactoiy, and as neaily as possible iiugatoiy in its lesults. I 
am not aware how flame has been found to succeed, but I 
should think not wxdl in the ciicumstances of atmospheiic 
observations, in which it is essentially closed in a lantern; and 
I cannot see on any thcoietical ground how its action in tlnxe 
circumstances can be peifect, like that of the soaji-bubbles 1 
intend to make a trial of the piacticability of blowing the 
bubbles, and if it proves satisfactoiy, theie cannot be a doubt 
of the availability of the system for atmospheric observations.” 

[Addition, Feb. 1857.] — The author has now made various 
trials on the last-mentioned put of his proposal, and he has 
not succeeded m finding any practicable self-iegulating appa- 
ratus for blowing bubbles and detaching them one by one from 
the tube. He has seen reason to doubt whether it will be 
possible to get bubbles so small as those proposed above, to rise 
at a’l; but he has not been led to believe that, if it is thought 
worth while to try, it w'lll be found impracticable to construct 
a self-acting apparatus which will regularly blow' and discharge 
separately, bubbles of considerably larger diameter, and so to 
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secure the advantages mentioned, although with a proportion- 
ately larger consumption of the gas. 

On the other hand, he finds that, by the aid of an extremely 
sensitive electrometer which he has recently constructed, he 
will be able, in all probability with great ease and at very 
small cost, to bring into practice the first of his two plans, con- 
structed on a considerably smaller scale as regards height than 
pioposed in the piecedmg statement. 


ON SOME KEMAIiKABLE EFFECTS OF LKJHTNING OP, SERVED 
IN \ FAini-IIOlJSE NEAR MONIEMAIL, CUPAR-FIFE 

(Fium Vioect’diiKis oj t)ic PhiJo'^ophical Hociety oj (llasgow ) 

dOI The Ibllouing is an i^Ktract tiom a Icttei, addressed la^t 
<iii(umn to me by Mi Leitch, minister of Momcniail parish — 

Manse, Crr\n-FirE, 
2Cjth Anguht, iSP) 

" . Wc' were \isited on the llth inst with a violent 

thuiKha-steim, which did considerable damage to a farm-house 
111 my imiiK'diate neighbourhood. I called shoitly after- 
waids and brought away the wires and the paper which I 
('uclose 

“I have some difficulty in accounliiig for the a])peaiance of 
tlie wires You will observe that they have been paitially 
fused, and when I got them hist they adheicd closely to one 
aiiothci You wall hud tliat the fi<it sides exactly fit. They 
ueie both attaclied to one ciank, and lan paiallcl to one 
anothei. The ([uestion is, how weie they attiacted so power- 
Uilly as to be compiessed togethei ^ . . . 

“You will observe tliat the paper is discolouied. This has 
bi'en done, not by scorching, but by having some substance 
deposited on it There was painted wood also discoloured, on 
winch the stratum was much thicker. It could easily be 
i libbed off, when you saw the paint ipiite fiesh beneath. . 

“The farmer showed me a probang 'which hung on a nail 
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The handle only was left. The rest, consisting of a twisted 
cane, had entirely disappeared. By minute examination I 
found a small fragment, which was not burnt, but broken off.” 

[The copper wires and the stained paper, enclosed with Mr 
Leitch’s letter, were laid before the Society.] 

The remarkable effects of lightning, described by Mr Leitch, 
are all extremely interesting. Those with reference to the 
copper wires are quite out of the common class of electrical 
phenomena; nothing of the kind having, so far as I am aware, 
been observed previously, either as resulting from natural dis- 
charges, or in experiments on electricity. It is not improbable 
that they are due to the electro-magnetic attraction which 
must have subsisted between the two wires during the dis- 
charge, it being a well-known fact that adjacent wires, with 
currents of electricity in similar directions along them, attiact 
one another. It may certainly be doubted whether the in- 
appreciably short time occupied by the electrical discharge 
could have been sufficient to allow the wiies, after having been 
drawn into contact, to be pressed with sufficient force to make 
them adhere together, and to produce the lemaikable impres- 
sions which they still letain. On the other hand, the electro- 
magnetic force must have been very coihsiderable, since the 
currents in the wires were strong enough neaily to melt them, 
and since they appear to have been softened, if not paitially 
fused; the flattening and icmaikable impressions might readily 
have been produced by even a slight force subsisting after the 
wiies came in contact. 

The circumstances with reference to the probang, desciibed 
by Mr Leitch, afford a remarkable illustration of the well- 
known fact, that an electrical di.schaige, when effected through 
the substance of a non-conducting (that is to say, a poive) fully 
resistmg) solid, shatteis it, without producing any considerable 
elevation of its temperature; not leaving marks of combustion, 
if it be of an ordinaiy combustible mateiial such as wood. 

Dr Robert Thomson, at my request, kindly undertook to 
examine the paper removed from the wall of the farm-hou.se, 
and enclosed with his letter to me by Mr Leitch; so as, if 
possible, by the application of chemical tests, to discover the 
staining substance deposited on its surface. Mr Leitch, in his 
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letter, had suggested that it would be worth while to try 
whether this case is an example of the deposition of sulphur, 
which Fusmieii believed he had discovered in similar circum- 
stances. Accordingly tests for sulphur were applied, but with 
cntiiely negative results. 8tains presenting a similar appear- 
ance had been sometimes observed on paper in the neighbour- 
hood of copper-wires through which powerful discharges in 
expel iments with the hydro-electric machine had been passed; 
and from this it was suggested that the staining substance 
might have come from the bell-wires. Tests for copper were 
accoulingly applied, and the results were most satisfactory 
The fiont of the paper was scraped in different places, so as to 
remove some. of the pigment in powder; and the powders from 
the stained, and fiom the not stained parts, were lepeatedly 
examined. TJie presence of copper in the former was readily 
made manifest by the ordinary tests in the latter, no traces of 
copper could be discovered The back of the paper presented 
a green tint, having been torn from a wall which has probably 
been painted with Schcelc ’s green , and matter scraped away 
fiom any part of the back was found to contain copper Since, 
however, the stains in front were manifestly superficial, the 
discolouiation being cntiiely removed by scraping, and since 
there was no appearance whatever of staining at the back of 
the paper, nor of any effect of the electiical discharge, it was 
impossible to attiibute the stains to copper produced from the 
Scheele’s green on the wall below the paper. Di Thomson, 
therefore, considered the most probable explanation to be, 
that the stains of oxide of copper must have come from the 
bell-wiie. To ascertain how far this explanation could be 
supported by the circumstances of the case, I wrote to Mr 
Leitch asking him foi further particulars, especially with re- 
ference to this point, and I received the following answer . — 


“ Moniemail, Cupar-Flfe, 
30i/t Nov. 1849. 

. I received your letter to-day, and immediately 
called at Hall-hill, in the parish of Collessie, the farm-house 
which had been struck by the lightning. . . . 
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I find that Dr Thomson’s suggestion is fully borne out by 
the facts. I at first thought that the bell-wiie did not run 
along the line of discolouration, but I now find that such was 
the case. . . 

[From a drawing and explanation which Mr Lcitch gives, it 
appears that the wire runs vertically along a coiner of the 
room, from the floor, to about a yard from the ceiling, wliere 
it branches into two, connected with two cranks near one 
another, and close to the ceiling ] 

“The efflorescence [the stains previously adverted to] was 
on each side of this perpendicular wire. In some places it 
extended more than a foot from the wiic The deposit seemed 
to vary in thickness according to the surface on winch it wns 
deposited. There was none on the plaster on the roof Jt 
was thinnest upon the wall-])apcr, and thickest upon the wood 
facing of the door*. This last exhibited various colours On 
the thickest part it appeared cjuite black; wheie thi'i’c was only 
a slight film, it w^as green or yellow . . 

“I may mention that the thunder-storm was that of the 11th 
of August last It passed over most of Scotland, and has 
rarely been suipassed for tcnific grandeur at least beyond the 
tropics. It commenced about nine o’clock p.m, and m tlu' 
course of an hour it seemed to die away altogether The peals 
became very faint, and the intervals between the flashes and 
the reports very great, when all at once a terrific crashing peal 
was heard, which did the damage The storm ceased with 
this peal 

“ The electricity must have been conducted along the lead 
on the ridge of the house, and have diverged into three streams, 
one down through the roof, and the two others along the roof to 
the chimneys. One of these appears to have struck a large stoiu' 
out from the chimney, and to have been conducted down the 
chimney to the kitchen, where it left traces upon the floor. It 
had been washed over before I saw it, but still the traces were 
visible on the Arbroath flags. The stains were of a lighter 

* These remarkable facts are probably connected with the conducting powers 
of the different surfaces. The plaster on the roof is not so good a conductor 
as the wall-paper, with its pigments, and the painted wood is probably a better 
conductor than either. ~W. T, 
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tint than the stone, and the general appearance was as if a pail 
of some light-coloured fluid had been dashed over the floor, so 
as to produce various distinct streams. All along the course of 
the discharge, and particularly in the neighbourhood of the bell- 
wiies, there were small holes in the wall about an inch deep, 
like the marks that might be made by a finger in soft plaster 
“ Most of the windows were shattered, and all the fragments 
of glass were on the outside I suppose this must be accounted 
for by the expansion of the air within the liouse 

“The window-blind of tlie staircase, which was down at the 
time, was iiddled, as if with small shot. The diameter of the 
space so riddled was about a foot. On minute examination I 
found that the holes were not such as could leadily be made 
by a pointed instrument or a pellet. They were angular, the 
cloth being toin along both tlie warp and the woof. 

“The house was shattcied from top to bottom Two of the 
seiving-maids leccivcd a positive shock, but soon recovered 
A stiong smell of what was supposed to be sulphui was per- 
('eived throughout the house, but paiticulaily in the bed-room 
m which the effects I described before took place ” 


\\n SO(^\I) PKODI't'EJ) itV THE DISCIIAROP: OF A 

CONDENSER 

[LETTER TO PROFESSOR TAIT ] 

Kilmichvel, Brodick, 

Isle ot Arran, Oct 10, 18G3. 

302. Yesterday evening, when engaged in measuring the 
electrostatic capacities of some specimens of insulated wire 
designed for submaiine telegraph cables, I had occasion fre- 
quently to discharge, through a galvanometer coil, a condenser 
consisting of two par.dlel plates of metal, separated by a space 
of air about *007 inch across, and charged to a difference 
of potentials equal to that of about 800 Danielks elements. 
1 remarked at an instant of discharge a sharp sound, with a 
very slight prolonged resonance, which seemed to come from 
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the interior of the case containing the condenser, and which 
struck me as resembling a sound I had repeatedly heard before 
when the condenser had been overcharged and a spark passed 
across its air-space. But I ascertained that this sound was 
distinctly audible when there was no spark within the con- 
denser, and the whole discharge took place fairly through the 
2000 yards of fine wire, constituting the galvanometer coil 1 
arranged the circuit so that the place where the contact was 
made to produce the discharge was so far fiom my ear that the 
initiating spark was inaudible ; but still I heard distinctly the 
same sound as before fiom within the condenser 

303. Using instead of the galvanometer coil either a short 
wire or my own body (as in taking a shock from a Leyden phial), 
I still heaid the sound within the condenser. The shock was 
imperceptible except by a very faint prick on the finger in the 
place of the spark, and (the direct sound of the spark being 
barely, if at all, semsible) there was still a very audible sound, 
always of the same character, within the condenser, which I 
heard at the same instant as 1 felt the spark on my fingei 
Mr Macfarlane could hear it distinctly .standing at a distance 
of several yards. We watched foi light within the condenser, 
but could see none. I liave since ascertained that suddenly 
charging the condenser out of one of the specimens of cable 
charged for the purpose produces the same .sound within the 
condenser; also that it is produced by suddenly reversing the 
charge of the condenser 

304. Thus it is di.stmctly proved that a plate of air emits a 
sound on being suddenly subjected to electric foice, or on expe- 
riencing a sudden change of electiic force through it. This seems 
a most natural result when viewed in connexion with the new 
theory put forward by Faraday in his senes regarding the part 
played by air or other dielectric m manifestations of electric 
force. It also tends to confirm the hypothesis I suggested to 
account for the remarkable observation made regarding light- 
ning, when you told me of it about a year ago, and other 
similar observations which I believe have been reported, prov- 
ing a sound to be heard at the instant of a flash of lightning 
in localities at considerable distances from any part of the line 
of discharge, and which by some have been supposed to de- 
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monstrate an error in the common theory of sound. I may 
add that Mr Macfarlane tells me he believes he has heard, at 
the instant 'of a flash of lightning, a sound as of a heavy body 
striking the earth, and imagined at first that something close 
to him had been struck, but heard the ordinary thunder at a 
sensible time later. 


XVIIL MEASUREMENT OF THE ELECTROSTATIC FORCE 
PRODUCED BY A DANIELUS BATTERY. 

[PiocecduKjs Royal Society, Feb. 23 and April 12, 1860, or Phil. Mag. 1860, 
second half-} ear ] 

305. In a paper “On Transient Electric Currents,” published 
in the Philosophical Magazine for June 1853, [Mathematical 
and Phy.sical Papers, Art LXii] I de.scribed a method for 
measuring differences of electric potential in absolute electro- 
static units, which seemed to me the best adapted for obtaining 
accurate results. The “absolute electrometer” which I ex- 
hibited to the Briti.sh Association on the occasion of its 
meeting at Glasgow in 1835, was constructed for the puipose 
of putting this method into practice, and, as 1 then explained, 
WMS adapted to i educe the indications of an electroscopic* or of 
a torsion electrometer to absolute metusure. 

306. The want of sufficiently constant and accurate instru- 
ments of the latter class has long delayed my carrying out of 
the plans then set forth Efforts which I have made to produce 
electrometers to fulfil certain conditions of sensibility, con- 
venience, and constancy, for various objects, especially the 
electrostatic measurement of galvanic forces, and of the differ- 
ences of potential required to produce sparks in air, under 
definite conditions, and the observation of natural atmospheric 
electricity, have enabled me now' to make a beginning of abso- 
lute determinations, wdiich I hope to be able to carry out soon 
in a much more accurate manner. In the meantime, I shall 
give a slight description of the chief instruments and processes 

* I have used the expression “ electroscopio electrometer,” to designate an 
electrometer of which the indications are merely lead off in each instance 
by a single observation, without the necessity of applying any experimental 
process of weighing, or of balancing by torsion, or of otherwise modifying the 
conditions exhibited, 

T. E. 


16 
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followed, and state the approximate results already obtained 
as these may be made the foundation of various important 
estimates in several departments of electrical science. 

307. The absolute electrometer alluded to above (compare 
§ 358, below), consists of a plane metallic disc, insulated in a 
horizontal position, with a somewdiat smaller plane metallic disc 
hung centrally over it, from one end of the beam of a balance 
A metal case protects the suspended disc fiom currents of air, 
and from irregular electric influences, allowing a light vertical 
rod, rigidly connected with the disc at its lower end, and sus- 
pended from the balance above, to move up and down freely 
through an aperture just wide enough not to touch it. In the 
side of the case theie is another aperture, through which prO' 
jects an electrode iigidly connected with the lower insulated disc. 
The upper disc is kept m metallic communication with the case, 
308. In using this instrument to i educe the indications of an 
electroscopic or torsion electiometer to absolute electrostatic 
measure, the insulated part of the electiometer is kept in 
metallic communication with the insulated disc, while the 
cases enclosing the two instruments are also kept in metallic 
communication with one anotliei. A cliaigc, eithei positive or 
negative, is communicated to the insulated jiait of the double 
apparatus. The indication of the tested electrometer is read 
off, and at the same time the foice lecpiired to keep the move- 
able disc at a stated distance from the fixed disc below it, is 
weighed by the balance This part of the operation is, as I 
anticipated, somewhat tioublesome, in consequence of the in- 
stability of the equilibrium, but with a little care it may be 
managed with considerable accuracy. The plan which I have 
hitherto followed, has been to limit the play of the arm of the 
balance to a very small arc, by means of firm stops suitably 
placed, thus allowing a range of motion to the upper disc 
through but a small part of its whole distance fiom the lower. 

A certain weight is put into the opposite scale of the balance, 
and the indications of the second electrometer are observed 
when the electric force is just sufficient to draw down the 
upper disc from resting in its upper position, and again when 
insufficient to keep it down with the beam pressed on its 
lower stop. This operation is repeated at different distances, 
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and thus no considerable error depending on a want of parallel- 
ism between the discs could remain undetected. It may be 
remarked that the upper disc is carefully balanced by means 
of small weights attached to it, so as to make it hang as nearly 
as possible parallel to the lower disc. The stem carrying it is 
graduated to hundredths of an inch ( 254 of a millimetre) ; 
and by watching it through a telescope at a short distance, it 
IS easy to observe of a millimetre of its vertical motion. 

309. I have recently applied this method to reduce to ab- 
solute electrostatic measure the indications of an electrometer 
forming part of a portable apparatus for the observation of 
atmospheric electiicity. In this instrument (compare § 263) 
a very light bar- of aluminium attached at liglit angles to the 
middle of a fine platinum wire, which is firmly stretched be- 
tween the inside coatings of two Leyden phials, one occupying 
an inverted position above the other, experiences and indicates 
the electrical foicc which is the subject of measurement, and 
which consists of repulsions in contrary directions on its two 
ends, produced by two shoit bais of metal fixed on the two 
sides of tlie top of a metal tube, supported by the inside coat- 
ing of the lower phial. 

810. The amount of the electiical foicc (or latlier, as it should 
be called in correct mechanical language, couple) is measured by 
the angle through which the upper Leyden phial must bo 
turned round an axis coincident with the line of the wire, so 
as to bring the index to a marked position. An independently 
insulated metal case, bearing an electrode projecting outwards, 
to which the body to be tested is applied, suriounds the index 
and repelling bars, but leaves free apertures above and below, 
for the wire to pass through it without touching it ; and by 
other apertures in its sides and top, it allows the motions of 
the index to be observed, and the Leyden phials to be charged 
or dischaiged at pleasure, by means of an electrode applied to 
one of the fixed bars described above. When by means of such 
an electrode the inside coatings of the Leyden phials are kept 
connected with the earth, this electrometer becomes a plain 
repulsion electrometer, on the same principle as Peltier’s, with 
the exception that the index, supported by a platinum wire 
instead of on a pivot, is directed by elasticity of torsion instead 

16-2 
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of by magnetism ; and the electrical effect to be measured is 
produced by applying the electrified body to a conductor con- 
nected with a fixed metal case round the index and repelling 
bars, instead of with these conductors themselves. 

311. This electrometer, being of suitable sensibility for direct 
comparison with the absolute electrometer according to the 
process described above, is not sufficiently sensitive to measure 
directly the electrostatic efiect of any galvanic battery of fewer 
than two hundred cells with much accuracy. Not having at 
the time arrangements for working with a multiple battery of 
reliable character, I used a second torsion electrometer of a 
higher degree of sensibility as a medium for compaiison, and 
determined the value of its indications by diiect reference to a 
Dauiell’s battery of from six to twelve elements in good work- 
ing Older. This electrometer, in which a light aluminium 
index, suspended by means of a fine glass fibre, kept constantly 
electrified by means of a light platinum wire lianging down 
from it and dipping into some sulphuric acid in the bottom of 
a charged Leyden jar, exhibits the effects of electric force due 
to a difference of potentials between two halves of a metallic 
ring separately insulated m its neighbourhood, will be suffici- 
ently described in another communication to the Royal Society. 
Slight descriptions of trial instruments of this kind have already 
been published in the Transactions of the Pontifical Academy 
of Rome*, and in the second edition of Nichol’s Cyclopcedia 
(article Electricity, Atmospheiic), 18(j0 (§§ 241), 266, above). 

312. I hope soon to have another electrometer on the same 
general principle, but modified from those hitherto made, so 
as to be more convenient for accurate measurement in terms of 
constant units. In the meantime, I find that, by exercising 
sufficient care, I can obtain good measurements by means of 
the divided ring electrometer of the form described m Nichol's 
Cyclopcedia (§ 263, above). 

313. In the ordinary use of the portable electrometer, a con- 
sideiable charge is communicated to the connected inside coat- 
ings of the Leyden phials, and the aluminium index is brought 
to an accurately marked position by torsion, while the insulated 


* Accademia Pontificia dei Nuovi Lyncei, February 1857. 
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metal case surrounding it is kept connected with the earth. 
The square root of the reading of the torsion-head thus ob- 
tained measures the potential, to which the inside coatings of 
the phials have been electrified. If, now, the metal case 
referred to is disconnected from the earth and put in con- 
nexion with a conductor whose potential is to be tested, the 
square root of the altered reading of the torsion-head required 
to bring the index to its marked position m the new circum- 
stances measures similarly the difference between this last 
potential and that of the inside coatings of the phials. Hence 
the excess of the latter square root above the former expresses 
in degree and in quality (positive or negative) the required 
potential. This plan has not only the merit of indicating the 
quality of the electricity to be tested, which is of great import- 
ance in atmospheric observation, but it also affords a much 
higher degree of sensibility than the instrument has when used 
as a plain repulsion electrometer, and, on account of tins last- 
mentioned advantage, it was adopted m the comparisons with 
the divided ring electrometer On the other hand, the portable 
electrometer was used in its least sensitive state, that is to say, 
with its Leyden phials connected with the earth, when the 
comparisons with the absolute electrometer were made. 

314. The general result of the weighings hitherto made, is 
that when the discs of the absolute electrometer were at a dis- 
tance of 5080 of a centimetre, the number of degrees of torsion 
m the portable electrometer was 20924 times the number of 
grammes’ weight required to balance the attractive force , and 
the number of degrees of torsion was '4983 times the number 
of grammes weight found in other series of experiments in 
which the distance between the discs was 762 of a centimetre. 
According to the law of inverse squares of the distances to 
which the attraction between two parallel discs is subject when 
a constant difference of potentials is maintained between them*, 
the force at a distance of '254 of a centimetre would have been 
according to the first of the preceding results, or, accord- 
ing to the second, of the number of degrees of torsion. 
The mean of these is or '0777 ; and we may consider this 

* See § 11 of Elements of Mathematical Theory of Electricity appended to 
the communication following this in the “ Proceedings.” 
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below. Calculating from it by § 339, we find 3 74 for the dif- 
ference of potentials, or electromotive force in c. g. s. absolute 
electrostatic measure, produced by 1000 elements of Daniell’s.] 

Postscript, April 12, 1860. 

317. I have since found that I had inadvertently misinter- 
preted Weber’s statement in the ratio of 2 .to 1. I had always, 
as it appears to me most natural to do, regarded the tiansference 
of negative electricity in one direction, and of positive elec- 
tricity in the other direction, as identical agencies, to which, in 
our ignorance as to the real nature of electricity, we may apply 
indiscriminately the one expression or the other, or a combina- 
tion of the two. Hence I have always regarded a current of 
unit strength as a cuirent in which the positive or vitreous 
electricity flows in one direction at the rate of a unit of elec- 
tricity per unit of time ; or the negative or resinous electricity 
in the other direction at the same rate; or (according to the 
infinitely improbable hypothesis of two electric fluids) the 
vitieous electricity flows in one direction at any rate less than 
a unit per second, and the resinous in the opposite direction at 
a rate equal to the remainder of the unit per second. I have 
only recently remarked that Weber’s expressions are not only 
adapted to the hypothesis of two electric fluids, but that they 
also reckon as a current of unit strength, what I should have 
called a current of strength 2, namely, a flow of vitreous 
electricity in one direction at the rate of a unit of vitreous 
electricity per unit of time, and of the resinous electricity in 
the other direction simultaneously, at the rate of a unit of 
resinous electricity per unit of time. 

318 Weber’s result as to the relation between electrostatic 
and electro-magnetic units, when correctly interpreted, I now 
find would be in perfect accordance with my own results given 
above, if the electromotive force of a single element of the 
Daniell’s battery used were 2,140,000 British electro-magnetic 
units instead of 2,500,000, as accoiding to my thermo-dynamic 
estimate. This is as good an agreement as could be ex- 
pected when the difficulties of the investigations, and the 
uncertainty which still exists as to the true measure of the 
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electromotive force of the Daniell’s element are considered. 
It must indeed be remarked that the electromotive force of 
Daniell’s battery varies by two or three or more per cent, with 
variations of the solutions used ; that it varies also very sensibly 
with temperature ; and that it seems also to be dependent, to 
some extent, on circumstances not hitherto elucidated. A 
thorough examination of the electromotive force of DanielFs 
and other forms of galvanic battery, is an object of high im- 
portance, which, it is to be hoped, will soon be attained. Until 
this has been done, at least for Danielhs battery, the results of 
the preceding paper may be regarded as having about as much 
accuracy as is desirable. 

•SI 9. I may state, therefore, in conclusion, that the average 
electromotive force per cell of the DanielFs batteries which I 
have used, produces a ditference of potentials amounting to 
00206* [corrected to '00374, April 1870,] m [c. g. s.] absolute 
electrostatic measure. This statement is perfectly equivalent to 
the following in more familiar terms : — 

One thousand cells of Daniell’s battery, with its two poles 
connected by wires with two parallel plates of metal 1 millimetre 
apart, and each a square decimetre in area, produces an elec- 
trical attraction equal to the weight of 3'57 [corrected to 5 7] 
grammes. 



XrX.-MEASUREMENT OF THE ELECTROMOTIVE FORCE 
REQUIRED TO PRODUCE A SPARK IN AIR BETWEEN 
PARALLEL METAL PLATES AT DIFFERENT DISTANCES 


[Proceedings Royal Society, Feb 28 and Apiil 12, 18G0, or Phil. May , 1800, 
secoi}d half-} ear.] 

320. The electrometers used in this investigation were the 
absolute electrometer and the portable electrometer described in 
my last communication to the Eoyal Society, and the opera- 
tions were executed by the same gentlemen, Mr Smith and 
Mr Ferguson. The conductors between which the sparks 
passed were two unvarnished plates of a condenser, of which 
one was moved by a micrometer sciew, giving a motion of 

of an inch (about one millimetre) per turn, and having its 
head divided into 40 equal parts ot ciicumference. The 
readings on the screw-head could be readily taken to tenth 
parts of a division, that is to say, to about of a millimetre 
on the distance to be measured. The point from which the 
spark would pass in successive trials being somewhat vari- 
able, and often near the edges of the discs, a thin flat 
piece of metal, made very slightly convex on its upper 
surface like an extremely flat watch-glass, was laid on the 
lower plate. It was then found that the spark always passed 
between the crown of this convex piece of metal and the flat 
upper plate. The curvature of the former was so small, that 
the physical ciicumstances of its own electrification near its 
crown, the opposite electrification of the opposed flat surface 
in the parts near the crown of the convex, and the electric 
pressure on or tension in the air between them could not, it 
was supposed, differ sensibly from those between two plane 
conducting surfaces at the same distance and maintained at 
the same difference of potentials. 
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321. The reading of the screw-head corresponding to the 
position of the moveable disc when touching the metal below, was 
always determined electrically by making a succession of sparks 
pass, and approaching the moveable disc gradually by the screw 
until all appearance of sparks ceased. Contact was thus pro- 
duced without any force of pressure between the two bodies 
capable of sensibly distoitmg their supports. 

With these arrangements several series of experiments were 
made, in which the dilferences of potentials producing sparks 
across different thickne.sses of air were measured first by the 
absolute electrometer, and afterwards by the portable torsion 
electrometer. The following Tables exhibit the results hither- 
to obtained • — • 

822. Table I — December 13, 18.50. Measurements by absolute 
elect) ometer of maximum electrostatic forces’^ across a stra- 
tum of air of diffeient thicknesses. 

Area of eacli plate of absolute electrometer = 174 square centimetres. 
Distance between pl.itcs of absolute electrometer^ 508 of a centimetre. 


LeiiKtl) of 
b[iarlv m 
Indies 

S. 

Weight in (frnms 

roijuirtd to balance Elodroniotne forco 

in absolute elec- in units of tlio 

troinctir i clcctrouieter 

?{’ i Vw. 

Electrostatic force, or 
dectroniotive force 
per inch of air, in 
tciuporarj units 
yJW 

007 

6 

2 4495 

349 9 

•0105 

9 

3 0000 

285 7 

•0115 

10 

3 1622 

275 0 

014 

13 

3 6055 

257 5 

•017 

16 

4 0000 

235 3 

018 

19 

4 3589 

242 2 

024 

30 

5 4772 

228 2 

0205 

40 

6 3245 

214 4 

•034 

50 

7 0710 

208 0 

•0385 

GO 1 

7 7459 

201 2 

•041 

70 i 

8 3666 

204 1 

•0445 

80 

8 9442 

2010 

048 

90 

9 4868 

197 6 

052 

100 

10 0000 

192 3 

•055 

no 

10 4880 

190 7 

•058 

120 

10 9544 

188 9 

•060 

130 

11-4017 

190 0 


323. These numbers demonstrate an unexpected and a very 
remarkable result, — that greater electromotive force per unit 


See § 331 below. 
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length of air is required to produce a spark at short distances 
than at long. When it is considered that the absolute electri- 
fication of each of the opposed surfaces* depends simply on 
the electromotive force per unit length of the space between 
them, or, which is the same thing, the resultant electrostatic 
force in the air occupying that space, it is difiicult even to con- 
jecture an explanation. Without attempting to explain it, we 
are forced to recognise the fact that a thin stratum of air is 
stronger than a thick one against the same disiuptive tension 
in the air, according to Faraday’s view of its condition as tran'^- 
mitting electric force, or against the same lifting electric pres- 
sure from its bounding surfaces, accoiding to the views of the 
eighteenth century scliool, as represented by Poisson. The 
same conclusion is established by a series of experiments with 
the previously-described portable torsion electrometer substi- 
tuted for the absolute electrometer, leading to results shown 
in the following Table : — 

824. Table II . — January 17, I860 Measurements by portable 
torsion electrometer of electivmotive forces producing sparks 
across a stratum of air of different thicknesses. 


1 Torsion in degrees 
Length of spark , required to balance j 
in inches. , in electrometer 

«. 1 6 1 

Electromotive force 
m units of tlie 
electrometer 

} Electrostatic force, or 
j electromotive force 

j per inch of air, in 

I tcmjiorar} units 

' sjd-k. 

001 

i 3 ' 

1 732 

1 1732 

•002 

! 7 

2 646 

1323 

•003 

11 

3 316 

1105 

•004 

14 

3 742 

935 

•005 

18 

4 243 

1 849 i 

•006 

22 

4 690 

1 782 

•007 

1 27 

5 196 

1 742 

•008 

30 1 

5 477 

685 

•009 

33 1 

6 744 

638 

•010 

38 i 

6 164 

616 

•Oil 

43 , 

6 557 

596 

•012 

48 5 ' 

6 964 

580 

•013 j 

54 i 

7 348 

665 

•014 1 

59 ' 

7 681 

549 

‘ -015 1 

66 I 

8 124 

642 

' •oie 1 

73 I 

8-544 

534 

•017 

79 

8 888 

623 1 

018 1 

85 

9 219 

612 1 


I 


I 


See § 332 below. 
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325. The series of experiments here tabulated stops at the 
distance 18 thousandths of an inch, because it was found that the 
force m the electrometer corresponding to longer sparks than 
that, was too strong to be measured with certainty by the port- 
able electrometer, whether from the elasticity of the platinum 
wire, or from the rigidity of its connexion with the aluminium 
index being liable to fail when more than 85® or 90® of torsion 
were applied. So far as it goes, it agrees remarkably well with 
the other experiments exhibited in Table I , as is shown by the 
following comparative Table, in which, along with results of 
actual observation extracted fiom Table II, are placed results 
deduced fiorn lable I. by interpolation for the same lengths of 
spaik. — 


Table III — Experiments of December 13, 1859, and 
Januarij 17, 1860, compared. 


1 Col 1. 

1 

1 (if sp irk 

' iiniiUim 

Co] 2 

I'lcttmiDiitne forto 

I per UK ii of air, 

1 Dec I k in teiiipor.ii \ 
j units of tliat ( 1.13 
' y/W 

1 Col 3 

EKctnniiotno force 
per iiicli of air, 

Jan 17, III temporary 
units of ttiat day 

y^0 

Col 4. 

Itatios of numbers 

111 Col 3 to num- 
beis III Col 2. 

007 

319 8 

742 

2 13 

0105 

2H5 7 

606 

212 

0115 

275 0 

588 

2 14 

•014 

257 5 

519 

2 14 

017 

235 3 

52.1 

2 22 

018 

242 2 

512 

2 11 



1 

1 

Mean 2 14 

- .. 



J 



The close agreement with one another of the numbers m 
Col 4, deiived from series differing so much as those in Cols. 
2 and 3, and obtained by means of electiometers differing so 
much in construction, constitutes a very thorough confirmation 
of the rernaikable result inferred above from the experiments 
of the first senes, and shows that the law of vaiiation of the 
electrostatic force in the air required to produce sparks of the 
different lengths, must be represented with some degree of 
accuracy by the numbers shown in the last column of either 
Table I. or Table III. 

The following additional series of experiments were made on 
precisely the same plan as those of Table II. • — 
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Table IV . — January 21, 1860. Measurements by portable 
torsion electrometer of electrornotive forces producing sparks 
across a stratum of air of different thicknesses. 


{ Length of spark 

1 in inches. 

Torsion in degrees 
required to balance 
in electrometer. 

e. 

Electromotive force 
in units of the 
olectroineter 

Electrostatic force, or 
electromotive foice 
per inch of air, in 
ttmporar) units 

\/0—S. 

•001 

3 2 

1 79 

1790 

•002 

6 4 

2 32 

1160 

•003 

10 5 

3 24 

1080 

•004 

13 2 

8 68 

907 

•005 

14 2 

3 77 

754 

•006 

18 2 

4 27 

712 

•007 

21 7 

4 66 

666 

•012 

41 2 

6 42 

535 

018 

46 7 

6 83 

525 

•014 

53 2 

7 29 

521 

•015 

57 2 

7 56 

504 

OK ) 

63 2 

7 95 

497 

•017 

68 2 

8 26 

486 

•018 

78 2 

8 84 

491 


Table Y . — January 23, 1860 Similar eorperiinents repeated. 




•001 

1 3 5 1 


1 87 

1870 

*002 

1 6 5 1 


2 55 

1275 

•003 

9 5 I 


3 08 

1027 

004 

1 ^ 1 , 


3 56 

890 

•005 

j 15 5 1 


3 94 

788 

•006 

1 18 5 i 


4 80 

716 

•007 

1 23 0 1 


4 80 

686 

•008 

1 25 62 i 


5 06 

(,82 

009 

1 80 5 ; 


5 52 

613 

•010 

I 35 0 ! 


5-92 

592 

•on 

39 5 


6 28 

571 

•012 

' 44 0 


6 68 

558 

•013 

1 50 0 ! 


7 07 

544 

•014 

‘ 54-0 


7 35 

525 

■015 

, 59-0 1 


7 68 

512 

016 

j 63 5 , 


7 97 

498 

017 

1 69-5 1 


8 34 

490 

•018 

! 74 5 


8 63 

479 

The difference between the 

numbers 

shown in these two 

1 ables and in 

Table II above. 

are 

probably due in part to true 

differences in 

the resistance of the 

air to electrical disruption ; 

but variations 

in the electrometer, 

which 

was by no means of 

nerfect construction, may have 

sensibly influenced the results, 
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especially as regards the differences between those shown in 
Table II. and those shown in Tables IV. and V , which, agree- 
ing on the whole closely with one another, fall considerably 
short of the former. 


82G. Table VI — Summary of results red need to absolute measure. 


Col 1. 

Lcnptli of 
spark in 
t(.ritinietio9 

S, 

Col, 2. 

Electrostatic farces aceordniK 
to snnjile diteiiiiin.itions 
ol Dec 1,1, 185<J 

Col. 3 

Klectrostafic 
forces accord 
111 }? to rstr- 
niated i\era};i 
of \aiious do 
Uninnations 

Ji 

Col 4. 

Differences 

1 Col 5 

rrossiirea of electncitv 

1 from cither metallic 
surface lialaiiced hj air 
immediateh before 
disruption, in |<rammcs 
weight per square 
i centimetre t 

BttxOBI 4‘ 

00254 

i 

527 7 


11 290 

00108 


; 307 8 


1 5 484 

00702 


I 314 4 


i 4 007 

01010 


207 0 


1 2 903 

01270 


2,34 0 


2 220 

01524 


2101 


' 1 893 

01778 

211 4 

208 2 

43 2 

' 1'757 

02032 


193 1 


i 1 512 

02280 


183 4 


, 1 304 

02510 


177 5 


1 277 

02007 

172 8 

173 3 

- 0 5 

1 217 

02794 


171*0 


1 185 

•02921 

100 1 j 

100 9 

-05 

1 129 

03018 


103 2 


1 080 

03302 


159 4 


1‘030 

03550 

155 8 1 

1*55 8 


•984 

01810 


152 0 


*944 

01004 


119 9 


•oil 

01318 

1 12 5 

114 4 

-10 

•845 

04572 

110 7 1 

145 7 

+ 10 

•800 

00090 

142 5 



823 

07493 

129 0 



•081 

08030 

120 0 



•044 

09779 

121 8 



•001 

10414 

123 7 


j 

•020 

11303 

121 8 



•001 

12192 

119 5 

1 

1 

j 

'579 

13208 

110 3 

1 


•548 

•13970 

115 4 

1 


•540 

11732 

114 5 

i 

1 

1 

•531 

15240 

114 9 

1 


•535 


* Bistanco between discs of absolute electiometer= *508 of a centimetre. 

Area of each = 174 square centimetres. 

Force of gravity at Glasgow on unit mass^OSl 4 dynamical units of force; 
that is to say, generates in one second a velocity of 981*4 centimetres per 
second 

t This is most directly obtained by finding the force between the discs of 
the absolute electrometer per square centimetie, and reducing, according to 
the inverse proportion of squares of distances, to what it would have been if 
the distance between them had been equal to the length of the spark. 
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Appendix (§§ 327-338). 

327. In order that the different expressions, ‘'potential,” 
“ electromotive force," “ electric force,” or “ electrostatic force,” 
“pressure of electricity from a metallic surface balanced by air," 
used in the preceding statement, may be perfectly understood, I 
add the following explanations and definitions belonging to the 
ordinary elements of the mathematical theory of electricity: — 

328. Measurement of quantities of electricity — The unit quan- 
tity of electricity is such a quantity, that, if collected in a point, 
it will repel an equal quantity collected in a point at a unit 
distance with a force equal to unity, 

329. [In absolute measurements the unit distance is one 
centimetie; and the unit force is that force which, acting on a 
gramme of matter during a second of time, generates a velocity 
of one centimetre per second. The weight of a gramme at 
Glasgow is 98 T4 of these units of force. The weight of a 
gramme in any part of the earth’s surface may be estimated 
with about as much accuracy as it can be without a special 
experiment to determine it for the particular locality, by the 
following expression : — 

In latitude X, average weight of a gramme 

= 978*024 X (1 + 005133 x sin^X) absolute kinetic units.] 

330. Electric density. — This term was introduced by Coulomb 
to designate the quantity of electricity per unit of area m any 
part of the suiface of a conductor. He showed how to measure 
it, though not in absolute measure, by his proof plane. 

331 Resultant electric force at any point in an insidatiny fluid 
[compare § 65, above]. — The lesultant force at any point m air 
or other insulating fluid in the neighbourhood of an electrified 
body, is the force which a unit of electricity concentrated at 
that point would experience if it exercised no influence on the 
electric distnbutions in its neighbourhood. 

332. Relation between electric density on the surface of a con- 
ductor ^ and electric force at points in the air close to it. — Accord- 
ing to a proposition of Coulomb s, requiring, however, correction, 
and first correctly given by Laplace, the resultant force at any 
point in the air close to the surface of a conductor is perpend i- 
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cular to the surface and equal to 47r/?, if p denotes the electric 
density of the surface in the neighbourhood (§ 87, Cor.). 

333. Electric pressure from the surface of a conducted balanced 
by air.— A. thin metallic shell or liquid him, as for instance a 
soap-bubble, if electrified, experiences a real mechanical force 
in a direction perpendicular to the surface outwards, equal in 
amount per unit of area to 27rp*, p denoting, as before, the 
electric density at the part of the surface considered (§ 88). 
This force may be called either a repulsion (as according to 
the views of the eighteenth century school) or an attraction 
effected by tension of air between the surface of the conductor 
and the conducting boundary of the air m which it is insu- 
lated, as it would probably be considered to be by Faraday ; 
but whatever may be the explanation of the modus operandi by 
which it is produced, it is a real mechanical force, and may be 
reckoned as in Col. 5 of the preceding Table, in grammes weight 
per square centimetre. In the case of the soap-bubble, for 
instance, its effect will be to cause a slight enlargement of the 
bubble on electrification with either vitreous or resinous elec- 
tricity, and a corre.sponding collapse on being perfectly dis- 
charged. In every case we may regard it as constituting a 
deduction from the amount of air-pressure which the body 
expeiiences when unelectrified. The amount of this deduction 
being different in different parts according to the square of the 
electric density, its resultant action on the whole body distuibs 
its equilibrium, and constitutes in fact the resultant of the 
electric force experienced by the body 

334. Collected formidce of relation between electric density on 
the surface of a conductor, elect? ic diminution of air-pressure upon 
it, and resultant force in the air close to the surface. — Let, as 
before, p denote the first of these three elements, let p denote 
the second reckoned in units of force per unit of area, and let 
B. denote the third. Then we have 
R — 4!7rp, 

335. Electric potential [difference of potentials being what, 
after German usage, is still sometimes called “electromotive 
force.” (Addition, April 1870.)]— The amount of work required 
T. E. 17 
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to move a unit of electricity against electric repulsion from any 
one position to any other position, is equal to the excess of the 
electric potential of the second position above the electric 
potential of the first position. 

Cor, 1 . The electric potential at all points close to the surface 
of an electrified metallic body has one value, since an electri- 
fied point, possessing so small a quantity of electricity as not 
sensibly to influence the electrification of the metallic surface, 
would, if held near the siiitace in any locality, experience a 
force perpendicular to the surfiice in its neighbourhood. 

Cor. 2. The electric potential throughout the interior of a 
hollow metallic body, electrified in any way by external influ- 
ence, or, if insulated, electrified either by influence or by com- 
munication of electricity to it, is constant, since there is no 
electric force in the interior in such circumstances. 

[It is easily shown by mathematical investigation, that the 
electric force experienced by an elcctiic point containing an 
infinitely small quantity of electricity, when placed anywheie 
in the neighbourhood of a hollow electrified metallic shell, 
gradually diminishes to nothing if the electric point be moved 
gradually from the exterior through a small aperture in the 
shell into the interior. Hence the one value of the potential 
close to the surfiice outside, mentioned in Cor. 1, is equal to 
the constant value throughout the interior mentioned in Cor. 2.] 
336. Interpretation of measurement hy electrometer — Every 
kind of electrometer consists of a cage or case containing a move- 
able and a fixed conductor, of which one at least is insulated and 
put in metallic communication, by what I shall call the prin- 
cipal electrode passing through an aperture in the case or cage, 
with the conductor whose electiicity is to be tested. In every 
properly constructed electrometer, the electric force experi- 
enced by the moveable part in a given position cannot be 
electrically influenced except by changing the difference of 
potentials between the principal electrode and the uninsulated 
conductor or conducting system in the electrometer. Even 
the best of ordinary electrometers hitherto constructed do not 
fulfil this condition, as the inner surface of the glass of which 
the whole or part of the enclosing case is generally made, is 
liable to become electrified, and inevitably does become so 
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when any very high electrification is designedly or acciden- 
tally introduced, even for a very short time ; the consequence 
of which is that the moving body will generally not return to 
its zero position when the principal electrode is perfectly dis- 
insulated. Faraday long ago showed how to obviate this radi- 
cal defect by coating the interior of the glass case with a fine 
network of tinfoil ; and it seems strange that even at the pre- 
sent day electrometers for scientific research, as, for instance, 
for the investigation of atmospheric electiicity, should be con- 
structed with so bad and obvious a defect uncured by so simple 
and perfect a remedy. When it is desired to leave the interior 
of the electrometer as much light as possible, and to allow it 
to be clearly seen from any external position with as little 
embarrassment as possible, a cage made like a bird s cage, with 
an extremely fine wire on a metal frame, inside the glass shade 
used to protect the instrument from currents of air, etc., may 
be substituted with advantage for the tinfoil netwoik lining of 
the glass. It appears, theieforo, that a properly constructed 
electrometer is an instrument for measuring, by means of the 
motions of a moveable conductor, the ditfercncc of potentials 
of two conducting systems insulated from one anotliei, of one 
of winch the case or cage of the appaiatus forms pait It may 
be remarked in passing, tliat it is sometimes convenient in 
special researches to insulate the case oi cage of the appaiatus, 
and allow it to acquire a potential differing from that of the 
earth, and that then, as always, the subject of measurement is 
the diffeience of potentials between the principal electrode and 
the case or cage, while m the ordinary use of the instrument 
the potential of the latter is the same as that of the earth. 
Hence we may regard the electrometer merely as an instrument 
for measuring diflerences of potential between two conducting 
systems mutually insulated; and the object to be aimed at in 
peifecting any kind of electrometer (more or less sensitive as it 
may be, according to the subjects of investigation for which it 
is to be used), is, that accurate evaluations in absolute measure, 
of differences of potential^ may he immediately derivable from its 
indications. 

337. Relation between electrostatic force and variation of electric 
potential.--^ 335, otherwise stated, is equivalent to this The 

17—2 
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average component electrostatic force in the straight line of 
air between two points in the neighbourhood of an electrified 
body is equal to their difference of potentials divided by their 
distance. In other words, the rate of variation of electric 
potential per unit of length in any direction is equal to the 
component of the electrostatic force in that direction. Since 
the average electrostatic force in the line joining two points at 
which the values of the potential are equal is nothing, the 
direction of the resultant electrostatic force at any point must 
be perpendicular to the equipotential surface passing through 
that point; or the lines of force (which are generally curves) 
cut the series of equipotential surfaces at right angles. The 
rate of variation of potential per unit of length along a line of 
force is therefore equal to the electrostatic force at any point. 

338. Stratum of air between two parallel or nearly parallel 
plane or curved metallic surfaces maintained at different poten- 
tials. — Let a denote the distance between the metallic surfaces 
on each side of the stratum of air at any part, and V the differ- 
ence of potentials. It is easily shown that the resultant elec- 
trostatic force is sensibly constant through the whole distance, 
from the one surface to the other; and being m a direction 

V 

sensibly perpendicular to each, it must (§ 337) be equal to — . 

a 

Hence (§ 332) the electric density on each of the opposed sur- 

V 

faces is equal to This is Green’s theory of the Leyden 

phial. 

339. Absolute Electrometer. — As a particular case of § 338, 
let the discs be plane and parallel: and let the distance be- 
tween them be small in comparison with their diameters, or 
with the distance of any part of either from any conductor 
differing from it in potential. The electric density will be 
uniform over the whole of each of the opposed surfaces and 
V . . . 

equal to , being positive on one and negative on the other ; 

and in all other parts of the surface of each the electrification 
will be comparatively insensible. Hence the force of attraction 

F* 

between them per unit of area (§§ 333 and 334) will be ^ — j ; 
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if A denote the area of either of the opposed surfaces, the 

whole force of attraction between them is therefore A - — . 

Hence, if the observed force be equal to the weight of w grammes 
at Glasgow, we have 

981-4 xw = A - — 

87ra 

- , _ /98r4 X 87r X w 

and therefore K = a W ^ . 


Addition, dated Apeil 12, 1860. 

340. Experiments on precisely the same plan as those of 
Table I. December 13, have been lepeated by the same two ex- 
perimenters, with different distances from ’75 to T5 of a centi- 
metre between the plates of the absolute electrometer, and 
results have been obtained confirming the general character of 
those shown in the preceding Tables. 

The absolute evaluations derived from these later series 
must be more accurate than those deduced above from the 
single series of December 13, when the distance between the 
plates in the absolute electrometer was only ’5 of a centimetre. 
I therefore, by permission, add the following Table of absolute 
determinations : — 


LdiKtli of spark 

111 ceiitiiuttrcs 

3 . 

riiH trostatic forces according 
to ( '.tiin.ited futrage of detir- 
niiimtions of Fehru.ari 15, 23, 

23, and 20, and March 1 

II 

0080 

267 1 

•0127 

257 0 

•0127 

262 2 

0190 

224 2 

•0281 

200 6 1 

•0408 

151 5 i 

•0563 

144-1 

0584 

139-6 

•0688 

140 8 

•0904 

134-9 

•1056 

132 1 

•1325 

1310 


These results, as well as those shown in the preceding Tables, 
demonstrate a much less rapid variation with distance, of the 
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electrostatic force preceding a spark, at the greater than at the 
smaller distances. It seems most probable that at still greater 
distances the electrostatic force will be found to be sensibly 
constant, as it was certainly expected to be at all distances. 
The limiting value to which the results shown in the last 
Table seem to point must be something not much less than 
130. This corresponds to a pressure of 68 grammes weiglit per 
square decimetre. We may therefore conclude that the ordi- 
nary atmospheric pressure of 103,200 grammes per square deci- 
metre, is electrically relieved by the subtraction of not more 
than 68, on two very slightly convex metallic surfaces, before 
the ail between them is cracked and a spark passes, provided 
the distance between them is not less than | of a centimetre. 
By taking into account the result of my preceding communica- 
tion to the Royal Society, we may also conclude that a Darnell’s 
battery of 5510 elements can produce a spark between two 
slightly convex metallic surfaces at ^ of a centimetre asunder 
in ordinary atmospheric air. 



XX. ELECTROxMETERS AND ELECTROSTATIC 
MEASUREJ\[ENTS. 


[§ 340'fiom Biitifyh Amciation Bepoit of Glasgow 18u5 Meeting, §§ 341—389 
from lleport of Dundee 1807 Meeting, being part of Report of Committee on 
Standards of Electrical Resistance.] 

840'. In tins communication three instruments were de- 
scribed and exhibited to the Section : the first a standard 
electiometer, designed to measure, by a process of weighing the 
mutual atti action of two conducting discs, the difference of 
electrical potential between two bodies with which they are 
connected, an instrument which will be useful for determining 
the electromotive foice of a galvanic battery in electrostatic 
measure, and for graduating electroscopic instruments so as 
to conveit their scale indications into absolute measure; the 
si^cond an electroscopic electrometer, which may be used for 
indicating eloctiical potentials in absolute measure, m ordinary 
expel imeiits, and, probably with great advantage, in obser- 
vations of atmospheric electricity ; and the third, for which a 
scientific friend has suggested the name of Electioplaty meter, 
an instnimeiit which may be applied either to measuie the 
capacities of conducting sm faces for holding chaiges of elec- 
tricity, or to determine the electiic inductive capacities of insu- 
lating media. 

311. An electrometer is an instrument for measuring differ- 
ences of electric potential between two conductois through 
effects of electrostatic force, and is distinguished from the gal- 
vanometer, which, of whatever species, measures differences of 
electric potentials through electromagnetic effects of electric 
currents produced by them. When an electrometer merely 
indicates the existence of electric potential, without measuring 
its amount, it is commonly called an electroscope ; but the 
name electrometer is properly applied when greater or less 
degrees of difference are indicated on any scale of reckoning. 
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if approximately constant, even during a single series of experi- 
ments. The first step towards accurate electrometry in every 
case is to deduce from the scale-readings, numbers which shall 
be in simple proportion to the difference of potentials to be 
determined. The next and last step is to assign the corre- 
sponding values in absolute electrostatic measure. Thus, when 
for any electrometer the first step has been taken, it remains 
only to determine the single constant coefficient by which the 
numbers, deduced from its indications as simply proportional 
to differences of potential, must be multiplied to give differ- 
ences of potential in absolute electrostatic measure. This co- 
efficient will be called, for brevity, the absolute coefficient of 
the instrument in question. 

342. Thus, for example, the gold-leaf electrometer indicates 
differences of potential between the gold leaves and the solid 
walls enclosing the air-space in which they move. If this 
solid be of other than sufficiently perfect conducting material, 
of wood and glass, or of metal and glass, for instance, as in the 
instrument ordinarily made, it is quite imperfect and indefinite 
in its indications, and is not worthy of being even called an 
electroscope, as it may exhibit a divergence when the difference 
of potentials which the operator desires to discover is absolutely 
zero. It is interesting to remark {§ 336) that Faraday fiist 
remedied this defect by coating the interior of the glass case 
with tinfoil, cut away to leave apertures proper and sufficient 
to allow indications to be seen, but not enough to cause these 
indications to differ sensibly from what they would be if the 
conducting envelope were completely closed around it; and 
that not till a long time after did any other naturalist, mathe- 
matician, or instrument-maker seem to have noticed the defect, 
or even to have unconsciously remedied it. 

343. Electrometers may be classified in genera and species 
according to the shape and kinematic relations of their parts ; 
but as in plants and animals a perfect continuity of interme- 
diate species has been imagined between the rudimentary 
plant and the most perfect animal, so in electrometers we 
may actually construct species having intermediate qualities 
continuous between the most widely different genera. But, 
notwithstanding, some such classification as the following is 



XX ] On Electrometers and Electrostatic Measurements. 265 

convenient with reference to the several instruments commonly 

m use and now to be described : — 

I. Repulsion electrometers. 

Pair of diverging straws as used by Beccaria, Volta, and 
others, last century. 

Pair of diverging gold leaves (Bennet). 

Peltier s electrometer. 

Delmanii s electrometer 

Old station-electrometer, described in lecture to the 
Royal Institution, May 1800 [§§ 274-275, above]; 
also in Nichols Gyclopmdia, article “Electricity, Atmo- 
spheric” (edition, 1800) [§ 203, above], and in Dr 
Everett s paper of 1867, “ On Atmospheric Electricity” 
{Philosophical Transactions) 

IL Symmetrical electrometers. 

Bohnenberger’s electrometer 
Divided-ring electrometers. 

Ill Attracted disc electiometeis. 

Absolute electrometer. 

Long-range electrometer. 

Portable electrometer 
Spring-standard electrometer. 

844 Class I. is sufficiently illustrated by the examples 
referred to ; and it is not necessary to explain any of these 
instruments minutely at present, as they are, for the present 
at all events, superseded by the divided- ring electrometer and 
electrometers of the third class. 

There are at present only two known species of the second 
class ; but it is intended to include all electrometers in which 
a symmetrical field of electric force is constituted by two 
symmetrical fixed conductors at different electric potentials, 
and m which the indication of the force is produced by means 
of an electrified body moveable symmetrically in either diiection 
from a middle position in this field. This definition is obviously 
fulfilled by Bohnenberger’s well-known instrument*. 

* A single gold leaf hanging between the upper ends of two equal and similar 
dry^ piles standing vertically on a horizontal plate of metal, one with its 
positive ahd the other wjth its negative pole up. 
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345. My first published description of a divided-ring electro- 
meter is to be found in the Memoirs of the Roman Academy oj 
Scwices* for February 1857; but since that time I have made 
gieat improvements in the instrument — first, by applying a 
light mirror to indicate deflections of the moving body ; next^ 
by substituting for two half rings four quadrants, and conse- 
quently for an electrified body pi ejecting on one side only of 
the axis, an electiified body pi ejecting symmetrically on the 
two sides, and moveable round an axis ; and lastly, by various 
mechanical improvements, and by the addition of a simple 
gauge to test the electiification of the moveable body, and of 
a replenisher to raise this electrification to any desiied degree. 

346 In the accompanying drawings, Plate I. fig 1 repre- 
sents the front elevation of the instrument, of which the chief 
bulk consists of a jar of white glass (flint) supported on three 
legs by a brass mounting, cemented round the outside of its 
mouth, which is closed by a plate of stout sheet-brass, with 
a lantern-shaped cover standing over a wide aperture in its 
centre. For brevity, in what follows these three parts will be 
called the jar, the main cover, and the lantern. 

Fig. 5 represents the qiiadiants as seen from above ; they 
are shown m elevation at a and 6, fig 1, and in section at c and 
d, fig. 2, They consist of four quaiters of a flat circular box 
of brass, with circulai apertures in the centies of its top and 
bottom. Their position in the instrument is shown in figs. 

1, 2, and 6. Each of the four quadrants is supported on a 
glass stem passing downwards through a slot in the mam cover 
of the jar, from a biass mounting on the outside of it, and 
admits of being drawn outwards for a space of about 1 centi- 
metre (J of an inch) from the positions they occupy when the 
instrument is in use, which are approximately those shown in 
the drawings. Three of them are secured in their proper posi- 
tions by nuts (e, e, e) on the outside of the chief flat lid of the 
jar shown in fig. 4. The upper end of the stem, carrying the 
fourth, is attached to a brass piece (f fig. 6) resting on thiee 
short legs on the upper side of the main cover, two of these 
legs being guided by a straight V-groove at (y) to give them 


* Accademia Pontificid dei Nuovi Lincei. 
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freedom to move in a straight line inwards or outwards, and to 
prevent any other motion. This brass piece is pressed out- 
wards and downwards by a properly arranged spring (A), and 
is kept from sliding out by a micrometer-screw (i) turning in 
a fixed nut. This simple kinematic arrangement gives great 
steadiness to the fourth quadrant when the screw is turned 
inwards or outwards, and then left in any position ; and at the 
same time produces but little friction against the sliding in 
either direction. The opposite quadrants are connected in two 
pairs by wires, as shown in fig. 5 ; and two stout vertical wires 
[I, m), called the chief electrodes, pa.ssing through holes in the 
roof of the lantern, are firmly supported by long perforated 
vulcanite columns passing* through those holes, and serve to 
connect the pairs of quadrants with the external conductors 
whose difference of potentials is to be tested. Springs (n, o) at 
the louer ends of tiiese columns, shown in figs 1 and 2, main- 
tain metallic contact between the chief electrodes and the 
upper sides of two contiguous quadrants {a and h) when the 
lantern is sot down in its proper position, but allow the lantern 
to bo removed, carrying the chief electiodes with it, and to be 
replaced at pleasure without disturbing the quadrants. The 
lantein also carries an insulated charging-rod (^), or temporary 
electrode, for charging the inner coating of the jar (§ 351) to a 
small degree, to be increased by the replenisher (§ 352), or, it 
may be, for making special experiments in which the potential 
of the interior coating of the jar is to be measured by a separate 
electrometer, or kept at any stated amount of difference from 
that of the outer coating. When not in use this temporary 
electrode is secured in a position in which it is disconnected 
from the inner coating. 

347. The main cover supports a glass column {q, fig. 2) 
projecting vertically upwaards through its central aperture, 
to the upper end of which is attached a brass piece (r), which 
bears above it a fixed attracting disc ( 5 ), to be described later 
(§ 353) ; and projecting down from it a fixed plate bearing 
the silk-fibre suspension of the mirror {t), needle (i^), etc., seen 
in figs. 1 and 2, and fixed guard tubes (?;, w), to be described 
presently. To the main cover also is attached the circular 
level (fig. 6), which is adjusted to indicate the position of the 
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instniment in which the quadrants are level, and the guard- 
tubes just mentioned vertical. Its lower surface which rests 
on the cover is slightly rounded, like a convex lens, so as to 
admit of a slight further adjustment (see end of § 348, Addition) 
by varying the relative pressure of the three screws by which it 
is fastened down to the cover. 

348. The moveable conductor of the instrument consists of a 
stiff platinum wire (a;), about 8 centimetres (3J inches) long, 
with the needle rigidly attached in a plane perpendicular to it, 
and connected with sulphuric acid in the bottom of the jar by 
a fine platinum wire hanging down from its lower end and kept 
stretched by a platinum weight under the level of the liquid. 
The upper end of the stiff platinum wire is supported by a 
single silk-fibre so that it hangs down vertically. The mirror 
is attached to it just below its upper end. Thus the mirror, 
the needle, and the stiff platinum stem constitute a rigid body 
having very perfect freedom to move round a vertical axis (the 
line of the bearing fibre), and yet practically prevented from 
any other motion m the regular use of the instrument by the 
weight of its own mass and that of the loose piece of platinum 
hanging from it below the surface of the liquid in the jar. A 
very small magnet is attached to the needle, which, by strong 
magnets fixed outside the jar, is diiected to one position, about 
which it oscillates after it is turned through any angle round 
the vertical axis, and then left to itself. The external magnets 
are so placed that when there is magnetic equilibrium the 
needle is in the symmetrical position shown in figs. 5 and 6 
with reference to the quadrants*. 

[Addition, April 1870. — The success of the experiments re- 
ferred to in the footnote has led to the adoption of the bifilar 
suspension in all the Quadrant Electrometers now made. It is 
represented in the margin. The stiff platinum wire which carries 
the mirror and needle has -a cross piece at its upper end, to 
which are attached the lower ends of the two suspending silk 
fibres ; the other ends being wound upon the two pins c, d, which 
may be turned in their sockets by a square-pointed key, to 


* Becently I have made experiments on a bifilar suspension with a view to 
superseding the magnetic adjustment, which promise well. 
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equalize the tensions of the fibres, and make the needle hang 
midway between the upper and under surfaces of the quadrants. 
The pins c, d, are pivoted in blocks carried by springs e, f to 
allow them to be shifted horizontally 
when adjusting the position of the 
points of suspension. The screws a, b, 
which traverse these blocks, have their 
points bearing against the fixed plate 
behind, so that when « or 6 is turned 
m the direction of the hands of a 
watch, the neighbouring point of sus- 
pension is brought forward, and con- 
versely. The needle may thus be 
made to turn through an angle, till 
it lies in the symmetrical position 
represented in fig. 5, Plate I., when 
all electrical disturbance has been 
guarded against by connecting the 
quadrants with the inside and out- 
side of the jar. The conical pin h 
passes between the two springs and 
screws into the plate behind; by 
screwing it inwards the points of 
suspension are made to recede from each other laterally, and 
the sensibility of the needle to a deflecting couple is diminished, 
and conversely. 

The method employed to test the symmetry of the suspen- 
sion is suggested by the consideration that if the tension be 
equally distributed between the two fibres, the sensibility of 
the needle to the same deflecting couple will be less than if 
the whole or the greater part of the weight were supported 
by one fibre ; also, the sensibility being a minimum, a small 
deviation from the conditions which make it so will produce 
the least change of sensibility, by the known property of a 
maximum or minimum. To test whether these conditions are 
attained, raise first one side of the instrument a little (one turn 
of the foot-screw on that side is usually suflScient), and then 
produce an equal deviation in the opposite direction from the 
position marked by the attached level (§ 347) ; and in each 
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position of the instrument observe the deflection of the image 
on the scale produced by some constant difference of potentials, 
as that between the two poles of a Paniells cell. This deflection 
ought to be very nearly equal in the three positions, but exactly 
equal in the two disturbed positions, and somewhat greater in 
these than in the middle or level position. When the instru- 
ment is far out of adjustment, the deviation will be greater in 
one of the disturbed positions and less in the other tlian in tlie 
middle position. When it is but slightly out of adjustment, 
the deflections in the disturbed positions may both somewhat 
exceed that m the middle position, but to different degiecs. 
An approximation to symmetry thus far at least should be 
obtained by merely turning the pins (c, d) ni their sockets as 
already directed, through the minutest angles sensible to the 
operator, without alteiing the adjustment of the spirit-level on 
the cover. When that has been done, the level on the cover 
ought to be adjusted (§ 347) by successive trials to indicate 
the position of the instrument such that when equally dis- 
turbed from it in opposite directions, the deflections obtained 
are equally m excess of the deflection obtained in the indicated 
position ] 

349. The needle {u) is of thin sheet aluminium cut to the 
shape seen in figs. 5 and fi ; the very thinnest sheet that gives 
the requisite stiffness being chosen Its area is 4^^ square centi- 
metres, and weight 07 of a gramme. If the four ([iiadiants 
are in a perfectly symmetrical position round it, and if they arc 
kept at one electiic potential by a metallic arc connecting the 
chief electrodes outside, the needle may be strongly electrified 
without being disturbed fiom its position of magnetic equili- 
brium; but if it is electrified, and if the external electrodes 
be disconnected, and any difference of potentials established 
between them, the needle will clearly experience a couple 
turning it round its vertical axis, its two ends being driven 
from the positive quadrants towards the negative, if it is itself 
positively electrified. It is kept positive rather than negative 
in the ordinary use of the instrument, because I find that 
when a conductor with sharp edges or points is surrounded 
by another presenting everywhere a smooth surface, a much 
greater difference of potentials can be established between 
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them, without producing disruptive discharge, if the points and 
edges are positive than if they are negative, 

350. The mirror {t) serves to indicate, by reflecting a ray of 
light from a lamp, small angular motions of tlie needle round 
the vertical axis It is a very light, concave, silvered glass 
mirror, being of only 8 millimetres of an inch) diameter, and 
22 milligrammes (J of a grain) weight I had for many years 
experienced great difficulty in getting suitable mnrors for my 
form of minor galvanometer, but they arc now supplied in 
very great perfection by Mr Becker, of Mc.ssrs Elliott Brothers, 
London. [Addition, J/ny 1870 — I have not succeeded in 
fretting more of the.se light giound concave mirrors giving good 
image.s, after a few supplied by Mr Becker at the time when 
the report was wiitten The lightest ground mirrors that 
iMi Becker can guarantee to give good images, weigh of 
a giamme of a giain). These answer well enough for 
the electrometers, because the aluminium needle weighing 
of a gramme gram), and being of much greater linear 
dimensions, its moment of ineitia is not hugely mcimsed by 
the addition of a miiror of that weight, and they are pieferrcd 
for this purpose to the e\([Uisitc light minors supplied by 
Mr White, as bcung stronger and le.ss liable to \varp in being 
mounted But for galvanometeis, and especially telegraph- 
signal galvanometer.s, it is impoilant that the miiiois bo the 
very lightest possible. The only minors suitable for this 
purpose which I can now obtain are supplied by Mr White. 
They give very peifect images, and w'cigh of a gramme 
(t(J ^ grain) without tlie magnets, and of a gramme 
with the magnets attached. l^Ir White produces them by 
cutting out and silvering a laige nurnbei of circles of the 
thinnest microscope gla.ss, attaching the magnets (four on the 
back of each miiroi), and finally testing for the image. Out of 
fifty tried, about ten or fifteen are generally found satisfactory. 

A miiror may give a good image before the magnets are 
attached, and become w^arped out of shape and give a bad 
image after the magnets have been cemented to it] The 
focus for parallel rays is about 50 centimetres (20 inches) 
from the mirror, and thus the rays of the lamp placed at a 
distance of 1 metre (or 40 inche.s) are brought to a focus at 
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the same distance. The lamp is usually placed close behind 
the vertical screen a little below or above the normal line 
of the mirror, and the image is thrown on a graduated scale 
extending horizontally above or below the aperture in the screen 
through which the lamp sends its light. When the mirror 
is at its magnetic zero position, the lamp is so placed that its 
image is, as nearly as may be, in a vertical plane with itself, 
and not more than an inch above or below its level, so that 
there is as little obliquity as possible in the reflection, and the 
line traversed by the image on the screen during the deflection 
is, as nearly as may be, straight. The distance of the lamp 
and screen from the mirror is adjusted so as to give as perfect 
an image as possible of a fine wire which is stretched vertically 
in the plane of the screen across the aperture thiough which 
the lamp shines on the mirror; and with Mr Beckers mirrors, 
as with Mr Whites selected galvanometer mirrors, I find 
it easy to read the horizontal motions of the dark image to 
an accuracy of the tenth of a millimetre. In the ordinary 
use of the instrument a white paper screen, printed from a 
copper-plate, divided to fortieths of an inch, is employed, and 
the readings are commonly taken to about a quarter of a scale- 
division; but with a little practice they may, when so much 
accuracy is desired, be read with considerable accuracy to the 
tenth of a scale-division. Formerly a slit in front of the lamp 
was used, but the wire giving a dark line in the middle of the 
image of the flame is a very great improvement, first intro- 
duced by Dr. Everett (in consequence of a suggestion made 
by Professor P. G. Tait) in his experiments on the elasticity of 
solids made in the Natural Philosophy Laboratory of Glasgow 
University*. 

351. The charge of the needle remains sensibly constant 
from hour to hour, and even from day to day, in virtue of 
the arrangement by which it is kept in communication with 
sulphuric acid in the bottom of the jar, the outside of the 


* A Drummond light placed about 70 centimetres from the mirror gives 
an image, on a screen about 3 metres distant, bnihant enough for lecture- 
illustrations, and with sufficient definition to allow accurate readings of the 
positions on a scale marked by the image of a fine vertical wire in front of 
the light. 



XX.] On Electrometers and Electrostatic Measurements. 273 

jar being coated with tinfoil and connected with the earth, so 
that it is in reality a Leyden jar. The whole outside of the 
jar, even where not coated with tinfoil, is in the ordinary use 
of the instrument, especially in our moist climate, kept virtually 
at one potential through conduction along its surface. This 
potential is generally, by connecting wires or metal pieces, kept 
the same as that of the brass legs and framework of the instru- 
ment. To prevent disturbance in case of strongly electrified 
bodies being brought into the neighbourhood of the instrument, 
a wiie is either wrapped round the jar from top to bottom, or a 
cage or network of wire, or any convenient metal case, is placed 
round it; but this ought to be easily removed or opened at any 
time to permit the interior to be seen. When the instrument 
is left to itself from day to day in ordinary use, the needle, 
connected with the inner coating of the jar as just described, 
loses, of couise, unless replenished, something of its charge; 
but not in general more than | percent, per day, when the jar 
is of fiint-glass made in Glasgow. On Lying similar jais of 
green glass I found that they lost their charge more rapidly 
per hour than the white glass jars per month. I have occa- 
sionally, but very rarely, found white glass jars to be as defec- 
tive as those green ones, and it is po.ssible that the defect I 
found m the green jars may have been an accident to the jars 
tested, and net an essential property of that kind of glass. 

852. I have recently made the very useful addition of a 
replenish er to restore electricity to the jar from time to time 
when required. It consists of (1) a turning vertical shaft of 
vulcanite bearing two metal pieces called carriers (5, 6, figs. 
17 and 18) ; (2) two springs (■(/, d, figs. IG and 18), con- 
nected by a metallic arc, making contact with the carriers once 
every half turn of the shaft, and therefoie called connectors; 
and (8) two inductors (a, a) with receiving springs (c, c) attached 
to them, which make contact with the carriers once every half 
turn, shortly before the connecting contacts are made. The 
inductors (a, a, figs. 16 and 18) are pieces of sheet metal bent 
into circular cylindrical shapes of about 120*^ each ; they are 
placed so as to deviate in the manner shown in the drawing 
from parts of a cylindrical surface coaxial with the turning- 
shaft, leaving gaps of about 60® on each side. The diameter of 
T. E. 18 
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this cylindrical surface is about 15 millimeters (about f of an 
inch). The carriers (5, 5, figs. 17 and 18) are also of sheet 
metal bent to cylindrical surfaces, but not exactly circular 
cylinders; and are so placed on the bearing vulcanite shaft 
that each is rubbed by the contact springs over a very short 
space, about 1 millimeter beyond its foremost edge, when turned 
in the proper direction for replenishing. The receiving springs 
(c, c, figs. 17 and 18) make their contacts with each carrier 
immediately after it has got faiily under cover, as it weie, of 
the inductor. Each carrier subtends an angle of about 60® at 
the axis of the turning-shaft. The connecting contacts are 
completed just before the earners commence emerging from 
being under cover of the inductors. The carriers may bo said 
to be under cover of the inductors wlien they are within the 
angle of 120® subtended by the inductors on each side of the 
axis. One of the inductors is in metallic communication with 
the outside coating of the jar, the other with the inside. Figs 
16, 17, and 18 illustrate sufficiently the shape of carriers and 
the succession of the contacts. The arrow-head indicates the 
direction to turn for replenishing. When it is desired to 
diminish the charge, the replenisher is turned backwards. A 
small charge having been given to the jar from an independent 
source, the replenisher when turned foi wards increases the dif- 
ference of potentials between the two inductors and theiefoie 
between the two coatings of the jar connected with them by a 
constant percentage per half turn, unless it is raised to so high 
a degree as to break down the air-insulation by disruptive dis- 
charge. The electric action is explained simply thus: — The 
carriers, when connected by the connecting springs, receive op- 
posite charges by induction, of which they deposit large propoi- 
tions the next time they touch receiving springs. Thus, for 
example, if the jar be charged positively, the carrier emerging 
from the inductor connected with the inner coating carries a 
negative charge round to the receiving spring connected with the 
outside coating, while the other carrier, emerging from the induc- 
tor connected with the outside coating, carries a positive charge 
round to the receiving spring connected with the inside coating. 

If the carriers are not sufficiently well under cover of the in- 
ductors during both the receiving contacts and the connecting 
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contacts to render the charges which they acquire by induction 
during the connecting contacts greater than that which they 
carry away with them from the receiving contacts, the rotation, 
even in the proper direction for replenishing, does not increase, 
but, on the contrary, diminishes the charge of the jar. The 
deviations of the inductors from the circular cylinder, referred 
to above, have been adopted to give greater security against 
this failure. A steel pivot fixed to the top of the vulcanite 
shaft, and passing through the main cover, carries a small 
milled head (y, fig. 1) above, on tlie outside, which is spun 
rapidly round in either direction by the finger, and thus in 
less than a minute a small charge m the jar may be doubled. 
The diminution of the charge, when the instrument is left to 
itself for twenty-four hours, is sometimes imperceptible; but 
when any loss is discovered to have taken place, even if to the 
extent of 10 per cent, a few moments’ use of the replenisher 
sufiices to restore it, and to adjust it with minute accuracy to 
the required degree by aid of the gauge to be described pre- 
sently. The principle of the ‘‘ replenisher '' is identical with 
that of the “doubler” of Bennet In the essentials of its con- 
struction it is the same as Varley’s improved form of Nichol- 
son’s “revolving doubler.” 

853. The gauge consists of an electrometer of Class III. 
The moveable attracted disc is a square portion of a piece ot 
very thin sheet aluminumi of the shape shown at a in fig. 4. 

It is supported on a stretclied platinum wire passing through 
two holes in the sheet, and over a very small projecting ridge 
of bent sheet aluminium placed in the manner shown in the 
magnified drawing, fig. 3. The ends of this wire are passed 
through holes in curved spiings, shown in fig 4, and are bent 
round them so as to give a secure attachment without solder, 
and without touching the straight stretched part of the wire 
The ends of the platinum wire fi) are attached by cement 
to the springs, merely to prevent them from becoming loose, 
care being taken that the cement does not prevent metallic 
contact between some part of the platinum wire and one 
or both of the brass springs, I have constantly found fine 
platinum wire rendered brittle by ordinary solder applied to it. 
The use of these springs is to keep the platinum wire stretched 

18—2 
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with an approximately constant tension from year to year, and 
at various temperatures. Their fixed ends are attached to 
round pins, which are held with their axes in a line with the 
fibre by friction, in bearings forming parts of two adjustable 
brass pieces (7, 7) indicated in fig. 4 ; these pieces are adjusted 
once for all to stretch the wire with sufficient force, and to keep 
the square attracted disc in its proper position. The round 
pins bearing the stretching springs are turned through very 
small angles by pressing on the projecting springs with the 
finger. They are set so as to give a proper amount of torsion 
tending to tilt the attracted disc (2) upwards, and the long end 
of the aluminium lever ( 3 ), of which it forms a part, downwards. 
The downward motion of the long end is limited by a properly 
placed stop. Another stop (e) above limits the upward motion, 
which takes place under the influence of electrification in the 
use of the instrument. A very fine opaque black hair (that of a 
small black-and-tan terrier I have found much supeiior to any 
hitherto tried) is stretched across the forked portion of the 
sheet aluminium in which the long arm of the lever terminates. 
Looked at horizontally from the outside of the instrument it is 
seen, as shown in fig. 7 , Plate I., against a white background, 
marked with two very fine black circles. These sight-plates 
in the instruments, as now made by Mr Wiiite, are of the same 
material as the ordinary enamel watch-dials, with black figures 
on a white ground. The white space between the two circles 
should be a very little less than the breadth of the hair. The 
sight-plate is set to be as near the hair as it can be without 
impeding its motion in any part of its range; it is slightly 
convex forwards, and is so placed that the hair is nearer to it 
when in the middle between the black circles than when in 
any other part of its range. It is thus mad^ very easy, even 
without optical aid, to avoid any considerable error of parallax 
in estimating the position of the hair relatively to the two 
black circles. By a simple plano-convex lens (</>, fig. 2), with 
the convex side turned inwards, it is easy, in the ordinary use 
of the instrument, to distinguish a motion up or down of the 
hair amounting to of an inch. With a little care I have 
ascertained, Dr Joule assisting, that a motion of no more than 
— of an inch from one definite central position can 
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securely tested without the aid of other magnifying power than 
that given by the simple lens. The lens during use is in a 
fixed position relatively to the framework bearing the needle, 
but it may be drawn out or pushed in to suit the focus of each 
observer. To give great magnification, it ought to be drawn out 
so far that the hair and sight-plate behind may be but little 
nearer to the lens than its principal focus, and the observer’s 
eye ought to be at a very considerable distance from the instru- 
ment, no less than 20 centimetres (8 inches) to get good mag- 
nification ; and a short-sighted person should use his ordinary 
concave eye-lens close to his eye. The reason for turning the 
convexity of the small plano-convex lens inwards is, that with 
such a lens so placed, if the eye of the observer is too high or too 
low, the hair seems to him curved upwards or downwards, and 
he IS thus guided to keep his eye on a level sufficiently constant 
to do away with all sensible effects of parallax on the position of 
the hair relatively to the black circles. The framework carry- 
ing the stretched platinum wire and moveable attracted disc is 
above the brass roof of the lantern, in which a square aperture 
is cut to allow the square poition constituting the short arm of 
the aluminium balance to be attracted downwards by the fixed 
attracting disc (§ 347), to be presently described. A side view 
of the attracting plate, the brass roof of the lantern, the alu- 
minium balance, the sight-plate, the hair, and the plano-convex 
lens is given in section (fig 2) ; also a glass upper roof to pro- 
tect the gauge and the interior of the instrument below from 
dust and disturbance by currents of air, to which, without this 
upper roof, it would be exposed, through the small vacant space 
around the moveable aluminium square. The fixed attracting 
disc is borne by a vertical screw screwing into the upper brass 
mounting (z, fig. 2) {§ 347), connected with the inner coating of 
the Leyden jar through the guard tubes, etc., and is secured in 
any position by the “jam nut,” shown in the drawing at z, 
fig. 2. This disc {s) is circular, and about 38 millimetres (IJ 
inch) in diameter, and is placed horizontally with its centre 
under the centre of the square aperture in the roof of the 
lantern. Its distance from the lower surface of the roof and of 
the moveable attracted disc may be fiom to 5 millimetres 
(from to ^ of an inch), and is to be adjusted, along with the 
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amouat of toi^sion in the platinum wire bearing the aluminium 
balance-arm, so as to give the proper sensibility to the gauge. 
The sensibility is increased by diminishing the distance from 
the attracting to the attracted plate, and increasing the amount 
of torsion. Or, again, the degree of the potential indicated by 
it when the hair is in the sighted position is increased by in- 
creasing the distance between the plates, or by increasing the 
amount of torsion. If the electrification of the needle is too 
great, its proper position of equilibrium becomes unstable ; or 
before this there is sometimes a liability to discharge by a spark 
across some of the air-spaces. The instrument works extremely 
well with the needle charged but little less than to give rise to 
one or both of these faults, and I adjust the gauge accordingly. 

354, The strength of the fixed steel directing magnets is to 
be adjusted to give the desired amount of deflection with any 
stated difference of potentials maintained between the two 
chief electrodes, when the jar is chaiged to the degree which 
brings the hair of the gauge to its sighted position. In the 
instruments already made, the deflection* by a single cell of 
Daiiiell’s amounts to about 100 scale-divisions (of of an inch 
each and at a distance of 40 inches), if the magnetic directive 
force is such as to give a period of /ibration equal to about 1 5 
seconds, when the jar is dischaigcd and tlie four quadrants 
are connected with one another and with the inner coating of 
the jar. Lower degrees of sensibility may be attained better by 
increasing the magnetic directing force than by diminishing the 
charge of the jar. Thus, for instance, when it is to be used 
for measuring and photographically recording the potential of 
atmospheric electricity at the point where the stieam of the 
water-dropping collectorf breaks into diops, the magnetic 
directing force may be made from 10 to 100 times greater than 
that just described. When this is to be done it may be con- 
venient to attach a somewhat more powerful magnetic needle 
than that which has been made in the most rec^ent instruments 
where a high degree of sensibility has been provided for. But it 

* That 18 to say, the number of scale-divisions over which the luminous 
image moves when the chief electrodes are disconnected from one another and 
put in metallic connexion with the two plates of a Daniell’s battery. 

t See Koyal Institution Lecture, May 18, 1860 (§§ 278, 279, above), or Nichol's 
C\{chp<xdia, aiticle ‘‘Electricity, Atmospheiic” (Edition 1860) (§ 262, above). 
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is to be remarked that in general the directing-force of the ex- 
ternal steel magnets cannot be too strong, as the stronger it is 
the less is the disturbance produced by magnetic bodies moving 
in the neighbourhood of the instrument*. In laboratory work, 
where numerous magnetic experiments are being performed in 
the immediate neighbourhood, and in telegraph factories where 
there is constant disturbance by large moving masses of iron, 
the artificial magnetic field of the electrometer ought to be 
made very strong. To allow this, and yet leave sufficient 
sensibility to the instrument, the suspended magnetic needle 
has been made smaller and smaller, until it is now reduced to 
two small pieces of steel side by side, 6 millimetres (J of an 
inch) long. For a meteorological observatory all that is neces- 
sary is, that the directing magnetic force may be so great that 
the greatest disturbance experienced in magnetic storms shall 
not sensibly deflect the luminous image. 

855. The sensibility of the gauge should be so adjusted that 
a variation in the charge of the jar, producing an easily per- 
ceived change in the position of the hair, shall produce no 
sensible change in the deflection of the luminous image pro- 
duced by the greatest difference of potentials between the 
quadrants, which is to be measured in the use of the instru- 
ment. I believe the instruments already made, when adjusted 
to fulfil these conditions, may be trusted to measure the dif- 
ference of potentials produced by a single cell of Daniell’s to 
an accuracy of a quarter per cent. It must be remembered 
that the constancy of value of the unit of each instrument 
depends not only on the constancy of the potential indicated 
by the gauge, but also on the constancy of the magnetic force 
ill the field traversed by the suspended magnet, and on the con- 
stancy of the magnetic moment of the latter. As each of these 
may be expected to decrease gradually from year to year (al- 
though very slowly after the first few hours or weeks), rigorous 
methods must be adopted to take such variations into account, if 
the instrument is to be trusted as giving accurately comparable 
indications at all times. The only method hitherto provided 


* All embarrassment fiom this source will be done away with if the bifilar 
plan be adopted (see § 348, Addition). 
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for thil most important object consists in the observation of 
the deflection produced by a measured motion of one of the 
quadrants by the micrometer screw (i) when the four quadrants 
are put in metallic communication with one another through 
the principal electrodes; the jar being brought to one constant 
potential by aid of the gauge, and therefore the force producing 
the deflection being constant The amount of the deflection will 
show whether or not the force of the magnetic field has changed, 
and will render it easy at any time to. adjust the strength of the 
magnets, if necessary, to secuie this constancy. But to attain 
this object by these means, the three quadrants not moved by 
the micrometer screw must be clamped by their fixing-screws 
so that they may be always in the same position. 

356. The absolute constancy of the gauge cannot be altogether 
relied upon. It certainly changes to a sensible degree with tern- 
peratuie, and in difiereut instruments, to very different degrees, 
and even in ditferent directions, as will bo seen (§ 377) in con- 
nexion with the description of the poi table electrometer to be 
given later. But this tempeiature vaiiation does not amount in 
ordinary cases probably to as much as one per cent.; and it is 
probable that after a year or two any continued secular variation 
of the platinum toision spring will be quite insensible It is to 
be remarked, however, that secular experiments on the elasticity 
of metals are w'anting, and ought at least to be commenced in 
our generation. In the meantime it will be desirable, both on 
account of the temperature variation and of the possible secular 
variation in the couple of torsion,, to check the gauge by accu- 
rate measurements of the time of oscillation of the needle with 
its appurtenances. The moment of inertia of this rigid body, 
except in so far as it may be influenced by oxidation of the 
metal, of which I have as yet discovered no signs, may be 
regarded as constant, and therefore the amount of the direct- 
ing couple due to the magnets may be determined with great 
accuracy by finding the period of an oscillation when the four 
quadrants are put in connexion through the charging rod with 
the metal mounting bearing the guard plates, etc. I have not 
as yet put into practice any of the obvious methods, founded 
on the general principle of coincidences used in pendulum 
observations, for determining the period of the oscillation ; but 
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although not more than twenty or thirty complete oscillations 
can be counted, it seems certain that with a little trouble the 
period of one of them may be easily determined to an accuracy 
of about per cent. 

357. [AdditioUy May 1870. — The most direct and obvious 
method of using the Quadrant Electrometer is to connect the 
two chief electrodes, with the twa bodies whose difference of 
potentials is to be measured, and one of them with the case of 
the instrument. With the instruments made at the present 
date, a difference of potentials equal to that of the opposite poles 
of a single Daniell’s cell gives, when measured in this manner, 
a deflection of the image over about CO scale-divisions, more 
or less according to the distance at which the points of sus- 
pension of the silk fibres have been adjusted (§ 348, Addition). 
The difference of potentials due to six cells in series would 
thus deflect the image to the extremity of the scale, and be the 
greatest difference of potentials that could be measured by the 
electrometer, if these weie the only connexions available for 
measurements. A second and much lower grade of sensibility 
IS obtained by simply raising, so as to disconnect from the 
quadrant beneath it, the electrode connected with the case. 
This being done, it requires a 
battery of about 10 or 15 cells 
to produce the deflection pre- 
viously produced by a s.ingle cell 
Several still lower grades of sen- 
sibility have been provided for 
in the instruments recently made, 
by the addition of an induction- 
plate, insulated diiectly over one 
of the qua^lrants behind the 
mirror. The sketch in the mar- 
gin represents a vertical section 
through the induction-plate {e), 
insulating glass stem {i) by 
which it is supported, its elec- 
trode (a), the quadrant (c), and 
main glass stem {q). The line 
AB in the horizontal plan be- 




282 On Electrometers and Electrostatic Measurements, [xx. 

low is the line of section, passing through the centres of the 
electrode and insulating stem of the induction-plate, and that 
of the main glass stem, which are in one straight line. The 
plan represents that part of the main cover as seen from above, 
when the lantern and upper works are removed. The plate {h) 
which supports the main stem (q) has been enlarged to bear 
also the insulating support (i) of the induction-plate. The 
outline of the induction-plate falls within that of the quadrant 
beneathdt by '16 of a centimetre of an inch) all round. It 
is distant *48 of a centimetre (jjr of an inch) from the upper 
surface of the quadrant. The dimensions in the figure are half 
full size. 

With an electrometer fitted with the induction-plate, the 
usual connexions for the first or direct method of measure- 
ment are the same as above mentioned. The electrode of the 
induction-plate may be connected with tliat of the quadrant 
beneath it, or with the case, or it may be insulated, without 
sensibly affecting the indications of the instrument. For 
the second grade of sensibility the induction-plate is con- 
nected with the case, and the difference of potentials to 
be measured is established between it and the distant pair 
of quadrants, the nearer pair being insulated by raising their 
electrode. To free the latter from the induced cliarge which 
they commonly receive by the act of raising their electrode, 
a disinsulator is provided, consisting of a light arm or spring 
which may be turned so as to make contact with the quadrant 
by means of a small milled head projecting above the cover. 
For a certain lower grade the arrangement is the same, except 
that the distant pair of quadrants, instead of the induction-plate, 
is connected with the cover, and the difference of potentials to 
be measured is established between the cover and the induction- 
plate. With this arrangement the deflections measure about 
five times the difference of potentials producing the same 
deflect! oils by the second grade. 

The connexions may be further varied so as to produce other 
degrees of sensibility giving indications perfectly trustworthy 
and available for comparative measurements. The different 
methods of forming the connexions, with or without an in- 
ductor, are indicated in the following table, where R means the 
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electrode of the pair of quadrants marked RE in the figure, 
L that of the pair LL\ and I that of the induction-plate; C is 
the conductor led from one of the bodies experimented upon, 
0 the conductor led from the other and connected to the outer 
metallic case of the instrument, which may be insulated from 
the table if necessary by placing a small block or cake of clean 
paraffin under each of the three feet on which the instrument 
stands ; (E) or (Z) means that the electrode of RE or LL' is 
to be raised so as to be disconnected from its pair of quadrants. 
Thus in the grade of diminished power or sensibility standing 
hist in the table on the right, the electrode L is raised, one 
conductor is connected with R; I and the other with the case 
of the instiument. The grade standing last in the table, in 
which L and E are both raised, is the least sensitive of all. In 
each of these methods the correctness of the indications has 
been verified by measuiements taken simultaneously with the 
Standard Electrometer (§ 379), the measured difference of 
potentials being that of the earth and of a Leyden jar fitted 
with a leplenishei, by means of which its potential was varied 
so as to make the deflected image stand at all points between 
the extremity of the scale and the zero position. The working 
of the replcnisher being suspended at intervals to allow an 
accurate leading to be taken of the position of the image and 
the indication of the Standard Electrometer, the subsistence of 
a correct proportion between the deflection and the measure- 
ment obtained from the Standaid Electrometer w^as verified at 
all points of the range. 

WITHOUT INDUCTOE. WITH INDUCTOK. 

Tull Power. Pull Power. 



Diminished Power, Giades of Diminished PoAver. 




284 On Electrometers and Electrostatic Measurements, [xx. 


The facility afforded by the num- 
her of these arrangements for vary- 
ing the- sensibility of the instru- 
ment even to a moderate or slight 
degree without altering the adjust- 
ment of the fibres, will be found 
useful in some kinds of observa- 
tions. For instance, if it be de- 
sired to observe the fluctuations 
of a varying potential, a degree of 
sensibility which throws the de- 
flected image nearly to the ex- 
tremity of the scale will cause the 
fluctuations to be twice as sensible 
and accurately read as if the de- 
flection were only half as ranch, as 
they will bear the same proportion 
to the whole deflection in the two 


I It is intended in future to make 
I the induction-plate smaller and 
6/' more distant from the quadrant, in 

order to diminish the inductive 

effect and permit of the measure- 
ment of from 100 to 5000 cells by the least sensitive method. 
In some electrometers also the first two grades of sensibility may 
be considered sufficient, and the induction-plate dispensed with.] 



Absolute Electrojieter 


858. The absolute electrometer (fig. 11, Plate 11.) and the 
other instruments of Class III are founded on a method of 
experimenting introduced by Sir William Snow Harris, and 
described in his first paper '^On the Elementary Laws of 
Electricity*,” thirty-four years ago. In these experiments 
a conductor, hung from one arm of a balance and kept in 
metallic communication with the earth, is attracted by a fixed 
insulated conductor, which is electrified, and, for the sake of 
keeping its electric potential constant, is connected with the 


PhihsopJdcal Tramactiom, 1834 . 



XX.] On Electrometers and Electrostatic Measurements, 285 

inner coating of a Leyden battery. The first result which 
he announced is, that, when other circumstances remain the 
same, the attraction varies with the square of the quantity 
of electricity with which the insulated body is charged and 
is independent of the unopposed parts. '‘It is readily seen 
'' that, in the case of Mr Harris’s experiments, it will be 
“ so slight on the unopposed portions that it could not be 
perceived without experiments of a very refined nature, such 
“ as might be made by the proof plane of Coulomb, which is, 
“ in fact, with a slight modification, the instrument employed 
“ by Mr Faraday in the investigation. Now to the degree of 
“approximation to which the electnfication of the unopposed 
“ parts may be neglected, the laws observed by Mr Harris when 
“ the opposed surfaces are plane may be readily deduced from 
“ the mathematical theory. Thus let v be the potential in the 
“interior of A, the charged body, a quantity which will depend 
“ solely on the state of the interior coating of the battery with 
“ whicli, in Mr Hams s experiments, A is connected, and will 
“ therefoixi be sensibly constant for different positions of A 
“relative to the uninsulated opposed body B. Let a be the 
“ distance between the plane opposed faces of A and B, and 
“ let B be the area of the opposed parts of these faces, which 
“ will in general be the area of the smaller, if they be unequal. 

“ When the distance a is so small that we may entiiely neglect 
“ the intensity on all the unopposed parts of the bodies, it is 
“ readily shown, from the mathematical theory, that (since the 
“ difference of the potentials at the surfaces of A and B is v) 

“ the intensity of the electiicity produced by induction at any 
“ point of the portion of the surface of B which is opposed to 

“ A is — ^ , the intensity at any point which is not so situated 

“ being insensible. Hence the attraction on any small element 
“ ft), of the portion 8 of the surface of B, will be in a direction 

“ perpendicular to the plane and equal to,27r j Hence 
“ the whole attraction on B is 

87ra“‘ 


See Mathematical Journal, vol. iii. p. 275 (VII. above, §§ 146, 147). 
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**Thk formula expresses all the laws stated by Mr Harris 
“ as results of his experiments in the case when the opposed 
surfaces are plane*. ^ 

359. After many trials to make an absolute electrometer 
founded on the repulsion between two electrified spherical 
conductors for which I had given a convenient mathematical 
formula in § 4 of the paper just quoted (§ above), it occurre<l 
to me to take advantage of the fact noticed by Harris, but easily 
seen as an immediate consequence of Green’s mathematical 
theory, that the mutual attraction between two conductors used 
as in his experiments is but little influenced by the form of the 
unopposed parts; and in 1853, in a paper “ On Transient Electric 
Currents f,” I described a method for measuring differences of 
electric potential in absolute electrostatic measure founded on 
that idea. The “absolute electrometer,” which I exhibited to 
the British Association at its Glasgow Meeting in 1855, was con- 
structed for the purpose of putting these methods into practice 
This instrument consists of a plane metal disc insulated in a 
fixed horizontal position with a somewhat smaller fixed metal 
disc hung centrally over it, from one end of the beam of a 
balance. In two papers^ entitled “Measurement of Electro- 
static Force produced by a Battery,” and “Measurement of the 
Electromotive Force required to produce a Spark in Air between 
Parallel Metal Plates at Different Distances,” published in the 
Proceedings of the Royal Society for February 1800, I described 
applications of this electrometer, in which, for the first time I 
believe, absolute electrostatic measurements were made. The 
calculations of differences of potential in absolute measure were 
made according to the formula quoted above (§ 358) from my 
old paper on “The Elementary Laws of Statical Electricity,” 

360. This formula is rigorous only if the distance between 
the discs is infinitely small in comparison with their diameters, 
and therefore, in my earliest attempt to make absolute electro- 
static measurements, I used very small distances. I found 


♦ “On the Elementary Laws of Statical Electricity,” Cambridge and Dtihhn 
Mathematical Journal^ 1846 ; and Philosophical Magazine^ Juiy> 1854 (II. above, 
§27). 

t Philosophical Magazine, June, 1853. 
t XVUI. and XIX. above, §§ 310-340. 
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great difficulty in securing that the distance should be nearly 
enough equal between different parts of the plates, and in 
measuring its absolute amount with sufficient accuracy; and 
found besides serious inconveniences in respect of sensibility 
and electric range : later I made a great improvement in the 
instrument by making only a small central area of one of the 
discs moveable. Thus the electric part of the instrument 
becomes two large parallel plates with a circular aperture in 
one of them, nearly filled up by a light circular disc supported 
properly to admit of its electrical attraction towards the other 
being accurately measuied in absolute units of force. The disc 
and the perforated plate surrounding it will be called, for 
brevity, the disc and the guard-plate. The faces of these two 
next the other plate must be as nearly as possible in one plane 
when the disc is precisely in the position for measuring the 
electric force upon it, which, for brevity, will be called its 
sighted position. The space between the disc and the inner 
edge of its guard-ring must be a very small part of the diameter 
of the aperture, and must be very small in comparison with the 
distance between the plates; but the diameter of the disc may be 
greater than, equal to, or less than the distance between the plates. 

361. Mathematical theory shows that the electric attraction 
experienced by the disc is the same as that experienced by a 
certain part of one of two infinite planes at the same distance, 
with the same difference of electric potentials, this area being 
very approximately the mean betw^een the area of the aperture 
and the area of the disc, and that the approximation is very 
good, even should tlie distance between the plates be as much 
as a fourth or fifth, and the diameter of the disc as much as 
three-fourths of the diameter of the smaller of the two plates. 
This conclusion will be readily assented to when w’e considei 
that* the resultant electric force at any point in the air between 
the two plates is equal numerically to the rate of conduction ol 
heat per unit area across the coi responding space in the follow- 
ing thermal analogue. Let a solid of uniform thermal conduc- 
tivity replace all the air between and around the plates; and ir 


* “ On the Uniform Conduction of Heat through Solid Bodies, and its con 
nexion with the Mathematical Theory of Electricity,” CambHdge 3IathematK(i 
Journal, Feb. 1842; and Philosophical Magazine, July, 1854 (I. above, §§ 1 — C) 
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place of the plates let there be hollow spaces in this solid. Let 
these hollow spaces be kept at two uniform temperatures, 
differing by a number of degrees equal numerically to the 
difference of potentials in the electric system, the space corre- 
sponding to the disc and guard -ring being at one temperature, 
and that corresponding to the opposite plate at the other tem- 
perature; and let the thermal conductivity of the solid be 
unity. If we attempt to draw the isothermal surfaces between 
the hollow corresponding to the continuous plate on the one 
side, and that corresponding to the disc and guard-ring on 
the other, we see immediately that they must be very nearly 
plane, from very near the disc all the way across to the corre- 
sponding central portion of the opposite plate, but that there 
will be a convexity towards the annular space between the disc 
and guard-ring. 

362 , Thus we see that the resultant electric force will, to a 

V 

very close approximation, be equal to ^ for all points of the 

air between the plates at distances from the outer bounding 
edges exceeding two or three times the distance between the 
plates, and at distances from the interstice between the guard- 
ring and disc not less than the breadth of this interstice. 
Hence, if p denote the electric density of any point of the 
plate or disc far enough from the edges, we have 

V 

iTrl)' 


But the outward force experienced by the surhice of the 
electrified conductor per unit of area at any point is 27 r/ 9 ^ and 
therefore if F denote the force experienced by any area A 
of the fixed plate, no part of which comes near its edge, we 
have 


F= 




which will clearly be equal to the attraction experienced by 
the moveable disc, if A be the mean area defined above. This 
/SttF 

gives F= H ^ , the formula by which difference of poten- 
tials in absolute electrostatic measure is calculated from the 
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result of a measurement of the force F, which, it must be 
remembered, is to be expressed in kinetic units Thus if W 
be the mass in grammes to which the weight is equal, we have 
F^gW, 

where g is the force of gravity in centimetres per second per 
second 

The difficulty which, in fiivst apjdying this method about 
twelve years ago, I found in measuring accurately tlie distance 
D between the plates and in avoiding error fnuti their not 
being rigorously parallel, I now elude by measuring only differ- 
ences of distance, and deducing the desired results from the 
difference of the coiTCsponding differences of potentials Thus 
lot V be the difference of potentials between the plates re- 
quired to give the same force F ^ when the difference of poten- 
tials IS V instead of V, we have 

The plan of proceeding which I now use is as follows: 
— Each plate (fig. 11, Plate II) is insulated; one of them, the 
contiiuioiis one, for instance, is kept at a potential differing 
fiom the earth by a fixed amount tested by aid of a separate 
idiostatic* electiometerf, the other plate (the guaid-iing and 
moveable disc in metallic communication with one another) is 
alternately connected with the earth and with the body whoso 
potential is to be measured. The lower plate is moved up or 
down by a micrometer sciew until the moveable disc balances 
in a definite position,’ indicated by the hair (with background 
of white with black dots) seen through a lens, as shown m 
%. 11. Before and after commencing each series of electiical 
experiments, a known weight is placed on the disc, and a small 
wire rider on the lover from which the disc hangs is adjusted 
to bring the hair to its sighted position when there is no electric 
foice. This last condition is secured by putting the two plates 


* See § 385, below. 

t [A Leyden jar with an idiostatic gauge and replenishei fitted to the cover 
by which it is closed has been found veiy suitable for this purpose. The gauge 
can bo adjusted to a higher degree of sensibility than is attainable in an 
electrometer tor geneial purposes, as the Standard or the Portable Electrometer, 
and the miciometer movements and graduations of these electrometers are not 
required.— 1870 ] 


T. E. 


19 
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in metallic communication with one another. For the electric 
experiments the weight is removed, so that when the hair is 
in the sighted position the electric attraction on the moveable 
disc is equal to the force of gravity on the weight. The electric 
connexions suitable in using this instrument for determining 
in absolute electrostatic measure the difference of potentials 
maintained by a galvanic battery between its two electrodes are 
indicated in fig. 11. No details as to the case for preventing 
disturbance by currents of air, and for maintaining a dry atmo- 
sphere, by aid of pumice impregnated with strong sulphuric 
acid, are shown, because they are by no means convenient in 
the instrument at present in use, which has undergone so many 
transformations that scarcely any part of the original structure 
remains. I hope soon to construct a compact instrument con- 
venient for general use. Tlie amount of force which is constant 
in each series of experiments may be varied from one series to 
another by changing the position of the small wire rider on the 
lever. 

The electric system here described is heterostatic (§ 385 
below), there being an independent electrification besides that 
whose difference of potential is to be measured. 

New Absolute Electrometer. 

[§ 364 367 added May , 1870 ] 

364, Plate III. is a sketch in perspective of this instru- 
ment, one-thiid of the full size. As in the Absolute Electro- 
meter just described, the electric system is lieterostatic ; with 
this addition, that the potential of the auxiliary charge is 
tested and maintained, not by a separate electrometer and 
electric machine, but by an idiostatic arrangement forming 
part of the instrument itself. This consists of a Leyden jar, 
forming the case of the instrument ; a gauge ; and a repienisher. 
The Leyden jar is a white (flint) glass cylinder, coated inside 
and outside with tinfoil to nearly the height of the circular 
plate (A) ; apertures being left to admit the requisite light to 
the interior and allow the indications of the vertical scale (r) 
and divided circle (t) to be read. A brass mounting is cemented 
round the upper rim of the jar, to which is screwed the cover 
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of stout sheet-brass {€), which closes the jar at the top. By 
another brass mounting cemented round its lower rim, the jar 
is fastened down to the cast-iron sole-plate {D) which closes 
its lower end. The sole-plate is supported on three legs similar 
to those shown in %. 13, Plate 11. The cover {C) supports 
the replenisher {E)^ and the aluminium balance-lever of the 
idiostatic gauge, which are identical in construction with those 
described in §§ 352, 353, but on a larger scale. The air inside 
IS kept dry by aid of pumice soaked with strong sulphuric 
acid, contained in glass vessels placed in the bottom of the 
jar. 

The moveable disc or balance (c) hangs in a ciiciilar aperture 
in the plate (A), which rests on three fixed supports (z, z, ,) 
cemented to the interior surface of the jar, and in metallic con- 
nexion with the inside coating; the manner of support is that 
of the hole, slot, and plane, described in § 380, (2J, below. 
This perforated plate or guaid-plate supports on a brass pillar 
the attracting plate (F) of the idiostatic gauge, which thus 
tests the potential of the guard-plate, balance, and inside coat- 
ing. This potential is kept constant during any series of ex- 
periments by using the replenisher according to the indications 
of the gauge, which is made extremely sensitive by a proper 
adjustment of the distance from the attracting plate (F) to 
the balance-lever and of the torsion by which the electrical 
attraction is balanced (see end of § 353). The replenisher has 
metallic contact with the guard-plate through the spring (e). 
The jar is charged by an insulated charging-rod let down for 
the occasion through a hole in the cover 
365, The balance (c) is a light aluminium disc, about 46 
millimetres in diameter, strengthened by an elevated rim and 
radial ribs on its upper surface, but having its lower surface 
plane and smooth. It nearly fills the aperture in the guard- 
plate, sufficient clearance being left (’75 of a millimetre all 
round) to allow it to move up and down without risk of fric- 
tion. It is supported by three delicate steel springs, each of 
which consists of two parts ; the upper end of the upper part 
is attached to the lower extremity of a vertical insulating 
stem (i) directly above the centre of the disc, where the cor- 
responding end of the lower part is fixed. The opposite ends, 

19-2 
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which project considerably beyond the circumference of the 
disc, are riveted together. One of these springs (s) is shown 
in the figure. Their general form may be compared to that of 
coach -springs. The point of attachment of their upper parts 
is moved vertically by a kinematic arrangement precisely the 
same as that employed in the Portable Electrometer (§ SG9). 
The insulating stem {%) is attached to a brass tube [a), which 
slides up and down in Y guides by the action of a micrometer 
screw. This micrometer screw is worked by means of the 
milled head {m) projecting above the cover {G) ; the guides for 
the tube {a) and index (o’) which moves up and down with the 
tube, are similar to those represented more fully in fig 10, 
Plate II, and are rigidly attached to a strong brass plate (h) 
lying across the mouth of the jar below the cover, and resting 
upon the flange of the biass mounting, to which it is fastened 
by screws. The plate {h) is so adjusted that the balance may 
hang concentiic with the peiforation in the guaid-plate. The 
tube (a) is similar in construction to that rcpiesented in fig. 8, 
Plate IL, and described in § 3G0, below. The micrometer 
screw carries a horizontal ciicular disc [d) gi’aduated by 100 
equal angular divisions. An apciturc is loft in the cover 
through which its indications can be read off by reference to 
a fixed mark on the sloping edge of the apeiture This, together 
with the scale (/), each division of whicli coi responds to one 
full turn of the micrometer screw, mcasiiies the vertical distance 
through which the tube (a) and the points of attachment of the 
springs are moved. 

Metallic communication between the balance and the guard- 
plate is maintained by a light spiral wire attached to the pillar 
(y) and to the upper support of the springs, which is a brass 
piece cemented to the insulating stem. An arm, not seen in 
the figure, projects from the guard-plate over the disc so that 
its extremity is between the centre of the disc and the upper 
end, bent horizontally, of an upright fixed to the disc; thus 
serving as a stop to confine the motion of the disc between 
certain limits, A very fine opaque black hair (§ 353) is stretched 
between two small uprights (one of which is seen in the figure) 
standing in the centre of the disc. An achromatic convex 
i/ino fiypd on the guard-plate, stands opposite, and pro- 
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duces an image of the hair in the conjugate focus, which is 
just over the outer edge of the guard -plate. The two opposed 
screw-points (k) are adjusted to touch each side of the image 
thus thrown by the lens, which, on the principle of the astro- 
nomical telescope, is observed through an eye-lens (1), attached 
outside of tho jar to the upper brass mounting. By this 
arrangement the erior of parallax in observing the position of 
the hair relatively to the two points is avoided; the position 
of the eye may be varied in any direction without causing any 
change in tlio apparent relative position of the hair (image) and 
points. In adjusting these different parts, it is arranged that 
when the image of the hair is exactly between the two points, 
or in what is called the sighted position, the under surfaces of 
the balance and guard-plate may be as nearly as possible in one 
horizontal plane. 

Tlie balance and spiings are protected, in the use of the 
instrument, fiom disturbing electrical forces, by a brass cover 
in two halves (y, y), one of which is represented displaced in 
the figure, to show the intciior ariangemcnts. The two halves, 
when placed together, foim a ciicular box, with an aperture in 
front ill which the lens (A) stands, and another apeiture behind 
to admit light fiom the sky or fiom a lamp placed outside of 
the jar in the line of the hair, lens, and points. 

3G6. The electrical part of the instrument is completed by 
the continuous attracting plate (B), under and parallel to the 
guard-plate and spring-balance. This is a stiff circular brass 
plate with parts cut out to allow it to move freely past the 
fixed supports (z, z, .) of the guaid-plate. An electrode (n) 
projecting through a hole in the sole-plate from an insulating 
stern (p) is kept in metallic communication by a spiral wire 
with an arm projecting from the centre of the continuous plate. 
The plate (B) is supported by a brass pillar (q), from which it is 
insulated by a short glass stem. It is moved vertically by the 
micrometer screw (to) (step of an inch) ; and this motion is 
measured by a vertical scale (i*) and horizontal graduated circle 
(t) attached to the screw. The screw projects below the sole- 
plate, and is worked by the milled head (u), the nut (v) being 
fixed in the centre gf the sole-plate. The pillar (q) moves in 



294f On Electrometers and Electrostatic Measurements, [xx. 

V or ring guides, and rests upon the upper end of the screw 
in the manner represented in fig. 14, Plate 11. 

367. Before this instrument is available for absolute electro- 
static measurements, the force required to move the balance 
through any fixed vertical distance (the point of suspension being 
unmoved) must be known. This is ascertained by weighings 
conducted in the following manner: — The cover (C) is removed, 
and all electrical force upon the balance is guarded against by 
putting the electrode (n) in metallic communication with the 
guard -plate. The balance is then brought, by turning the 
micrometer circle (d), to the sighted position ; and the reading 
on the scale (/) and graduated circle (d) is noted. A known 
weight is then distributed symmetrically over the disc of 
a gramme has been used hitherto), which displaces it below the 
sighted position. It is now raibcd to the sighted position by 
turning the disc {d), and the altered micrometer reading is 
noted. The difference between the two readings measures the 
distance through which the given weight displaces the balance 
in opposition to the tension of the springs; and conversely, 
when the balance has been displaced through the same distance 
by electrical attraction between it and the continuous plate 
below it, this known weight is the measure of the force exerted 
upon it. It has been thus found by repeated weighings, that a 
weight of y^^ of a gramme displaces the balance through a 
distance corresponding to two full turns of the micrometer 
screw and a fraction of one division of the circle, in the instru- 
ment belonging to the Laboratory of the Glasgow University 
This distance having been ascertained with all possible care 
and at different temperatures, in view of the possible effect of 
temperature on the elasticity of the springs, the plan of pro- 
ceeding to absolute electrostatic measurements is as follows, the 
weights being removed and covers (y, y, G) replaced. 

All electrical influence having been removed by a wire led 
from the electrode (n) through the hole in the cover (C) to the 
guard-plate, the balance is brought to the sighted position. 
Starting from this point, it is raised by the micrometer screw 
through any distance which has been ascertained to correspond 
« irnAwrt wpicyht e a. the distance just mentioned. This cor- 
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responds exactly to the removal of the weight (§ 363) in the 
use of the Absolute Electrometer already described. The jar 
is then charged, and the potential is kept constant during the 
experiments by using the replenisher according to the indica- 
tions of the gauge, which, as already said, has been made 
extremely sensitive for the purpose. The attracting plate {B) 
is connected by its electrode [n) alternately with the outside 
coating of the jar (which may be either connected with the 
earth or insulated) and with the body the difference of whose 
potential fiom that of the outside coating is to be measured. 
In each case the balance is brought to the sighted position by 
moving the plate {B) up or down by the micrometer screw {w), 
and the reading on the vertical scale (r) and graduated circle {t) 
is noted. The difference of the two readings gives the differ- 
ence of the two distances between balance and attracting 
plate, from which the difference of potentials is deduced by 
the formula at the end of § 3G2. In measuring the difference 
of potentials between the poles of a voltaic battery, it is found 
very convenient to connect the poles, through a Steinheil (or 
double Bavarian) key, either with the outer coating of the jar 
(or earth), the other with the insulated electrode (??). The 
reading being taken and the key reversed, the difference of 
readings, it is evident, measures a difference of potentials 
double that of the poles of the battery. Two observers are 
convenient, one to watch the gauge and use the replenisher 
accordingly, the other to take the readings. 


Portable Electrometer. 

368, In the ordinary use of the portable electrometer (figs. 
8, 9, and 10, Plate II), the electric system is heterostatic and 
quite similar to that of the absolute electrometer, when used in 
the manner described above in § 363. But the balance is not 
adapted for absolute measure of the amount of force of attrac- 
tion experienced by the moveable disc ; on the contrary, it is 
precisely the same as that described for the gauge of the quad- 
rant electrometer in § 353 above, only turned upside down 
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Thus, in the portable instrument, the square disc (/) forming 
part of the lever of thin sheet aluminium is attracted upwards 
by a solid circular disc of sheet-brass (g), thick enough for 
stiffness. Every part of the aluminium lever except this 
square portion is protected from electric atti action by a fixed 
brass plate {h h) with a square hole in it, as nearly as may be 
stopped by the square part of tlio sheet aluminium destined to 
experience the electric attraction, all other paits of the alumi- 
nium balance-lever being below this guard-plate The alumi- 
nium lever {i k), as shown in figs. 8 and 10, is shaped so that 
when the hair (/) at the end of its long arm is in its sighted 
position, the iippei surfaces of the fixed guard-plate (h) and 
moveable aluminium squaie (/) aie as nearly as may be in one 
plane. The mode of suspension is precisely the same as that 
desciibed (§ 353) for the gauge of the ([uadrant clectiometer 
In the portable instrument, caieful attention is given by the 
maker to balance the aluminium lever by adding to it small 
masses of shellac or other convenient substance, so that its 
centre of gravity may be m the lino of its platinum-wiie axis, 
or, more propel ly speaking, m such a position that the instiu- 
ment shall give, when electrified, the same ‘‘eaith-ieadings ” 
when held in any positions, either upiight, oi inclined, oi in- 
verted (§ 375 below) Thus the condition of ef|uilibiium of 
the balance, when the hair is in its sighted position, is that the 
moment of electric attraction round the axis of suspension shall 
be eipial to the moment of the couple of toision, the lattei 
being as constant as the piopcities of the matter coiiceincd 
(platinum wire, brass stretching-springs, etc) will allow. 

369. The guard-plate canying, by the platinum-wiic sus" 
pension, the aluminium balance, is attached to the bottom ot 
a small glass Leyden jar (mm), and is in permanent metallic 
communication with its inside coating of tinfoil The outside 
tinfoil coating of thisjai is in permanent metallic communica- 
tion with the outside brass piotecting case. The upper open 
mouth of this case is closed by a lid or roof, which bears on its 
inner side a firm frame projecting downwards. This fiame has 
two V notches, in which a stout brass tube (o) slides, kept in 
the Vs by a properly placed spring (p) [(Mag^ 1870) better 
--■ . nnr. nrr^<inrr dircctly towards each V], giving it 
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freedom to slide op and down in one definite line* Firmly fixed 
in the upper end of this tube is a nut (a, fig. 8), which is made 
to move up and down by a micrometer screw. The lower end 
of the shaft of this screw has attached to it a convex piece of 
polished steel {h, fig. 8), which is piessed upon a horizontal 
agate plate rigidly attached to the framework above mentioned 
by a stiff biass piece projecting into the interior of the brass 
tube through a slot long enough to allow the requisite range 
of motion. This airangernent will be readily understood from 
the accompanying drawings It has been designed upon obvious 
geometrical piinciples, which have been hitheito neglected, so 
fai as I know, m all micrometer screw mechanisms, whether 
for astronomical instruments or other purposes. The screw- 
shaft IS turned by a milled head, fixed to it at the top outside of 
the roof of the instrument; and the angles thioiigh which it is 
turned aio read on a circle divided into one hundred equal parts 
of the ciicumference (or 3^’G each) by reference to a fixed mark 
on the roof of the instrument. The hole in the loof through 
which the sciew-shaft passes is wide enough to allow the shaft 
to turn without touching it, and the lower edge of the gradu- 
ated circle tuiinng with the sciew is everywhere very near the 
upper side of the roof, but must not touch it at any point. A 
second nut (c, fig 8) above the effective nut fits easily, but 
somewhat accurately, in the hollow brass tube, and is prevented 
fioin turning lound in the tube by a pioper projection and slot. 
Thus the sciew is lendered sufficiently steady, with leference 
to the sliding tube; that is to say, its axis is prevented fiuin 
any but exces.sively small deviations from the axis of the 
sliding tubo and fixed guides; and when the nut is kept from 
being turned round its proper axis, it forms along with the 
sliding tube virtually a rigid body. A carefully arranged 

* 111 consequence of suggestions by Mr Jeukin, it is probablo that the spring 
may be done away with, and the Vs replaced by rings approximately htting 
round the tube, but leaving it quite free to fall down by its own weight. In 
consequence of the symmetrical position of the convex end of the screw ovei 
the centre of the atti acted disc, slight lateral motions of the tube produce no 
sensible effect on the electnc attiaction [Afay, 1870. — Various trials both on 
the portable and stationary instruments have but very partially fulfilled tin- 
anticipation ; and have confirmed the practical value of the Vs The con 
structional advantages of the rings and geometrical merits of the Vs are easily 
combined.] 
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spiral spring presses the two nuts asunder, and so causes the 
upper side of the thread of the screw-shaft always to press 
against the under side of the thread of the effective nut, thus 
doing away with what is technically called in mechanics lost 
time.” In turning the micrometer screw, the operator presses 
its head gently downwards with his finger, to secure that its 
lower end bears firmly upon the agate plate. It would be the 
reverse of an improvement to introduce a spring attached to 
the roof of the instrument outside to press the screw-head 
downwards, inasmuch as however smooth the top of the screw- 
shaft might be made, and however smooth the spring pressing 
it down, there would still be a very injurious friction impeding 
the proper settlement of the sliding tube into its Vs. A stiff 
fork {q) stretching over the graduated circle is firmly attached 
to the roof outside, to prevent the screw from being lifted 
up by more than a very small space; about of an inch 

at most. In using the instrument, the observer should oc- 
casionally pull up the screw -head and pi ess it down again, 
and give it small horizontal motions, to make sure that when 
it is being used it is pressed in properly to its Vs and down 
upon the agate-plate A long arm (d, figs 8 and 10) (or two 
arms one above the other), firmly attached to the slidiDg-tube, 
carries an index which moves up and down with it. Two fixed 
guiding-cheeks on each side of this index prevent the tube 
from being carried round too far in either direction when the 
screw is turned : one of these cheeks is graduated so that each 
division is equal in length to the step of the micrometer screw ; 
this enables the operator to ascertain the number of times he 
has turned the screw. These two cheeks must never simul- 
taneously press upon the sliding-pointer ; on the contrary, they 
must leave it a slight amount of lateral freedom to move. If 
this does not amount to '36 of a degree, the amount of ‘‘lost 
time” produced by it will not exceed oi a division of the 
micrometer circle, and will not produce any sensible error in 
the use of the instrument, A glass rod cemented to the lower 
end of the tube prolongs its axis downwards, and bears the 
continuous attracting-plate of the electrometer at its lower end. 

The object aimed at in the mechanism just described is to 
prevent the nut and other parts rigidly connected with it from 
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any other motion than parallel to one definite line, and to leave 
it freedom to move in this line, unimpeded by any other friction 
than that which is indispensable in the arrangement for keeping 
the sliding tube in its Ys. 

370. If the inner tinfoil covering of the Leyden jar were 
completed up to the guard-plate bearing the aluminium bal- 
ance-lever, the long arm of this lever being in the interior of a 
hollow conductor would experience no electric influence, and no 
force from the electrification of the Leyden jar, or from separate 
electrification of the upper attracting plate, or, more strictly 
speaking, the electric density and consequent electric force on 
the long arm of the lever would be absolutely insensible to 
the most refined test we could apply, because of the smallness 
of the gap between the moveable aluminium square and the 
boundary of the square aperture in the guard -plate. But to 
see the hair on the long end of the lever, and the white back- 
ground with black dots behind it, a not inconsiderable portion 
of the glass under the guard-plate must be cleared of tinfoil 
outside and inside Thus the electric potential of the inner 
coating of the Leyden jar will not be continued quite uni- 
formly over the inner surface of the bared portion of the glass, 
and a disturbance affecting chiefly the most sensitive part of 
the lever will be introduced. To diminish this as much as 
possible without inconveniently impeding vision, a double 
screen of thin wire fencing, in metallic communication with 
the inner tinfoil coating and the guard -plate, is introduced 
between the end of the lever and the glass through which it is 
observed. 

371. A very light spiral spring (r) connects the upper attract- 
ing plate with a brass piece supported upon a fixed vertical 
glass column projecting downwards from the roof of the instru- 
ment. This brass piece bears a stout wire (5), called the main 
electrode, projecting vertically upwards along the axis of a 
brass tube open at each end, fixed in an aperture in the roof 
so as to project above and below, as shown in fig. 9. 

372. The top of the main electrode bears a brass sliding 
piece {t), which, when raised a little, serves for umbrella and 
wind -guard without disturbing the insulation; and when pressed 
down closes the aperture and puts the electrode in metallic 
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connexion with the roof of the instrument. When the instru- 
ment is to be used for atmospheric electricity (unless at a fixed 
station), a steel wire, about 20 centimetres long, is placed in 
the hole on the top of the sliding brass piece just mentioned, 
and is thus held in the veitical position. A burning match is 
attached to its upper end, which has the effect of bringing the 
potential of the chief electrode and upper attracting plate, etc , 
all to the potential of the air at the point where the match 
burns* The instrument is cither held in the observer s hand, 
or it is placed upon a fixed su])poit, and care taken that its 
outer brass case is in connexion with the earth. When the 
difference of potentials between two conductors is to be tested, 
one of these is connected nith the brass case of the instiument, 
and the other with the chief electrode, the umbrella being kept 
up. If both of these conductors must be kept insulated from 
the earth, the brass case of the clectiometer must bo put on an 
insulating stand, and the micrometer sciew tinned by an insu- 
lating handle 

373 A lead cup [ee, fig 8), supported by metal pillars from 
the roof and carrying pieces of pumice-stone, held in then 
place by India-rubber bands, completes the instiument. The 
inner surface of the glass must bo clean, and particles of dust, 
minute shreds or fibres, etc, icmoved as caiefully as possible, 
especially from tlic lower suiface of the upper attracting-plate, 
and the upper surface of the guard-plate and aluminium square 
facing it from below. The pumice is prepared by moistening 
it with a few drops of strong pure sulphuric acid. Ordinary 
sulphuric acid of commerce should be boiled with sulphat0lw)f 
ammonia to free it fiom volatile acid vapours, and to strengthen 
it sufficiently by removing winter if the acid be not of the 
strongest. There should not be .so much acid applied to the 
pumice as to make it have the appearance of being moist, but 
there must be enough to maintain a sufficiently dry atmosphere 
within the instrument for very perfect insulation of the Leyden 
jar, which I find does not in general lose more of its charge 


* See Nichol’s Cyclopedia, article “Electricity, Atmospheric,” 2nd edition, 
1S60 (§ 266, above); or “Roj’al Institution Lecture on Atmospheric Electricity,” 
Mav 18(10 277. 278. above). 
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than five per cent, per week, when the pumice is properly im- 
pregnated with acid. Thus there is no tendency of the liquid to 
drop out of the pumice; and the pumice being properly secured 
by the India-rubber bands, the instrument may be thrown about 
with any force, short of that which might break the glass jar or 
either of the glass stems, without doing any damage; but to 
insure this hardiness the sheet aluminium of which the bal- 
ance IS made must be very thin. After several weeks’ use the 
pumice may begin to look moist, and even slight traces of 
moisture may be seen on the outside of the lead cup, in conse- 
quence of watery vapour atti acted by the sulphiitic acid from 
the atmosplicie; but the pumice should then be taken out and 
dried At all events this must be done in good time, before 
enough of liquid has collected to give any tendency to drop. 
In all climates in which I have hitherto tested the instrument, 

I have found the pumice efiective for insulation and safe 
m keeping all the liquid to itself for two months. But 
Mr Becker having repoited to me that many instruments 
Jiave been retuiued to him in a ruinous condition fiom drops 
of sulphuric acid having become scatteied tliiough their metal 
woik, I now cause to be engraved conspicuously on the outer 
case of the instrument “pumice dangerous, if not dried once 
A MONTH,” also a flame carrying a card, on which the dates of 
diying are insciibed, to be placed in a convenient position on 
the loof of the instrument. 

374 To prepaie the instiument for use, the inner coating of 
the Leyden jar must be charged through a charging rod, insu- 
lili^d in a vulcanite or glass tube, and let down for the occasion 
through a hole in the roof of the instrument, by aid of a small 
electrophorus, which generally accompanies the instrument, or 
by an electrical machine. I generally prefer to give a negative 
charge to the inner coating, as I have not found any physical 
reason, such as that mentioned in § 349 above, to prefer a posi- 
tive charge to a negative charge; and the negative charge gives 
increased readings of the miciometer, in the ordinary use of the 
instrument, to correspond to positive charges of the principal 
electrode, as will be presently explained. Before commencing 
to charge the jar, the upper attracting-plate should be moved 
to nearly the highest position of its range by the micrometer 
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screw^ otherwise too strong a force of electiic attraction may be 
put upon the aluminium square ; and besides, the jar will dis- 
charge itself between the upper plate and the extreme edge of 
the aluminium square, when it is pulled very much above the 
level of the guard-plate by the electric attraction. I have not 
found any injury or change of electric value of the scale-divi- 
sions to arise from any such rough usage ; but still, to guard 
against such a possibility, I propose to add to the guard-plate 
checks to prevent the corners of the aluminium from rising 
much, if at all, above its level, and to conduct the discharge 
and protect the aluminium and platinum from the shock, 
in case of the upper plate being brought too near the lower. 
When the instrument is being charged, or when it is out of use 
at any time, the umbrella should always be kept down ; but it 
must be raised to insulate the principal electrode, of course, 
before proceeding to apply this to a body whose difference of 
potential from a body connected with the case of the instru- 
ment is to be measured. 

375. In using the instrument the umbrella must very fre- 
quently be lowered, or metallic communication established in 
any other convenient way between the chief electrode and the 
outer brass case, the micrometer screw turned until the hair 
takes its sighted position, and the leading taken, the hundreds 
being read on the interior vertical scale, and the units (or single 
divisions of the circle) on the graduated circle above. The 
number thus found is called the earth -read mg. It measures 
the distance from an arbitrary zero position to the position in 
which the upper attracting-plate must be placed to give the 
amount of electric force on the aluminium square which bal- 
ances the lever in its sighted position. A constant added to 
the earth-reading, or subtracted from it, gives (§ 341) a number 
simply proportional to the difference of potentials between the 
upper and lower plate ; that is to say, between the two coat- 
ings of the Leyden jar. The vertical scale and micrometer 
circle are numbered, so that increased distances between the 
plates give increased readings; and the zero reading should 
correspond as nearly as may be to zero distance between them ; 
although in the instruments hitherto made no pains have been 
even somewhat approximately. 
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If it is desired to know the constant, an electrical experiment 
must be made to determine it, which is done with ease ; but 
this is not necessary for the ordinary use of the instimment, 
which is as follows : — 

376. First, an earth-reading is taken, then the upper elec- 
trode is insulated by raising the umbrella, or otherwise break- 
ing connexion between the principal electrode and the outer 
metal case of the instrument. The principal electrode and the 
outer case are then connected with the two bodies whose differ- 
ence of potential is to be determined, and the micrometer screw 
is turned until the hair is brought to its sighted position. The 
reading of hundi eds on the vertical scale and units on the circle 
IS then taken. Lastly, the principal electrode is again con- 
nected with the case of the instrument and another earth-read- 
ing is taken. If the second earth-reading differs from the first, 
the observer must estimate the most probable earth-reading for 
the moment when the hair was in its sighted position, with the 
upper plate and the metal case in connexion with the two 
bodies whose difference of potential is to be measured. The 
estimated earth-reading is to be subtracted from the reading 
taken in connexion with the bodies to be tested. This differ- 
ence measures (§ 362) the required difference of potentials be- 
tween them in units of the instrument. The value of the unit 
of the instrument ought to be known in absolute electrostatic 
measure; and the difference of reading found in any experi- 
ment is to be multiplied by this, which is called (§ 341) the 
absolute coefficient of the instrument, to give the required 
difference of potentials in absolute measure. It so happens 
that, in the portable electrometers of the kind now described 
which have been hitherto constructed, the absolute coefficient is 
somewhere about ’01, so that one turn of the screw, or one 
hundred divisions of the circle, corresponds to somewhere about 
one electrostatic unit, with a gramme for the unit of mass, a 
centimetre for the unit of distance, and a second for the unit 
of time ; but the different instruments differ from one another 
by as much as ten or twenty per cent, in their absolute coeffi- 
cients. In all of these I have found between three and four 
Baniell’s cells to correspond to the unit division ; that is to 
say, between three hundred and four hundred cells to a full 
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turn of the screw. With great care, the observer may measure 
small differences of potentials by this instrument to the tenth 
part t)f a division (or to about half a DanielFs cell). With a 
very moderate amount of practice and care, an error of as much 
as half a division may be avoided in each reading. 

377. But there are imperfections in the instrument itself 
which make it difficult or impossible to secure very minute 
accuracy, especially in measurements through wide ranges 

(1) In the first place, I am not sure that the end of the 
needle carrying the hair is protected sufficiently by the wire 
fences (§ 370) from electric distuibance to provide against any 
error from this source, which possibly introduces serious irregu- 
larities. 

(2) In the second place, the capacity of the jar in the small 
portable instrument is not sufficient to secure that the potential 
of its inner coating sliall not differ .sensibly with the different 
distances to which the upper plate is bi ought, to balance the 
aluminium lever with the hair in its sighted position. But on 
this point it is to be remarked that the electiic density on the 
upper .surface of the guaid-plate is in its ccntial parts always 
the same when the hair is in its &ighte<l position ; and it is 
therefore only the comparatively small diffeience of the ipiantity 
of electricity on this surface, towards the iim, corresponding to 
different distances of the attracted plate, that causes difference 
of potential m the inner coating of the jar. But if tlie upper 
attracting- plate be kept for several minutes at any distance, 
differing by a few turns of the .sciew, fiom that which brings 
the hair to its sighted position, the electricity creeps along the 
inner unconnected suiface of the glass so as to diminish the 
charge of the inner metallic coating, or increase it, according 
as the distance is too great or too small. If then ipiickly the 
screw be turned and the earth-reading taken, it is found smaller 
or greater, as the case may be, than previously ; but after a few 
minutes more it returns to its previous value ver}^ approxi- 
mately. Error from this source may be practically avoided by 
taking care never to allow the hair to remain for more than a 
few minutes far from its sighted position; never so far, for 
instance, as above the centre of the upper, or below the centre 
of the lower spot. 
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(3) A third source of error arises from change of tempera- 
ture influencing the indications. In most of the instruments 
hitherto made I have found that the warmth of the hand pro- 
duces in a few minutes a very notable augmentation of the 
earth-reading (as it were an increased charge in the jar) ; but 
in the last instrument which I have tested (White, No 18) I 
find the reverse effect, the earth-reading becoming smaller as 
the instrument is warmed, or larger when it is cooled. I have 
ascertained that these changes are not due to changes in the 
electric capacities of the Leyden jars ; and I have found that 
the change, if any, of specific inductive capacity of glass by 
change of temperature is excessively small, in comparison to 
what would be required to account for the temperature errors 
of these instruments, which probably must be due to thermo- 
elastic properties of the platinum wire, or of the stretching- 
springs, or of the aluminium balance-lever, or to a combination 
of the effects depending on such projieities, but I have en- 
deavoured in vain, for several yeais, and made many experi- 
ments, to discover the precise cause. It surely wdl be found, 
and means invented for remedying the eiior, now when I have 
an instrument in which the error is in the opposite direction to 
that of most of the other instruments It is of course much 
greater in some instruments than in others, in some it is so 
great that the earth-reading is varied by as much as twenty 
divisions by the waimth of the hand in the course of five or 
ten minutes after commencing to use the instrument, if it has 
been previously for some time in a cold place. Its influence 
may be eliminated, not quite rigorously, but nearly enough so 
for most practical purposes, by frequently taking earth-readings 
(§ 375) and proceeding accoidmg to the directions of § 376. 

(4) A fourth fault in the portable electrometer is, that the 
diameter of the guard-plate and upper attracting disc, which 
ought to be infinite, are not sufficiently great, in proportion to 
the greatest distance between them, to render the scale quite 
uniform in its electric value throughout. A careful observer 
will, however, remedy the greater part of the error due to this 
defect, by measuring experimentally the relative (or absolute) 
values of the scale-division in different parts of the range. 
There will, however, remain uncorrected some irregularity, due 
T. K. 20 
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to influence of the distribution of electricity over the uncoated 
inner surface, in the instruments as hitherto made, in all of 
which the inner surface of the jar is coated with tinfoil only 
below the guard-plate, so that the upper surface of the guard- 
plate may be seen clearly, in order that the observer may 
always see that all is in order about the aluminium square and 
aperture round it; and particularly that there are no injurious 
shreds or minute fibres. But the irregular influence of the 
electrification of the uncoated glass, if found sensible, will be 
rendered insensible by continuing the tinfoil coating an inch 
above the upper surface of the guard-plate. 

378. All faults, except the temperature error, depend on the 
smallness of the instrument; and if tlie observer chooses to 
regard as poi table an instrument of thirty centimetres (or a 
foot) diameter, with ail other dimensions, and all details of 
construction, the same as those of the instrument described 
above, he may have a portable electrometer practically free 
from three of the four faults described. It is scarcely to 
be expected that a small instrument (12^ centimetres high, 
and centimetres in diameter) which may be carried about m 
the pocket can be free from such errors. But they are so 
far remedied as to be probably not perceptible, in the largo 
stationary instrument which I now proceed to describe. 


Standard Electrometer. 

879. This instrument (figs. 12, 13, and 14, Plate II.) differs 
from the portable* electrometer only in dimensions, and in cer- 
tain mechanical details, which are arranged to give greater 
accuracy by taking advantage of freedom from the exigencies 
of a small portable instrument. It is at present called the 
standard electrometer, in anticipation of either remedying, or 
of learning to perfectly allow for, the temperature error, and of 
finding by secular experiments on the elasticity of metals, that 
their properties used in the instrument are satisfactory as re- 
gards the permanence from year to year, and from century to 
century, of the electnc value of its reading. It is an instru- 
ihent capable of being applied with great ease to very accurate 
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measurements of differences of potential, in terms of its own 
unit. The value of the unit for each such standard instrument 
ought, of course, to be determined with the greatest possible 
accuracy in absolute measure ; and until confidence can be felt 
as to its secular constancy, determinations should frequently 
be made by aid of the absolute electrometer 
380. Tlie Leyden jar of the standard electrometer consists 
of a large thin white-glass shade coated inside and outside to 
within 6 centimetres of its lip, and placed over the instrument 
as an ordinary glass shade, to protect against dust, currents of 
air, and change of atmospliere. It may be removed at pleasure 
from the cast-iron sole of the instiumcnt, and then the interior 
works are seen, consisting of— 

(1) A continuous disc of brass suppoited on a glass stem, 
m prolongation of a stout brass rod or tube sliding vertically 
m Vs, in which it is kept by a spring [better by two springs 
(§ S69)], and resting with its lower flat end on the upper end 
of a micrometer screw shaft, shown in fig 13, where the screw, 
graduated circle, and stout brass rod are as seen in the instru- 
ment ; the manner in which the lower end of the rod or tube 
IS constructed to keep the round upper end of the screw-shaft 
in position is shown in section in fig. 14. 

(2) Eesting on three glass columns, a guard-plate with a 
square aperture in its centre, and cairying on its upper side 
the stretching springs and thin platinum wiie suspension of an 
aluminium balance- lever, shaped like those of the gauge (§ 353) 
and the portable (§ 368) already desciibed, but somewhat 
larger. The tops of the three glass columns are rounded; 
a round hole and a short slot m line with this hole are cut in 
the guard-plate, and receive the rounded ends of two of the 
columns, which are somewhat longer than the third, The flat 
smooth lower surface of the guard-plate rests simply on the 
top of the third glass column. The diameter of the round hole 
and the breadth of the slot in the guard-plate may be about 

^ of the diameter of curvature of the upper hemispherical 

rounded ends of the glass columns, so that the bearing portions 
of the rounded ends in the round hole and in the slot respec- 
tively may be inclined somewhere about 45'’ to the plane of the 

20-2 
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plate. This well-known but too often neglected geometrical 
arrangement gives perfect steadiness to the supported plate, 
without putting any transverse strain upon the supporting 
glass columns, such as was almost inevitable, and caused the 
breakage of many glass stems, before the mental inertia opposing 
deviations from the ordinary instrument-maker s plan (of screw- 
ing the guard-plate to brass mountings cemented to the tops of 
the glass columns) was overcome. It has also the advantage 
of allowing the guard-plate to be lifted off and replaced m a 
moment. 

(3) Principal electrode projecting downwards through a hole 
in the sole of the instrument, and rigidly supported from above 
by a brass mounting cemented to the top of a thick vertical 
glass column, connected by a light spiral spring with the lower 
attracting plate moved up and down by the micrometer screw. 
The aperture round the principal electrode may be ordinarily 
stopped by a perforated column of well paraffined vulcanite 
projecting some distance above and below the aperture, which 
I find to insulate extremely well, even m the smoky, dusty, 
and acidulated atmosphere of Glasgow^ When an extremely 
perfect insulation of the principal electrode and connected 
attracting plate is required, the vulcanite stopper surrounding 
it may be withdrawn from the aperture, so that the only com- 
munication between the electrode and the case of the instru- 
ment may be along the two glass columns in the artificially 
dried interior atmosphere of the case ; but from day to day, 
when the instrument is out of use, the aperture round the 
principal electrode should be kept carefully stopped, if not by 
a vulcanite insulator by a perforated cork; (although I find 
but little loss of insulation, either along the inner glass surface 
of the Leyden jar or along the three glass columns, when this 
precaution is neglected). 

(4) Temporary charging-rod enclosed in and supported by a 
vertical insulating column of paraffined vulcanite, or a glass 
tube well varnished outside and thickly paraffined inside. 
This insulating column bearing the charging-rod is turned 
round till a horizontal spring projecting from its upper end 
touches the inner coating of the jar, when this is to be charged 
from an indenendent source, or when, for any other experimental 
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reason, it is to be put in connexion with a conductor outside 
the case of the instrument. 

(5) A small replenisher of the kind described for the quad- 
rant electrometer (§ 352), but with much wider air-spaces to 
prevent discharge by sparks. 

(6) A large glass or lead dish to hold as large masses of 
pumice as may be, which are to be kept sufficiently impreg- 
nated with strong sulphuric acid 

381. A considerable portion of the jar above the guard-plate 
is left uncoated to allow the observer to see easily the hair and 
white background with black dots, also several other smaller 
parts of the glass above the guard-plate are left uncoated to 
admit light to allow a small circular level on the upper side of 
the guard-plate to be seen The long arm of the aluminium 
balance-lever is very thoroughly guarded by double cages and 
fences of wire (§ 370), so that it can experience no sensible 
influence from electric disturbing forces when the covering jar 
IS put in position and electric connexion is established between 
its inner coating and the guaul-platc by projecting flexible 
wires or slips of metal. 

382. The aluminium square plate is somewhat larger, and 
the platinum bearing wire somewhat longer in this instrument 
than in the poi table electrometei, to lender it sensible to smaller 
diffeiences of potential. The step of the screw is the same as 
in the portable of an inch), and one division of the 
circumference of the screw-head) corresponds to a difference of 
potentials which, roughly speaking, is equal to about that of a 
single cell of Daniells. The effective range of the instrument 
IS about sixty turns of the screw, and therefore about 0000 cells 
of Daniells. That of the portable electrometer is about 15 
turns of the screw (equivalent to about 5000 cells). Neither 
of these instruments has sufficient range to measure the poten- 
tial to which Leyden jars are charged in ordinary electric 
experiments, or those reached by the prime conductor of a 
powerful electric machine. The stationary instrument with its 
long screw and its large plates now described, would go far 
towards meeting this want if its aluminium lever and platinum 
suspension were made on the same scale as those of the port- 
able electrometer; but for an instrument never wanted to 
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dirtctly measure differences of potentials of less than two or 
three thousand cells, the heterostatic (§ 385) principle is in 
general not useful, and therefore I have constructed the follow- 
ing very simple idiostatic (§ 385) instrument, which is adapted 
to measure with considerable accuracy differences of potential 
from 4000 cells upwards, to about 80,000 cells. 


Long-range Electrometer. 

383. In this (fig 15, Plate VI.) the continuous attracting- 
plato is above, and the guard-plate with aluminium balance 
below, as in the portable electrometer; but, as in the standard 
stationary electrometer, the upper plate is fixed and the lower 
plate is moved up and down by a micrometer-screw. The 
mechanism of the screw and slide has all the simplicity and 
consequent accuracy of that of the standard electrometer In 
the only long-range instrument yet constructed the step of the 
screw is the same as that of the othcis of an inch). In 
future instruments it w'ould bo well either to have a longer step 
or to have a simple mechanism (which can be easily added) to 
give a quick motion ; as in the use of the present instrument, 
the turning of the screw required for great changes of the 
potential measured is very tedious. The guard -plate projects 
by more than an inch all round beyond the rim of the upper 
attracting-plate ; partly to obviate the necessity of giving it a 
thick rim, which would be required to prevent brushes and 
sparks from originating in it, if it had only the same diameter 
as the continuous plate above, and partly to guard the observer 
from receiving a spark or shock in measuring the potential of 
an electric machine or of a Leyden battery, and to prevent his 
hair from being attracted to the upper plate. Thus the guard- 
plate is allowed to be no thicker than suffices for stiffness, and 
this allows the observer to see the hair at the end of the 
aluminium balance-lever without the lever being made of a 
dynamically disadvantageous shape, as would be necessary if 
the guard -plate were thick, or had a thick rim added to it. 
No glass case is required for this instrument. The smallness 
of the needle and the greatness of the electric force acting on 
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it are such that I find in practice uo disturbance to any incon- 
venient degree by ordinary curients of air; although it and all 
these attracted disc instruments show the influence of sudden 
change of barometric pressure, such as that produced by open- 
ing or shutting a door. If not kept under a glass shade when 
out of use, the lower surface of the upper attractmg-plate, and 
the lower surface of the guard-plate and attracted aluminium 
square, should be carefully dusted by a dry cool hand. Gene- 
rally speaking, none of the vital electric organs of an electro- 
meter should be touched by a cloth, as this is almost sure to 
leave shreds fatal to their healthy action. 

[(Addition, 1870) I intend to cover the whole mstiument 
with a gla.ss shade, well vaimshed over a large space round an 
apciture in its top, into which an m.sulated electrode for the 
upper plate will be cemented, because with the instrument 
open as it is at present gieat difficulty has been experienced in 
nieasuiing high tension on account of dust and shreds which 
impair the insulation ] 

384. The ctfcctive range of this in.strument is about 200 
turns of the screw. Rather greater force of torsion is given than 
m the portable electrometer, and a rather smaller attracted disc 
may be used, so that iipwaids of four cells may be the electric 
value of one division. The instrument in its present state 
measures neaily but not quite the highest potential I can 
ordinarily produce in the conductor of a good Winter’s electric 
machine, which sometimes gives sparks and brushes a foot long. 

885, The classification of electrometers given above is founded 
on the shape and kinematic relations of their chief organic 
parts; but it will be remarked that another piinciple of classi- 
fication is presented by the different electric systems used in 
them, which may be divided into two classes ; — 

I. Idiostatic, that m which the whole electric force depends 
on the electrification which is itself the subject of the test. 

II. Heterostatic, in which, besides the electrification to be 
tested, another electrification maintained independently of it is 
taken advantage of 

Thus, for example, the long-range electrometer (§§ 383, 384) 
is simply idiostatic, and is not adapted for heterostatic use ; but 
each of them may be used idiostatically. The absolute electro- 
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metel was at first simply idiostatic (§§ 358-362)} more recently 
it has been used heterostatically, and is about to acquire (§ 363) 
special organs adapted for heterostatic use ; as yet, however, no 
species of the absolute electrometer promising permanence has 
come into existence. [See §§ 364-367 describing a heterostatic 
absolute electrometer of a species which (Jan. 1871) promises 
to be permanent ] 

386 It is instructive to trace the oiigin of various hetero- 
static species of electrometers by natural selection. A body 
hanging, or otherwise symmetrically balanced, in the middle 
of a symmetrical field of force, but fiee to move m one direc- 
tion or the other in a line tangential to a line of force, moves 
in one direction or the opposite when electrified positively or 
negatively. Bohnenberger’s airangement of tliis kind has a 
convenient and approximately constant field of force; and his 
instrument was chosen in preference to others which, may have 
been equally sensitive, but were less convenient and constant, 
and it became a permanent species 
387. Bennet’s gold-leaf electroscope, constructed with care 
to secure good insulation, electrified sufficiently to produce a 
moderate divergence, has been often used to test, by aid of this 
electrification, the quality of the electnfication of an electrified 
body brought into the neighbourhood of its upper projecting 
electrode, causing, if its clectiicity is of the same sign as that 
of the gold leaves, increase of divergence; if of the opposite 
sign, diminution By connecting the upper electiode with the 
inner coating of a Leyden jar with internal artificially dried 
atmosphere, the charge of the gold leaves may be made to last 
with little loss from day to day; and by insulating Faraday’s 
metal cage (§ 342) round the gold leaves, and alternately con- 
necting it with the earth and with a conductor whose difference 
of potentials from the earth is to be tested, an increase or a 
diminution of divergence is observed according as this differ- 
ence is negative or positive, the gold leaves being positive. 
Hence (through Peltier’s and Delrnann s forms) the heterostatic 
stationary and portable repulsion electrometers, described 
(§§ 274-277, 263 above) in the Royal Institution Lecture 
on “Atmospheric Electricity,” and in Nichol’s Cyclopedia, 
article “Electricity, Atmospheric,” already referred to, of which 
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one species still survives in King s College, Nova Scotia, and in 
the Natural Philosophy Classroom of Edinburgh University. 
The same form of the heterostatic principle applied to Snow 
Harris’s attracted disc electrometer gave the portable and 
standard electrometers described above. 

388 A modification of Bolmenberger s electroscope, in which 
the two knobs on the two sides of the hanging gold leaf became 
transformed into halves of a 
circular cylinder, with its axis 
horizontal and the gold leaf 
hung on a wire insulated in 
a position coinciding with its 
axis , producing a species de- 
signed for telegraphic pur- 
poses, but which did not ac- 
quire permanence by natural 
selection, and is only known 
to exist in one fossil specimen 
In this instrument the wire 
bearing the gold leaf was connected with a charged Leyden 
jar, and the semi-cylinders with the bodies whose difference of 
potential was to be tested But various modifications of the 
divided-cylinder or divided-ring class with the axis vertical 
and plane of motion horizontal have done some practical work, 
and one species, the new quadrant electrometer (§ 346), pro- 
mises to become permanent. 

389 The heterostatic piinciple in one form or other is 
essential to distinguish between positive and negative. As 
remarked above (§ 387), the original type of this use of it is to 
be found in the old system of testing the quality of the charge 
taken by the diverging straws or gold leaves of the electroscopes 
used for the observation of atmospheric electricity ; which was 
done by bringing a piece of rubbed sealing-wax into the neigh- 
bourhood, and observing whether this caused increase or diminu- 
tion of the divergence. A doubt which still exists as to the sign 
(§ 252) of the atmospheric electricity observed by Professor 
Piazzi Smyth on the Peak of Teneriffe, is owing to the imper- 
fection of this way of applying the principle. It is, indeed, 
to be doubted in any one instance whether it is not vitreous 
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electricity that the rubbed sealing-wax acquires. And, again 
(§ 342), it is not certain that the glass case enclosing the gold 
leaves, especially if very clean and surrounded by a very dry 
natural atmosphere, screens them sufficiently from direct in- 
fluence of tlie piece of sealing-wax to make sure that the 
divergence due to vitreous electricity could not be increased 
by the presence of the resinoiisly electrified sealing-wax if held 
nearer the gold leaves than the upper projecting stem. 

890. The lieterostatic principle has a very great advantage 
as regards sensibility over any simple idiostatic arrangement, 
inasmuch as, for infinitely small differences of potential to be 
measured, the force is as the squares of the differences in any 
idiostatic aiTangement, but is simply propoitional to the differ- 
ences in every heterostatic aiTangement. 



XXL ATMOSPHEKIC ELECTRICITY* 


NEW APPARATUS FOR OBSERVING ATMOSPHERIC ELECTRICTTYf. 


[Pioceedings Liteianj and Philosophical Society of Manchcbter, March 8, 1859.] 

301. Dr Joule read an extract from a letter he had some time 
ago received from Professor W. Thomson. — “I have had an ap- 
paiatus for Atmospheric Electricity put up on the roof of my 
lecture-room, and got a good trial of it yesterday, which proved 
most satisfactory. It consists of a hollow conductor supported 
by a glass rod attached to its own roof, with an internal atmo- 
sphere kept dry by sulphuric acid . the lower end of the glass 
rod is attached to the top of an iron bar, by which the hollow 
conductor is held about two feet above the inclined roof of the 
building. A can, open at the top, slides up and down on the 
iron bar winch passes through a hole in the centre of its bottom, 
and, being suppoited by a tube with pulleys, etc below, can 
easily be raised or lowered at pleasure A wire attached to the 
insulated conductor passes through a wide hole m the bottom of 
the can, and is held by a suitable insulated support inside the 
building, so that it may be led away to an electrometer below. 
To make an obseivation, the wire is connected with the earth, 
while the can is up, and envelopes the conductor — its position 
when the instrument is not in use. The earth connexion is 
then broken, and the can is drawn down about eighteen inches. 
Immediately the electrometer shows a large effect (from five to 
fifteen degrees on my divided ring electrometer, in the state it 
chanced to be in, requiring more than one hundred degrees of 
torsion to bring it back to zero, in the few observations I made). 
When the surface of the earth is (as usual when the sky is cloud- 

* The two articles constituting this chapter were accidentally omitted from 
Chapter XVI. . 

+ It was with the insulated conductor of an apparatus of this kind after- 
wards set up in the island of Arran that the observations desciibed in § 294 
were made. 
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less) i^egative, the electrometer shows positive electricity. But 
when a negative cloud (natural, or of smoke) passes over, the 
indication is negative. The insulation is so good that the 
changes may be observed for a quarter of an hour or more, and 
when the can is put up the electrometer comes sensibly to zero 
again, showing scarcely any sensible change when the earth 
connection is made, before making a new start.’' 

Dr Joule stated that he had recently witnessed experiments 
with Professor Thomson’s new Atmospheric Electrometer, the 
merit of which consisted in its extreme sensitiveness, and 
the facility with which accurate observations could be made 
with it. 


NOTES ON ATMOSPHERIC ELECTRICTTy" 

[From the Philobophnal Ma<jazine, Fourth Seiics, Nov 1800 ] 

392 . Two water-dropping collectors for atmosplieiic elec- 
tricity were prepared, and placed, one at a window of the 
Natural Philosophy Lccture-ioom, and the other at a window 
of the College Towei of the University of Glasgow. A divided 
ring-electrometer was used at the last-mentioned station ; an 
electrometer adapted for ahsolute measurement, ncaily in the 
form now constructed as an ordinary hou.se electrometer, was 
used in the lecture-room. Four students of the Natural Philo- 
sophy Class, Messrs Lorimer, Lyon, MTverrow, and Wilson, 
after having persevered m preliminary experiments and arrange- 
ments from the month of November, devoted themselves with 
much ardour and constancy during February, March, and 
April to the work of observation. During periods of observa- 
tion, at various times of day, early and late, measurements 
were completed and recorded every quarter minute or every 
half minute, — the continual variations of the pheenomenon 
rendering solitary observations almost nugatory. During 
several hours each day, simultaneous observation was carried 
on on this plan at the two stations. A comparison of the 


* Bead before the Bntiwh Association, June, 1800. 
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results manifested often great discordance, and never complete 
agreement. It was thus ascertained that electrification of the 
air, if not of solid particles in the air (which have no claim 
to exclusive consideration in this respect), between the two 
stations and round them, at distances fiom them not very 
great in comparison with their mutual distance, was largely 
operative in the observed phasnomena. It was generally found 
that after the indications had been negative for some time at 
both stations, the transition to positive took place earlier by 
seveial minutes at the tower station (upper) than at the lecture- 
room (lower). Sometimes during several minutes, preceded 
and followed by positive indications, there were negative in- 
dications at the lower, while there were only positive at the 
upper. In these cases the circumambient air must have con- 
tained negative (or re.sinou.s) electricity. A horizontal stratum 
of air seveial hundred feet thick overhead, containing as much 
positive electricity per cubic foot as there must have been of 
negative per cubic foot of the air about the College buildings 
on those occasions, would produce electrical manifestations at 
the earth’s surface similar in character and amount to those 
ordinarily observed during fair weather. 

393. Beccana has remarked on the rare occurrence of negative 
atmospheric indications during fair weather, of which he can 
only record six during a period of fifteen years of very persever- 
ing observation by himself and the Prior Ceca. On some, if 
not all, of those occasions there was a squally and variable 
wind, changing about rapidly between N E. and N.W. On 
several days of unbroken fair weather in April and May of the 
present year the atmospheric indication was negative during 
short periods, and on each occasion there was a sudden change 
of wind, generally from N.E. to N.W., W , or S.W. For instance, 
on the 3rd of May, after a warm, sunny, and very dry day, with 
a gentle N.E. breeze, and slight easterly haze in the air, I found, 
about 8.80 P.M., the expected positive atmospheric indication. 
After dark (nearly an hour later) it was so calm that I was able 
to carry an unprotected candle into the open air and make an 
observation with my portable electrometer. To my surprise I 
found a somewhat strong negative indication, which I observed 
for several minutes. Although there was no sensible wind in 
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the locality where I stood ^ I perceived by the line of smoke 
from a high chimney at some distance that there was a decided 
breeze from W. or S.W. A little later a gentle S.W. wind set 
in all round, and with the aid of a lantern I found strong 
positive indications, which continued as long as I observed. 
During all this time the sky was cloudy, or nearly so. That 
reversed electric indications should often be observed about the 
time of a change of wind may be explained, with a considerable 
degree of probability, thus . — 

394. The lower air up to some height above the eai'tli must 
in general be more or less electrified with the same kind of 
electricity as that of the earth s surface ; and, since this reaches 
a high degree of intensity on every tree-top and pointed 
vegetable fibre, it must therefore cause always more or less of 
the phaenomenon which becomes conspicuous as the light of 
Castor and Pollux ” known to the ancients, or the “ fire of St. 
Elmo” described by modern sailors in the Mediterranean, and 
which consists of a flow of electricity, of the kind possessed by 
the earth, into the air. Hence in fair weather the lower air 
must be negative, although the atmospheric potential, even 
close to the eaith’s surface, is still generally positive. But if 
a considerable area of this lower stratum is carried upwaids 
into a column over any locality by wind blowing inwards from 
different directions, its effect may for a time predominate, and 
give rise to a negative potential in the air, and a positive elec- 
trification of the earth’s surface. 

305. If this explanation is correct, a whirlwind (such as is 
often experienced on a small scale in hot weather) must 
diminish, and may reverse, the ordinary positive indication, 

396. Since the beginning of the present month I have had two 
or three opportunities of observing electrical indications with 
my portable electrometer during day thunder-storms. I com- 
menced the observation on each occasion after having heard 
thunder, and I perceived frequent impulses on the needle 
which caused it to vibrate, indicating sudden changes of elec- 
tric potential at the place where I stood. I could connect the 
larger of these impulses with thunder heard some time later, 


About five miles south of Glasgow. 
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with about the same degree of certainty as the brighter flashes 
of lightning during a thunder-storm by night are usually re- 
cognised as distinctly connected with distinct peals of thunder. 
By counting time I estimated the distance of the discharge not 
nearer on any occasion than about four or five miles. There 
were besides many smaller impulses ; and most frequently I 
observed several of these between one of the larger and the 
thunder with which I connected it. The frequency of these 
smaller disturbances, which sometimes kept the needle in a 
constant state of flickering, often prevented me from identify- 
ing the thunder in connexion with any particular one of the 
impulses I had observed. They demonstrated countless dis- 
charges, smaller or more distant than those that give rise to 
audible thunder. On none of these occasions have I seen any 
lightning. The absolute potential at the position of the burn- 
ing match was sometimes positive and sometimes negative ; 
and the sudden change demonstrated by the impulses on the 
needle were, so far as I could judge, as often augmentations of 
positive or diminutions of negative, as diminutions of positive 
or augmentations of negative. This afternoon, for instance 
(Thursday, June 28), I heard several peals of thunder, and 
found the usual abrupt changes indicated by the electrometer. 
For several minutes the absolute potential was small positive, 
with two or three abiupt changes to somewhat strong positive, 
falling back to weak positive, and gathering again to a dis- 
charge. This was precisely what the same instrument would 
have shown anyvvhere within a few yards of an electrical 
machine turned slowly so as to cause a slow succession of 
sparks from its prime conductor to a conductor connected with 
the earth. 

397. I have repeatedly observed the electric potential in the 
neighbourhood of a locomotive engine at work on a railway, 
sometimes by holding the portable electrometer out at a window 
of one of the carriages of a train, sometimes by using it while 
standing on the engine itself, and sometimes while standing on 
the ground beside the line. I have thus obtained consistent 
results, to the effect that the steam from the funnel was always 
negative, and the steam from the safety-valve always positive. 

I have observed extremely strong effects of each class from 
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carriages even far removed from the engine. I have found 
strong negative indications in the air after an engine had dis- 
appeared round a curve, and its cloud of steam had dissolved 
out of sight. 

398. In almost all parts of a large manufactory, with steam - 
pipes passing through them for various heating purposes, I 
have found decided indications of positive electricity. In 
most of these localities there was some slight escape of high- 
pressure steam, which appeared to be the origin of the positive 
indications. 

399, These phoenomena seem in accordance with Faraday’s 
observations on the electricity of steam, which showed high- 
pressure steam escaping into the air to be in general positive, 
but negative when it carried globules of oil along with it. 



XXII— NEW PROOF OF CONTACT ELECTBICTTV 


\VTOccedinf}i> Literary and PhiUtsophtcul Society of Manchester^ Jan 21, 1862.] 

The following extract of a lettei from Professor W. Thomson, 
LL,D , etc., to the President, was read * — 

400. “About two years ago I wrote to you that a metal bar, 
insulated so as to be moveable about an axis perpendicular to 
the plane of a metal ring made up half of copper and half of 
zinc, the two halves being soldered together, turns from the 
zinc towards the copper when vitieously electrified, and from 
the copper towards the zinc when resinously electrified. [See 
diagram of § 270 (4).] 

“If the copper half and the zinc half of the ling are insu- 
lated from one another, and if they arc connected by means of 
wires with two pieces of one metal maintained at any stated 
difference of potential by proper apparatus for dividing the 
electro-motive force of the two plates of aDanioll’s element into 
100 parts, from GO to 70 of those parts are required to reduce 
the zinc half ring and the copper half ring to such a state that 
the moveable bar remains at rest whether it is electrified 
vitreously or resinously. 

“If the copper half ling is oxidized by heat, the amount of 
electro-motive force then reqniied to ncutialize the two halves 
IS much increased If, after oxidizing the copper one day by 
heat, I leave the apparatus till the next day, the effect is 
generally diminished, though something of it still remains. 
After again heating the copper by laying it for some time on a 
red-hot iron heater and allowing it to cool, I found the effect 
almost exactly 100 parts. I have no doubt that by making the 
coat of oxide very complete and thick enough, and by cleaning 
the zinc perfectly, I shall be able to get considerably above the 
electro-motive force of a single Darnell’s element. I remembered 
perfectly what you told me a long time ago about heating the 

T. E. 21 
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coppers of a battery and getting a strong effect, for some time 
equal to that of the Daniell’s cell, when I tried the effect of 
oxidizing the copper plate by heat. 

“I believe there are also electrical effects of heat itself; so 
that if one half of a ring of one metal is hot and the other 
is cold, the needle will show a difference according as it is 
charged positively or negatively 

“ For nearly two years I have felt quite sure that the proper 
explanation of voltaic action in the common voltaic arrange- 
ment is very near Volta’s, which fell into discredit because 
Volta or his followers neglected the principle of conservation 
of force. I now think it quite certain that two metals dipped 
in one electrolytic liquid will (when polarization is done away 
with) reduce two dry pieces of the same metals, when connected 
each to each by metallic arcs, to the same jiotential. 

“There cannot be a doubt that the whole thing is simply 
chemical action at a distance Zinc and copper connected by 
a metallic arc attract one another from any distance. So do 
platinum plates coated with oxygen and hydiugen icspectivcly. 

I can now tell the amount of the foice, and calculate how gieat 
a proportion of chemical affinity is used up electrolytically, 
before two such discs come wdthin 

another, or any less distance dowm to a limit within wdnch 
molecular heterogeneousness becomes sensible. This, of course, 
will give a definite limit for the sizes of atoms, or latiier, as I 
do not believe in atoms, for the dimensions of molecular 
structures ” [In an article on the “ 8ize of Atoms ” published 
in “Nature” for March 31, 1870, it has been shown, by the 
principle of reckoning here proposed, that “plates of copper 
“and zinc of a three-hundred-millionth of a centimetre thick, 

“ placed close together alternately, form a near approximation 
“ to a chemical combination, if indeed such thin plates could 
“ be made without splitting atoms.”] 



XXIir-ELECTROPHORIG APPARATUS, AND ILLUSTRATIONS 
OF VOLTAIC THEORY. 


ON A SELF-ACTING APPARATUS FOR MULTIPLYING AND MAIN- 
TAINING ELECTRIC CHARGES, WITH APPLICATIONS TO ILLUS- 
TRATE THE VOLTAIC THEORY 

[From tlie Pioceeding^i of the Roijal Society for June 20, 1807 ] 

401. In explaining the water-dropping collector for atmo- 
spheric electricity, in a lecture in the Royal Institution in 1860 
(§ 285, above), I pointed out how, by disinsiilating the water jar 
and collecting the drops in an insulated vessel, a self-acting elec- 
tric condenser is obtained. If, owing to electrified bodies m the 
neighbourhood, the potential in the air round the place where the 
stream breaks into drops is positive, the drops fall away nega- 
tively electrified; or vice veisa, if the potential is negative, the 
drops fall away positively electrified. The stieain of water 
descending does not in any way detract from the charges of 
the electrified bodies to which its electric action is due, pro- 
vided always these bodies are kept pioperly insulated ; but by 
the dynamical energy of fluid-motion, and work performed by 
gravity upon the descending drops, electiicity may be unceas- 
ingly produced on the same principle as by the electrophorus. 
But, as in the electrophorus there was no provision except good 
insulation for maintaining the charge of the electrified body 
or bodies from which the induction originates, this w^ant is 
supplied by the following reciprocal arrangement, in which the 
body charged by the drops of water is made the inductor for 
another stream, the drops from which in their turn keep up 
the charge of the inductor of the first. 

402. To stems connected with the inside coatings of two 
Leyden phials are connected metal pieces, which, to avoid cir- 
cumlocution, I shall call inductors and receivers. Each stem 
bears an inductor and a receiver, the inductor of the first jar being 

21 2 
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vertically over the receiver of the second jar, and vice versa. 
Each inductor consists of a vertical metal cylinder (fig. 1) open 
at each end. Each receiver consists of a vertical metal cylinder 
open at each end, but partially stopped in its middle 
by a small funnel (fig. 1), with its narrow mouth 
pointing downwards, and situated a little above the 
middle of the cylinder. Two fine vertical streams 
of uninsulated water are arranged to break into 
drops, one as near as may be to the centre of each 
inductor. The drops fall along the remainder of the 
axis of the inductor, and thence downwards, along the 
upper part of the axis of the receiver of the other jar, 
until they meet the funnel. The water re-forms into 
drops at the fine mouth of the funnel, which fall along 
the lower part of the axis of the receiver and aie 
carried off by a projier drain below the apparatus 
Suppose now a small positive charge of electricity be 
given to the first jar Its inductor electrifies nega- 
tively each drop of water breaking away in its centre 
from the continuous uninsulated water above ; all 
these drops give up their electricity to the second jar, 
when they meet the funnel jn its icciuver The drops 
falling away from the lower fine mouth of the funnel carry away 
excessively little electricity, however highly the jar may be 
charged ; because the place where they break away is, as it were, 
in the interior of a conductor, and therefoie has nearly zero elec- 
trification. The negative electrification thus produced in the 
second jar acts, through its inductor, on the receiver of the first 
jar, to augment the positive electrification of the first jar, and 
causes the negative electrification of the second jar to go on 
more rapidly, and so on. The dynamical value of the electrifi- 
cations thus produced is drawn from the energy of the descend- 
ing water, and is very approximately equal to the integral work 
done by gravity against electric force on the drops, in their path 
from the point where they break away from the uninsulated 
water above, to contact with the funnel of the receiver below. 

In the first part of this course each drop will be assisted down- 
wards by electric repulsion from the inductively electrified 
water and tube above it ; but below a certain point of its course 


a Water Jet 
b Inductor 
c Receiver 
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the resultant electric force upon it will be upwards, and, ac- 
cording to the ordinary way of viewing the composition of 
electric forces, may be regarded as being at first chiefly upward 
repulsion of the receiver diminished by downward repulsion 
from the water and tube, and latterly the sum of upward re- 
pulsion of the receiver and upward attraction of the inductor. 
The potential method gives the integral amount, being the ex- 
cess of work done against electric force, above work performed hy 
electric force on each drop in its whole path. It is of course equal 
to m y, if m denote the quantity of electricity carried by each 
drop, as it breaks from the continuous water above, and V the 
potential of the inner coating of the jar bearing the receiver, 
the potential of the uninsulated water being taken as zero. The 
practical limit to the charges acquiied is when one of them 
IS so strong as to cause sparks to pass across some of the 
separating air-spaces, or to throw the drops of water out of 
their proper course and cause them to fall outside the receiver 
through which they ought to pass. It is curious, after com- 

Fio. 2. 



mencing with no electricity except a feeble charge in one of the 
jars, only discoverable by a delicate electrometer, to see in the 
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course of a few miuutes a somewhat rapid succession of sparks 
pass in some part of the apparatus, or to see the drops of water 
scattered about over the lips of one or both the receivers. 

403. The Leyden jars represented in the sketch (fig. 2) are 
open-mouthed jars of ordinary Hint glass, which, when very dry, 
I generally find to insulate electricity with wonderful peifectiou. 
The inside coatings consist of strong lupiid sulphuric acid, and 
heavy lead tripods with verticiil stems projecting upwards above 
the level of the acid, which, by arms projecting horizontally 
above the lip of the jar, bear the mductois and receivers, as 
shown in fig. 2 Lids of gutta peicha oi sheet metal close the 
mouth of each jar, except a small air-space of from J to \ of 
an inch lound the piojecting steins. It a tube (hg. 3) be added 

Ft(. *1 
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to the lid to prevent currents of air fiom ciiculatlng into the 
interior of the jar, the insulation may he so good that the loss 
may be no more than one per cent ol the whole charge in three 
or four days. Two such jars may bo kept permanently charged 
from year to year by very slow water-dropping arrangements, 
a drop from each nozzle once every two or three minutes being 
quite sufficient. 

404. The matliematical theory of the action, appended below*, 
is particularly simple, but neverthele.s.s curiously interesting. 


* r ^ Ka Uifl pftmiflitics of the two jara, /, I' their rates of lofes per unit 
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405. The reciprocal electrostatic arrangement now described 
presents an interesting analogy to the self-sustaining electro- 
magnetic system recently brought before the Eoyal Society by 
Mr C. W. Siemens and Professor Wheatstone, and mathemati- 
cally investigated by Professor Clerk Maxwell. Indeed it was 
from the fundamental principle of this electromagnetic system 
that the reciprocal part of the electrostatic arrangement occurred 
to me recently. The particular form of self-acting electrophorus 
condenser now described, I first constructed many years ago. 
I may take this opportunity of describing an application of 
it to illustrate a very important fundamental part of electric 
theory, I hope soon to communicate to the Koyal Society a 
description of some other experiments which I made seven 
years ago on the same subject, and which I hope now to be able 
to prosecute fuither. 

406. Using only a single inductor and a single receiver, as 
shown m fig 1, let the inductor be put in metallic communication 
with a metal vessel or cistern whence the water flows ; and let 
the receiver be put m communication with a delicate electro- 
scope or electrometer. If the lining of the cistern and the inner 
metallic surface of the inductor be different metals, an electric 
effect IS generally found to accumulate m the receiver and 
electrometer. Thus, for instance, if the inner surface of the 


potential of chaige, per unit of time, and D, D' the values of the water- 
dioppers influenced by them. Let h-u and -i>' be their potentials at time t, 
V and v' being of one sign in the ordinary use of the apparatus described 
in tlie text. The action is expressed by the following equations — 

c De-/v; c-^ — UV-lv. 
dt dt 

If c, D, I, c\ T)\ r were all constant, the solution of these equations would be, 
for the case of commencing with the first jar chaiged to potential 1, and the 
becond zeio, 

(c'p + llepi - (cV + t) 

V=-^~ , -77 r, 

c ip- <r) C (p - ( t) 

with the corresponding symmetrical expression for the case in which the 
second jar is charged, and the first at zero, m the beginning, the roots of 
the quadratic 

icx + l) ic'x + V)-DB'=0 

being denoted by p and a. When IV > BD', both roots are negative ; and 
the electrification comes to zero m time, whatever may be the initial charges 
But when W < BB', one root is positive and the other negative, and ultimately 
the charges augment m propoition to epi if p be the positive root. 
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iudujctor be diy polished zinc, and the vessel of water above be 
copper, the receiver acquires a continually increasing charge 
of negative electricity. There is little or no effect, either posi- 
tive or negative, if the inductor present a surface of polished 
copper to the drops where they break from the continuous water 
above: but if the copper surface be oxidized by the heat of a lamp, 
until, instead of a bright metallic surface of copper, it presents 
a slate-coloured surface of oxide of copper to the drops, these 
become positively electrified, as is proved by a 
continually increasing positive charge exhi- 
bited by the electrometer. When the inner 
surface of the inductor is of bright metallic 
colour, either zinc or copper, there seems to be 
little difference in the effect wliether it be wet 
^\ith water or quite dry; also I have not found 
a considerable difference produced by lining 
the inner surface of the inductor with moist or 
dry paper. Copper filings falling from a copper 
funnel and breaking away from contact in the 
middle of a zinc inductor, in metallic coninui- 
nication with a copper funnel, as shown in fig. 4, 
produce a rapidly increasing negative charge m 
a small insulated can catching them below. 

The quadrant divided-ring electrometer* in- 
dicating, by the image of a lamp on a scale, angular motions of 
a small concave mirror (|- of a gram in weight) such as 1 use 
in galvanometers, is very convenient for exhibiting these results. 

Its sensibility is such that it gives a deflection of 100 scale- 
divisions of an inch each) on either side of zero, as the 
effect of a single cell of Daniell’s ; the focusing, by small con- 
cave mirrors supplied to me by Mr Becker, being so good that 
a deflection can easily be read with accuracy to a quarter of a 
scale-division. By adopting Peltier's method of a small mag- 
netic needle attached to the electric moveable body (or “needle”), 
and by using fixed steel magnets outside the instrument to give 
directing force (instead of the glass-fibre suspension of the 

* See Nichora Encyclop<sdia^ 1860, article “Electricity, Atmosphenc; 
or Proceedings of the Royal Institutiony May 1860, Lecture on Atmospnerio 


Fig. 4 
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a Copper Filings. 
b Inductor— Zinc. 
c Receiver 
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divided-ring electrometers described in the articles referred to), 
and by giving a measurable motion by means of a micrometer 
screw to one of the quadrants, I have a few weeks ago succeeded 
in making this instrument into an independent electrometer, 
instead of a mere electroscope, or an electrometer in virtue of a 
separate gauge electrometer, as in the Kew recording atmo- 
spheric electrometer, described in the Koyal Institution lecture. 

407. Reverting to the arrangement described above of a copper 
vessel of water discharging water m drops from a nozzle through 
an inductor of zinc in metallic connection with the copper, let 
the receiver be connected with a second inductor, this inductor 
insulated ; and let a second nozzle, from an uninsulated stream 
of water, discharge drops through it to a second receiver. Let 
this second receiver be connected with a third inductor used to 
electrify a third stream of water to be caught in a third receiver, 
and so on. We thus have an ascending scale of electrophorus 
action analogous to the beautiful mechanical electric multiplier 
of Mr. C F Varley, with which, by purely electrostatic induc- 
tion, he obtained a rapid succession of sparks from an ordinary 
single voltaic element This result is easily obtained by the 
self-acting arrangement now described, with the important 
modification in the voltaic element according to which no chemi- 
cal action is called into play, and work done by gravity is sub- 
stituted for work done by the combination of chemical elements. 


ON A UNIFORM ELECTRIC CURRENT ACCUMULATOR. 

[From the Philosophical; Magazine, January 1868.] 

408. Conceive a closed circuit, C T A B C, according to the 
following description : — One portion of it, T A, tangential to a 
circular disc of conducting material and somewhat longer than 
the radius; the continuation, A B, at right angles to this in 
the plane of the wheel, of a length equal to the radius ; and 
the completion of the circuit by a fork, B G, extending to an 
axle bearing the wheel. If all of the wheel were cut away 
except a portion, G T, from the axle to the point of contact at 
the circumference, the circuit would form a simple rectangle, 
G T A B, except the bifurcation of the side B G. Let a 
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fixed magnet be placed so as to give lines of force perpen- 
dicular to the wheel, in the parts of it between <7 the centre 
and T the point of the circumference touched by the fixed 
conductor; and let power be applied 
to cause the wheel to rotate in the 
direction towards A. According to 
Faraday’s well-known discovery, a 
current is induced in the circuit in 
such a direction that the mutual 
electiomagnetic action between it and 
the fixed magnet resists the motion of 
the wheel. Now tlie mutual elec- 
tromagnetic force between the portions A B and C T of 
the circuit is repulsive, according to the well-known elemen- 
tary law of Ampere, and therefore resists the actual motion 
of the wheel; hence, if the magnet be removed, theio will 
still be electromagnetic induction tending to maintain the 
current. Let us suppose the velocity of the wheel to have been 
at first no greater than that practically attained in ordinary ex- 
pel iraents with Barlow’s electromagnetic disc. As the magnet 
IS gradually withdrawn let the velocity be gradually increased 
so as to keep the strength of the current constant, and, when 
the magnet is quite away, to maintain the current solely by 
electromagnetic induction between the fixed and moveable por- 
tions of the circuit. If, when the magnet is away, the wheel 
be forced to rotate faster than the limiting velocity of our pre- 
vious supposition, the current will be augmented according to 
the law of compound interest, and would go on thus increasing 
without bmit were it not that the resistance of the circuit would 
become greater in virtue of the elevation of temperature pro- 
duced by the current. The velocity of rotation which gives by 
induction an electromotive force exactly equal to that required 
to maintain the current, is clearly independent of the strength 
of the current. The mathematical determination of it becomes 
complicated by the necessity of taking into account the diffusion 
of the current through portions of the disc not in a straight line 
between G and T; but it is very simple and easy if we prevent 
this diffusion by cutting the wheel into an infinite number of 
rtdn Qnnlfos a (Treat number of which are to be simub 
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taneously in contact with the fixed conductor at T. the 
linear velocity of the circumference of the wheel in the limiting 
case bears to the velocity which measures, in absolute measure, 
the resistance of the circuit, a ratio (determinable by the solu- 
tion of the mathematical problem) which depends on the pro- 
portions of the rectangle GTAB, and is independent of its 
absolute dimensions. 

409. Lastly, suppose the wheel to be kept rotating at any 
constant velocity, whether above or below the velocity deter- 
mined by the preceding considerations ; and suppose the current 
to be temporarily excited m any way (for instance, by bringing 
a magnet into the neighbourhood and then withdrawing it); 
the strength of this current will diminish towards zero or will 
increase towards infinity, according as the velocity is below or 
above the critical velocity. The diminution or augmentation 
would follow the compound interest law if the resistance in the 
ciicuit remained constant. The conclusion presents us with 
this wonderful result ; that if we commence with absolutely no 
electric current and give the wheel any velocity of rotation 
exceeding the critical velocity, the electric equilibrium is un- 
stable : an infinitesimal cuirent in either direction would aug- 
ment until, by heating the ciicuit, the electric resistance be- 
comes increased to such an extent that the electromotive force 
of induction just suffices to keep the current constant. 

410. It will be difficult, perhaps impossible, to realize this 
lesult in practice, because of the great velocity required, and the 
difficulty of maintaining good frictional contact at the circum- 
feiencc, without enormous fiiction, and consequently frictional 
generation of heat. 

411. The electromagnetic augmentation and maintenance of 
a current discovered by Siemens, and put m practice by him, 
with the aid of soft iron, and proved by Maxwell to be theoreti- 
cally possible without soft iron, suggested the subject of this 
communication to the author, and led him to endeavour to 
arrive at a similar result with only a single circuit, and no making 
and breaking of contacts ; and it is only these characteristics 
that constitute the peculiarity of the arrangement which he 
now describes. 
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ON VOLTA-CONVECTION BY FLAME. 

[From the Philoi<^hical Magazine y January 1868.] 

412. In Nichols Cyclopadtay article “Electricity, Atmo- 
spheric" (2d edition), and in the Proceedings of the Royal 
Institution May 1860 (Lecture on Atmospheric Electricity), 
[§§ 249... 293, above] the author had pointed out that the 
effect of the flame of an insulated lamp is to reduce the 
lamp and other conducting material connected with it to 
the same potential as that of the air in the neighbourhood 
of the flame, and that the effect of a fine jet of water from an 
insulated vessel is to bring the vessel and other conducting 
material connected with it to the same potential as that of the 
Fio. 1 air at the point where the jet 

breaks into drops. In a recent 
communication to the Royal 
Society “ On a Self-acting Ap- 
paratus for Multiplying and 
Maintaining Electric Charges, 
with applications to illustrate 
the Voltaic Theory," [§§ 401... 
407, above,] an experiment was 
described in which a water- 
dropping apparatus was em- 
ployed to prove the difference 
of potential in the air, in the 
neighbourhood of bright metallic 
surfaces of zinc and copper 
metallically connected with one 
another, which is to be expected 
from Volta’s discovery of contact- 
electrieity. In the present conr- 
munication a similar experiment 
is described, in which the flame of 
a spirit-lamp is used instead of a jet of water breaking into drops. 

413. A spirit-lamp is placed on an insulated stand connected 
with a very delicate electrometer. Copper and zinc cylinders, 
in metallic connection with the metal case of the electrometer, 

1 1 — in onr»h a Dosition that the 
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flame bums nearly in the centre of the cylinder, which is open 
at both ends. If the electrometer reading, with the copper 
cylinder surrounding the flame, is called zero, the reading 
observed with the zinc cylinder surrounding the flame indicates 
positive electrification of the insulated stand bearing the lamp. 

414. It is to be remarked that the differential method here 
followed eliminates the ambiguity involved in what is meant by 
the potential of a conducting system composed partly of flame, 
partly of alcohol, and partly of metal. In a merely illustrative 
experiment, which the author has already made, the amount of 
difference made by substituting the zinc cylinder for the copper 
cylinder round the flame was rather more than half the differ- 
ence of potential maintained by a single cell of Daniells. Thus, 
when the sensibility of the quadrant divided-ring electrometer 
(§ 406) was such that a single cell of Daniells gave a deflection 
of 79 scale-divisions, the difference of the reading when the zinc 
cylinder was substituted for the copper cylinder round the in- 
sulated lamp was 39 scale-divisions. From other experiments 
on contact-electricity made seven years ago by the author, and 
agreeing with results which have been published by Hankel, it 
appears that the difference of potentials in the air in the neigh- 
bourhood of bright metallic surfaces of zinc and copper in 
metallic connexion with one another is about three-quarters of 
that of a single cell of Daniell's. It is quite certain that the 
difference produced in the metal connected with the insulated 
lamp would be exactly equal to the true contact difference of 
the metals, if the interior surfaces of the metal cylinders were 
perfectly metallic (free from oxidation or any other tarnishing, 
such as by sulphur, iodine, or any other body) ; provided the 
distance of the inner surface of the cylinder from the flame were 
everywhere sufficient to prevent conduction by heated air be- 
tween them, and provided the length of the cylinder were 
infinite (or, practically, anything more than three or four times 
its diameter). 

415. The author hopes before long to be able to publish a 
complete account of his old experiments on contact-electricity, 
of which a slight notice appeared in the Proceedings of the 
Literary and Philosophical Society of Manchester [§ 400, 
above]. 
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ON ELECTRIC MACHINES FOUNDED ON INDUCTION AND 
CONVECTION. 

[From ILe Philosophical Magazine, January 1868.] 

416. To facilitate the application of an instrument, which I 
have recently patented, for recording the signals of the Atlantic 
Cable, a small electric machine running easily enough to be 
driven by the wheelwork of an ordinary Morse instrument was 
desired; and I have therefore designed a combination of the 
electrophorus principle with the system of reciprocal induction 
explained in [§§ 401... 407] a recent communication to the 
Royal Society {Proceedtiigs, June 1867), which may be briefly 
described as follows : — 

417. A wheel of vulcanite, with a largo number of pieces of 
metal (called carriers, for brevity) attached to its rim, is kept ro- 
tating rapidly round a fixed axis. The earners are very lightly 
touched at opposite ends of a diameter by two fixed tangent 
springs. One of these springs (the earth-spring) is connected 
with the earth, and the other (the receiver-spring) with an in- 
sulated piece of metal called the receiver, which is analogous 
to the “pnme conductor'* of an oi dinary electric machine. 
The point of contact of the earth-spnng with the carriers is 
exposed to the influence of an electrified body (generally an in- 
sulated piece of metal) called the inductor. When this is 
negatively electrified, each carrier comes away from contact witli 
the earth-spring, carrying positive electricity, which it gives up, 
through the receiver-spring, to the receiver. The receiver and 
inductor are each hollowed out to a proper shape, and are pro- 
perly placed to surround, each as nearly as may be, the point of 
contact of the corresponding spring 

418. The inductor, for the good working of the machine, 
should be kept electrified to a constant potential. This is 
eflfected by an adjunct called the replenisher, which may be 
applied to the main wheel, but which, for a large instrument, 
ought to be worked by a much smaller carrier-wheel, attached 
either to the same or to another turning-shaft. 

419. The replenisher consists chiefly of two properly shaped 
pieces of metal called inductors, which are fixed in the neighbour- 

wheel such as that described above, and font 
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fixed springs touching the carriers at the ends of two diameters. 
Two of these springs (called receiver-springs) are connected 
respectively with the inductors; and the other two (called con- 
necting springs) are insulated and connected with one another 
(one of the inductors is generally connected with the earth, and 
the other insulated). They are so situated that they are touched 
by the carriers on emerging from the inductors, and shortly after 
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the contacts witli the receiver-springs If any difference of 
potential between the inductors is given to begin with, the 
action of the carriers, as is easily seen, increases it according to 
the compound-interest law as long as the insulation is perfect. 
Practically, in a few seconds after the machine is started running, 
bright flashes and sparks begin to fly about in various parts of 
the apparatus, even although the inductors and connectors have 
been kept for days as carefully discharged as possible. Forty 
elements of a dry pile (zinc, copper, paper), applied with one 
pole to one of the inductors, and the other for a moment to the 
connecting springs and the other inductor, may be used to de- 
termine, or to suddenly reverse, the character (vitreous or 




Telegraph application; but its action has been so startlingly 
successful that good effect may be expected from lai^er machines 
on the same plan. 

420 . When this instrument is used to replenish the charge of 
the inductor in the constant electric machine, described above, 
one of its own inductors is connected with the earth, and the other 
with the inductor to be replenished. When accurate constancy 
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IS desired, a gauge-electroscope is applied to break and make 
contact between the connector-springs of the replenisher when 
the potential to be maintained rises above or falls below a 
certain limit. 

421. Several useful applications of the replenisher for scien- 
tific observation were shown by the author at the recent meeting 
of the British Association (Dundee), — among others, to keep up 
the charge in the Leyden jar for the divided-ring mirror-elec- 
trometer, especially when this instrument is used for recording 
atmospheric electricity. A small replenisher, attached to the 
instrument within the jar, is worked by a little milled head on 
the outside, a few turns of which will suffice to replenish the 
loss of twenty-fxmr hours 


PosTSCUipr, Nov 23, 1867. 

422. As has been stated, this machine was planned oiiginally 
for recording the signals of the Atlantic Cable. The small 
‘‘replenisher” represented in the diagrams has proved perfectly 
suitable for this purpose. The first experiments on the method 
for recording signals which I recently patented were made more 
than a year ago by aid of an oidinary plate-glass machine worked 
by hand. This day the small “ replenisher ” has been connected 
with the wheelwork drawing the Morse paper on which signals 
are recorded, and, with only the ordinary driving-weight as 
moving power, has proved quite successful. 

423. The scientific applications indicated when the communi- 
cation was made to the British Association have been tested with- 
in the last few weeks, and especially to-day, with the assistance 
of Professor Tait. The small replenisher is now made as part 
of each quadrant electrometer. It is permanently placed in the 
interior of the glass Leyden jar ; and a few turns by the finger 
applied to a milled head on the outside of the lid are found 
sufficient to replenish the loss of twenty-four hours. A small 
instrument has also been made and tested for putting in prac- 
tice the plan of equalizing potentials, described verbally in the 
communication to the British Association, which consisted in a 
mechanical arrangement to produce effects of the same char- 
acter as those of the water-dropping system, described several 

T. E. 22 
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yeirs ago at the Eoyal Institution*. The instrument is repre- 
sented in the annexed sketch (fig. 8). AT and A'T are two 
springs touching a circular row of small brass pegsf insulated 
from one another in a vulcanite disc. These springs are insu- 
lated, one or both, and are connected with the two electrodes of 
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the electrometer—or one of them with the insulated part of the 
electrometer, and the other with the metal enclosing the case 
when there is only one insulated electrode. One application is 
to test the “pyro-electricity ” of crystals; thus a crystal of tour- 
maline, PJV, by means of a metal arm holding its middle, is sup- 
ported symmetrically with reference to the disc in a position 
parallel to the line TT\ and joining the lines of contact of the 
springs. When warmed (as is conveniently done by a metal 
plate at a considerable distance from it), it gives by ordinary 
tests, as is well known, indications of positive electrification to- 


* Lecture on Atmospheric Electricity, Proceeding of the Royal Imtitution, 
May 1860. See also ^lcho^8 Cyclopadia, article “Electricity, Atmospheric” 
[§§ 249 . 2^3]. 

t [I now find a smaller number of larger discs to be preferable, as consider- 
able disturbances are produced by the numerous breakings of contact unless 
the two spnngs are in mecisely the same condition as to quality and clean- 
ness of metal surface, stiff platinum pins attached to the discs, and 

very fine platinum springs touching them as they pass, will prdbably give 
good and steady results if the springs are kept very clean. The small^'^t 
quantity of the paraffin (with which, as usual in electric instruments, the 
vulcanite is coat^), if getting on either spring, would probably produce im- 
- 23. 1867-1 
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wards the one end Pj and of negative electrification towards the 
other end N. The wheel in the arrangement now described is 
kept turning at a rapid rate ; and the effect of the carrier is to 
produce in the springs TAy T'A' the same potentials, approxi- 
mately, as those which would exist in the air at the points T, T 
if the wheel and springs were removed The springs being 
connected with the electrodes of the divided-ring quadrant 
electrometer, the spot of light is deflected to the right, let us 
say. After continuing the application of heat for some time 
the hot plate is removed, and a little later the spot of light goes 
to zero and passes to the left, remaining there for a long time, 
and indicating a difference of potentials between the springs, in 
the direction A'T positive and AT negative. The electrometer 
being of such sensibility as to give a deflection of about 100 
scale-divisions to the right or left when tested by a single gal- 
vanic cell, and having a range of 800 scale-divisions on each 
side, it is necessary to place the tourmaline at a distance of 
several inches from the disc to keep the amount of the deflec- 
tion within the limits of the scale. 

424. Another application of this instrument is for the 
experimental investigation of the voltaic theory, according 
to the general principle described [§ 406] in the communi- 
cation to the Royal Society already referred to.* In it two 
inductors are placed as represented in fig 4. The inner 
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surface of each of these is of smooth brass ; and one of them 
is lined wholly, or partially, with sheet zinc, copper, silver, 
or other metal to be tested. Thus, to experiment upon 
the contact difference of potentials between zinc and copper. 
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0 ^ of the inductors is wholly lined with sheet zinc or 
With sheet copper, and the two inductors are placed in me- 
^Uic communication with one another. The springs are each 
in metallic communication with the electrodes of the quadrant 
mirror electrometer, and the wheel is kept turning. The spot 
of light is observed to take positions ditFering, according as the 
lining is zinc or copper, by 72| per cent, of the difference pro- 
duced by disconnecting the two inductors from one another and 
connecting them with the two plates of a single Daniells cell, 
when either the zinc or the copper lining is left in one of them 
These differences are very approximately in simple proportion 
to the differences of potentials between the pairs of the opposite 
quadrants of the electrometer in the different cases. The dif- 
ference between the effects of zinc and of copper in this arrange- 
ment is of course in the direction corresponding to the positive 
electrification of the quadrants connected with the spring whose 
point of contact is exposed to the zinc-lincd inducing surfaeo 
It must be remembered, however, as is to be expected fiom 
Hankel’s observations, that the difference measured ^vill be much 
affected by a slight degree of tarnishing by oxidation, or othei- 
wise, of the inner suiface of either inductor. When the 
copper surface is brought to a slate-colour by oxidation undei 
the influence of heat, the contact difference between it and 
polished zinc amounts sometimes, as I found in experiments 
made seven years ago [§ 400, above], to 125, that of a single 
cell of Daniells being called 100 
425. A useful application of tlie little instrument represented 
in fig. 4 is for testing insulation of insulated conductors of small 
capacity, as for instance, short lengths (*2 or 3 feet) of submarine 
cable, when the electrometer used is such that its direct appli- 
cation to the conductor to be tested would produce a sensible 
disturbance in its charge, whether through the capacity of the elec- 
trometer being too great, or from inductive effects due to motion 
of the moveable part, or parts, especially if the electrometer is 
“heterostatic” [§ 385], In this application one of the induc- 
tors is kept in connection with a metal plate in the water sur- 
rounding the specimen of cable to be tested ; and the other is 
connected with the specimen, or is successively connected with 
the different specimens under examination. The springs are 
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connected with the two electrodes of the electrometer as usual. 
The small constant capacity of the insulated inductor, and the 
practically perfect insulation which may with ease be secured 
for the single glass or vulcanite stem bearing it, are such that 
the application of the testing apparatus to the body to be tested 
produces either no sensible change, or a small change which 
can be easily allowed for. It will be seen that the small metal 
pegs carried away by the turning-wheel from the point of the 
insulated spring, in the arrangement last described, correspond 
precisely to the drops of water breaking away from the nozzle 
m the water-dropping collector for atmospheric electricity. 

426. A form bearing the same relation to that represented 
in the drawings that a glass-cylinder electric machine bears to a 
plate-glass machine of the oubnary kind will be more easily 
made, and will probably be found piefcrable, when the dimensions 
are not so great as to render it cumbrous. In it, it is proposed 
to make the carrier- wheel nearly after the pattern of a mouse- 
mill, with discs of vulcanite instead of wood for its ends. 
The inductor and receiver of the rotatory electrophorus or 
the two inductor-receivers of the rcplenisher, may, when this 
pattern is adopted, be mere tangent planes; but it will probably 
be found better to bend them somewhat to a curved cylindrical 
shape not differing very much from tangent planes. When, 
however, great intensity is desired, the best pattern will pro- 
bably be had by substituting for the carrier-wheel an endless 
rope ladder, as it were, with cross bars of metal and longitudinal 
cords of silk or other flexible insulating material. This, by an 
action analogous to that of the chain-pump, will be made to 
move with great rapidity, carrying electricity from a properly 
placed inductor to a properly shaped and properly placed re- 
ceiver at a distance fiom the inductor which may be as much 
as sev eral feet. 


ON THE RECIPROCAL ELECTROPHORUS. 

[From the Philosophical Magazine, April 1868.] 

427. Having been informed by Mr. Fleeming Jenkin that be 
had heard from Mr. Clerk Maxwell that the instrument which I 
described under the name “ Beplenisher,” in the Philosophical 
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Magazine for January 1868, was founded on precisely the same 
principle as an instrument “for generating electricity” which 
had been patented some years ago by Mr. C. F. Varley, I 
was surprised ; for I remembered bis inductive machine which 
had been so much admired at the Exhibition of 1862, and 
which certainly did not contain the peculiar principle of the 
“Replenisher.” But I took the earliest opportunity of looking 
into Mr. Varley s patent (1860), and found, as was to be ex- 
pected, that Mr. Maxwell was perfectly right. In that patent 
Mr. Varley describes an instioiment agreeing in almost every 
detail with the general description of the “Replenisher” which 
1 gave in the article of the Philosophical Magazine already 
referred to. The only essential difference is that no contacts 
are made in Mr. Varley’s instrument, but, instead, the carriers 
pass, each at four points of its circular path, within such short 
distances of four metallic pieces that when a sufficient intensity 
of charge has been reached, sparks pass across the air-intervals. 
Hence to give a commencement of action to Mr. Varley s instru- 
ment, one of the inductors must be charged from an indepen- 
dent source to a considerable potential (that of several thousand 
cells for instance), to make sure that sparks will pass between 
the carriers and the metal piece (corresponding to one of my 
connecting springs) which it passes under the influence of that 
inductor. In my “ Replenisher,” however well discharged it 
may be to begin with, electrification enough is reached after a 
few seconds (on the compound interest principle, with an in- 
finitesimal capital to begin with) to produce sparks and flashes 
in various parts of the instrument. In Mr. Varley's instrument, 
what corresponds to my connector is described as being con- 
nected with the ground; and the effect is to produce positive 
and negative electrification of the two inductors. In this re- 
spect it agrees with the self-acting apparatus for multiplying 
and maintaining electric charges, described in a communication 
to the Royal Society last May.* From this arrangement I 
passed to the '‘Replenisher” by using a wheel with carriers as 
a substitute for the water-droppers, and arranging that the 
connectors might be insulated and one of the inductors con- 
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nected with the earth, which, of course, may be done in Mr. 
Varley ’s instrument, and which renders it identical with mine, 
with the exception of the difference of spring-contacts instead 
of sparks. This difference is essential for some of the applica- 
tions of the Eeplenisher,” which I described, and have found 
very useful, especially the small internal replenisher, for reple- 
nishing, when needed, the charges of the Leyden jar of my 
heterostatic electrometers. But the reciprocal-electrophorus 
principle, which seemed to me a novelty in the communication 
to the Royal Society and in the Philosophical Magazine article 
of last January referred to, had, as I now find, been invented and 
published by Mr. Varley long before, in his patent of 1860, 
when it was, I believe, really new to science. 

428. Postscript.-— Glasgow College, March 20, 1868.— In 
looking further into Mr. Varley s patent, I find that he describes 
an arrangement for making spring-contacts instead of the narrow 
air-spaces for sparks, — and that he uses the spring-contacts to 
enable him to commence with a very small difference of poten- 
tials, and to magnify on the compound interest principle. He 
even states that he can commence with such a difference of 
potentials as can be produced by a single thermo-electric element, 
and by the use of his inductive instrument can multiply this in 
a measured proportion until he reaches a difference of potentials 
measurable by an ordinary electrometer. Thus it appears that bis 
anticipation of all that I have done in my “Replenisher” is even 
more complete than I supposed when writing the preceding. 

429. Second Postscript (1870).— On having had my atten- 
tion called to Nicholson’s “Revolving Doubler,” I find in it the 
same compound interest principle of electrophoric action. It 
seems certain that the discovery is Nicholson s, and about one 
hundred years old. Holtz’s now celebrated electric machine, 
which is closely analogous in principle to Varley ’s of 1860, is, I 
believe, a descendant of Nicholson’s. Its great power depends 
on the abolition by Holtz of metallic carriers, and of metallic 
raake-and-break contacts. Its inductive principle is identical 
with that of Varley ’s earlier and my own later invention. It 
differs from Varley’s and mine in leaving the inductors to them- 
selves, and using the current in the “ connecting ” arc (§ 419), 
which, when sparks are to be produced, is broken. 
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[Abstract from the Ptoceeduigs of the Jloyal Society, Juue 1819.J 

430. The theory of magnetism was first mathematically 
treated in a complete form by Poisson. Brief sketches of his 
theory, with some simplifications, have been given by Green 
and Murphy in their works on Electricity and Magnetism. In 
all these writings a hypothesis of two magnetic fluids has been 
adopted, and strictly adhered to throughout No physical 
evidence can be adduced in support of such a hypothesis; 
but on the contrary, recent discoveries, especially in electro- 
magnetism, render it extremely improbable. Hence it is of 
importance that all reasoning with reference to magnetism 
should be conducted without assuming the existence of those 
hypothetical fluids. 

431. The writer of the present paper endeavours to show that a 
complete mathematical theory of magnetism may be established 
upon the sole foundation of facts generally known, and Cou- 
lomb’s special experimental researches. The positive parts of 
this theory agree with those of Poisson’s mathematical theory, 
and consequently the elementary mathematical formulae coin- 
cide with those which have been previously given by Poisson. 

The paper at present laid before the Royal Society is re- 
stricted to the elements of the mathematical theory, exclusively 
of those parts in which the phenomena of magnetic induction 
are considered. 

The author hopes to have the honour of laying before the 
Society a continuation, containing some origin^ mathematica 
investigations on magnetic distributions, and a iieory of indue 
tion, in ferromagnetic or diamagnetic substancea 
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[Tramactiom of the Royal Society for June 1849, and June 1850 ] 
Introduction 

432. The existence of magnetism is recognised by certain 
phenomena of force which are attributed to it as their cause. 
Other physical effects are found to be produced by the same 
agency; as in the operation of magnetism with reference to 
polarized light, recently discovered by Mr Faraday ; but we 
must still regard magnetic force as the characteristic of mag- 
netism, and, however interesting such other phenomena may 
be in themselves, however essential a knowledge of them may 
be for enabling us to arrive at any satisfactory ideas regarding 
the physical nature of magnetism, and its connexion with the 
general properties of matter, we must still consider the investi- 
gation of the laws, according to which the development and 
the action of magnetic force are regulated, to be the primary 
object of a Mathematical Theory in this branch of Natural 
Philosophy. 

483. Magnetic bodies, when put near one another, in general 
exert very sensible mutual forces; but a body which is not 
magnetic can experience no force in virtue of the magnetism of 
bodies in its neighbourhood. It may indeed be observed that 
a body, if, will exert a force upon another body A ; and again, 
on a third body B] although when A and B are both removed 
to a considerable distance from if, no mutual action can be 
discovered between themselves ; but in all such cases A and B 
are, when in the neighbourhood of if, temporarily magnetic ; 
and when both are under the influence of if at the same time, 
they are found to act upon one another with a mutual force. 
All these phenomena are investigated in the mathematical 
theory of magnetism, which, therefore, comprehends two dis- 
tinct kinds of magnetic action — the mutual forces exercised 
between bodies possessing magnetism, and the magnetization 
induced in other bodies through the influence of magnets. 
The First Part of this paper is confined to the more descriptive 
and positive details of the subject, with reference to the former 
class of phenomena. After a sufficient foundation has been 
laid in it, by the mathematical exposition of the distribution of 
magnetism in bodies, and by the determination and expression 
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of the general laws of magnetic force, a Second Part will be 
devoted to the theory of magnetization by influence, or magnetic 
induction. 

FIRST PART.-ON MAGNETS, AND THE MUTUAL FORCES 
BETWEEN MAGNETS. 

Chapter I . — Preliminary Definitions and Explanations. 

434. A magnet is a substance which intrinsically possesses 
magnetic properties. 

A piece of loadstone, a piece of magnetized steel, a gal\ anic circuit, 
are examples of the varieties of natural and artificial magnets at 
present known ; but a piece of soft iron, or a piece of bismuth teiii- 
{wrarily magnetized by induction, cannot, in unqualified terms, be 
called a magnet. 

A galvanic circuit is frequently, for the sake of distinction, Ciilled 
an “electro-magnet,” but, according to the preceding definition of a 
magnet, the simple tenn, without qualification, may be applied to 
such an arrangement. On the other hand, a piece of appamtus con- 
sisting of a galvanic coil, with a soft iron core, although often called 
simply “an electro-magnet,” is in reality a complex arrangement 
involving an electro-magnet (which is intrinsically magnetic as long as 
the electric current is sustained) and a body transiently magnetized 
by induction. 

435. In the following analysis of magnets, the magnetism of 
eveiy magnetic substance considered will be regarded as ab- 
solutely permanent under all circumstances. This condition is 
not rigorously fulfilled either for magnetized steel or for load- 
stone, as the magnetism of any such substance is always liable 
to modification by induction, and may therefore be affected 
either by. bringing another magnet into its neighbourhood, or 
by breaking the mass itself and separating the fragments. 
When, however, we consider the magnetism of any fragment 
taken from a steel or loadstone m^uet, the hypothesis will bo 
that it retains without any alteration the magnetic state which 
it actually had in its position in the body. The general theory 
of. the distribution of magnetism founded upon conceptions of 
this kind, will be independent of the truth or falseness of nny 
such hypothesis which may be made for the sake of convem- 
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ence in studying the subject ; but of course any actual experi- 
ments in illustration of the analysis or synthesis of a magnet 
would be affected by a want of rigidity in the magnetism of 
the matter operated on. For such illustrations electro-magnets 
[without iron or other magnetic substance] are extremely 
appropriate, as in them, except during the motion by which 
any alteration in their form or arrangement is effected, no 
appreciable inductive action can exist. 

436, In selecting from the known phenomena of magnetism 
those elementary facts which are to serve for the foundation of 
the theory, all complex actions depending on the irregularities 
of the bodies made use of should be excluded. Thus if we 
were to attempt an experimental investigation of the action 
between two amorphous fragments of loadstone, or between 
two pieces of steel magnetized by ordinary processes, we 
should probably fail to recognise the simple laws on which the 
actions resulting from such complicated circumstances depend ; 
and we must look for a simpler case of magnetic action before 
we can make an analysis which may lead to the establishment 
of the fundamental principles of the theory. Much complica- 
tion will be avoided if we take a case in which the irregularities 
of one, at least, of the bodies do not affect the phenomena to be 
considered. Now, the earth, as was first shown by Gilbert, is 
a magnet; and its dimensions are so great that there is no 
sensible variation in its action on different parts of any 
ordinary magnet upon which we can experiment, and conse- 
quently, in the circumstances, no complicacy depending on the 
actual distribution of terrestrial magnetism. We may therefore, 
with advantage, commence by examining the action which the 
earth produces upon a magnet of any kind at its surface. 

437. At a very early period in the history of magnetic dis- 
covery the remarkable property of pointing north and south ” 
was observed to be possessed by fragments of loadstone and 
magnetized steel needles. To form a clear conception of this 
phenomenon, we must consider the total action produced by 
the earth upon a magnet of any kind, and endeavour to dis- 
tinguish between the effects of gravitation which tlie eartlr 
exerts upon the body in virtue of its weight, and those which 
result from the magnetic agency. 
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|ii38. in the first place, it is to be remarked that the mag- 
netic agency of the earth gives rise to no resultant force of 
Sensible magnitude, upon any magnet with reference to which 
we can perform experiments [that is to say, small enough to 
be a subject for laboratory experiments], as is proved by the 
following observed facts : — 

(1.) A magnet placed in any manner, and allowed to move with 
j>eifect freedom in any horizontal direction (by being floated, for 
example, on the surface of a liquid), experiences no action which 
tends to set its centre of gmvity in motion, and there is therefore no 
[directly observable] horizontal force upon the body. 

(2.) The magnetism of a body may be altered in any way, without 
aflfectiilg its weight as indicated by a balance. Hence there can be 
no [directly observable] vertical force njion it depending on its mag- 
netism. 

439. It follows that <aiiy magnetic action which the earth 
can exert upon a magnet [of dimensions suitable for laboratory 
experiments] must be [sensibly] a couple. To ascertain the 
manner in which this action takes place, let us conceive a 
magnet to be supported by its centio of gravity* and left per- 
fectly free to tuni round this point, so that, without any con 
straint being exerted which could balance the magnetic action, 
the body may be in circumstances the same as if it were with- 
out weight. The magnetic action of the earth upon the magnet 
gives rise to the following phenomena : — 

(1.) The magnet does not remain in equilibrium in every position in 
which it may be breught to rest, as it would do did it expeiienc3 no 
action but that of gi-avitation. 

(2.) If the magnet be placed in a position of equilibrium there is a 
certain axis (which, for the present, we may conceive to be found by 
trial), such that if the magnet be turned round it, through any angle, 
and be brought to rest, it will remain in equilibrium. 

♦ The ordinary process for finding experimentally the centre of cavity of 
a body fails when there is any magnetic action to interfftre with the effects 
of gravitaton. It is, however, for our present purjiose, sufficient to kuo^ 
that the centre of gravity exists ; that is, that there is a point such that the 
vertical line of the resultant action of gravity passes through it, in whatever 
position the body be held. If it were of any consequence, a jirqoess some- 
what complicate by the magnetic action, for actually determining, 
periment, the centre of gravity of a magnet might be indicated, and thu 
the experimental treatment of the subject in the text would be oompleteh- 
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(3,) If the magaet be turned through 180", about an axis perpen- 
dicular to this, it will again be in a position of equilibrium, 

(4.) Any motion of the magnet whatever, whiph is not of either of 
the kinds just described, nor compounded of the two, will bring it 
into a position in which it will not be in equilibrium. 

(5.) ' The directing couple experienced by the magnet in any posi- 
tion depends solely on the angle of inclination of the axis described in 
(1 ) to the line along which it lie.s when the magnet is in equilibrium ; 
being independent of the position of the plane of this angle, and of 
the different positions into which the magnet is bi ought by turning it 
round that axis 

440. From these observations we draw the conclusion that a 
magnet always experiences a directing couple from the earth 
unless a certain axis belonging to it is placed in a determinate 
position. This line of the magnet is called its magnetic axis.* 

441. The direction towards which the magnetic axis of the 
magnet tends in virtue of the earth's action, is called “ the line 
of dip,” or ‘‘the direction of the total terrestrial magnetic force,” 
at the locality of the observation. 

442. No further explanation regarding phenomena which 
depend on terrestrial magnetism is required in the present 
chapter ; but, as the facts have been stated in part, it may be 
light to complete the statement, as far as regards the action 
experienced by a magnet of any kind when held in different 
positions in a given locality, by mentioning the following 
conclusions, deduced in a very obvious manner from the 
general laws of magnetic action stated below, and verified fully 
by experiment : — 

If a magnet be held with its magnetic axis inclined at any 
angle to the line of dip, it will experience a couple, the moment 
of which is proportional to the sine of the angle of inclination, 
acting in a plane containing the magnetic axis and the line of 
dip. The position of equilibrium towards which this couple 
tends to bring the magnetic axis is stable, and if the direc- 
tion of the magnetic axis be reversed, the magnet may be left 
balanced, but it will be in unstable equilibrium. 

* Any line in the body parallel to this might, with as good reason, be called 
a magnetic axis, hut when we conceive the magnet to be supported by its centre 
of gravity, the magnetic axis is naturally taken as a line through this poi^*-* 
[See addition to § 444 ] % 
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443. The directiv'e tendency observed in magnetic bodies 
being found to depend on their geographical position, and to 
be related, in some degree, to the terrestrial poles, received the 
name of polanty, probably on account of a false hypothesis of 
forces exercised by the pole-star* ** or by the earth's poles upon 
certain points of the loadstone or needle, thence called the 
“poles of the magnet.” The terms “polarity” and “poles” are 
still retained, but the use of them, which has very generally 
been made, is nearly as vague as the ideas from which they 
had their origin. Thus, when the magnet is an elongated mass, 
its ends are called poles if its magnetic axis be in the direction 
of its length; no definite points, such as those in which the 
surface of the body is cut by the magnetic axis, being pre- 
cisely indicated by the term as it is generally used. If, how- 
ever, the body be symmetrical about its magnetic axis, and 
symmetrically magnetized, whether elongated in that direction 
or not, the poles might be definibdy the ends of the magnetic 
axis (or the points in which the surface is cut by it), unless 
the magnet be annular and not cut by its magnetic axis (a ring 
electro-magnet, for instance), in which case the ordinary con- 
ception of poles fails. Notwithstanding this vagueness, how- 
ever, the terms poles and polarity arc extremely convenient, 
and, with the following explanations, they will frequently be 
made use of in this paper : — 

444. Let 0 be any point in a magnet, and let NOS be a 
straight line parallel to the line defined above as the magnetic 
axis through the centre of gravity. If the point 0, however 
it has been chosen, be called the centre of the magnet, the line 
NS, terminated either at the surface, on each side, or in any 
arbitrary manner, is called the magnetic axis, and the ends 
N, S, of the magnetic axis aie called the poles of the magnet, f 


* In the poem of Guiot de Provence (quoted in Whewell’s Hi^Un'y of the 
Inductive Sctencee, vol. ii. p. 46), a needle ib described as being magnetized and 
placed in or on a straw (floating on water it is to be preBUmed)— 

** Pais se tome la points toute 
Centre Testoile sans doute.” 

+ A definition of poles at variance with this is adopted in some special cases, 
6«iecially in that of the earth considered as a great magnet, bat the manner lu 
wnidi toe term will be used in this paper will be such as to produce no confusion 
on this account. 
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[Addition, 1871. — Later, § 494, a proper central axis, to be 
called the magnetic axis, and a point in it which may be called 
the magnetic centre, will be defined according to purely mag- 
netic conditions.] 

445. That pole (marked N) which points, on the whole, 
from the north, and, in northern latitudes, upwards, is called 
the north pole, and the other (S), which points from the south, 
is called the south pole. 

446. The sides of the body towards its north pole and south 
pole are said to possess “northern polarity” and “southern 
polarity ” re.spectively, an expression obviously founded on the 
idea that the surface of a magnet may in general be contem- 
plated as a locus of poles. 

447. If a magnetic body be broken up into any number of 
fragments, each morsel is found to be a complete magnet, 
presenting in itself all the phenomena of poles and polarity. 
This propel ty is generally contemplated when, in modern 
writings on physical subjects, polaiity is mentioned as a 
property belonging to a solid body ; and a corresponding idea 
is involved in the tcim when it is applied with reference to the 
electric state which Mr Faraday discovered to be induced in 
non-conductors of electricity (“dielectrics”) when subjected to 
the influence of electrified bodies.^ However different are the 
physical circumstances of magnetic and electric polarity, it 
appears that the positive laws of the phenomena are the same,f 
and therefore the mathematical theories are identical. Either 
subject might be taken as an example of a very iinpoitant 
branch of physical mathematics, which might be called “A 
Mathematical Theory of Pola"- ^orces.” 

448. Although we have seen that any magnet, in general, 
experiences from the earth an action subject to certain very 
simple laws, yet the actual distribution of the magnetism 
which it possesses may be extremely irregular. We may 
certainly conceive that if the magnetized substance be a 
regular crystal of magnetic iron ore, the magnetism is distri- 


* Faraday’s Expenmmtal ResemcJies in Electricity^ Eleventh Series, 
t See a paper “On the Elementary Laws of Statical Electricity,” pnbhsbed 
111 the Cambridge and Dublin Mathematical Joumcfl (vol. i ) in December 1845. 
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bated through it according to some simple law; but by taking 
an amorphous and heterogeneous fragment of ore presenting 
magnetic properties, by magnetizing in any way an irregular 
mass of steel, by connecting any number of morsels of magnetic 
matter so as to make up a complex magnet, or by bending a 
galvanic wire into any form, we may obtain magnets in which 
the magnetic property is distributed in any arbitrary manner, 
however irregular. Excluding for the present the last-men- 
tioned case, let us endeavour to form a conception of the 
distribution of magnetism in actually magnetized matter, such 
as steel or loadstone, and to lay down the principles according 
to which it may in any instance be mathematically expressed 

449. In general w'e may consider a magnet as composed of 
matter which is magnetized throughout, since, in general, it is 
found that any fragment cut out of a magnetic mass is itself a 
magnet possessing properties entirely similar to those which 
have been described as possessed by any magnet whatever. It 
may be, however, that a small portion cut out of a certain 
position in a magnet, may present no magnetic phenomena; 
and if we cut equal and similar portions from different posi- 
tions, we may find them to possess magnetic properties differing 
to any extent both in intensity and in the directions of their 
magnetic axes 

450. If w^e find that equal and similar portions, cut in 

parallel directions, from any different positions in a given 
magnetic mass, possess equal anti similar magnetic properties, 
the mass is said to be uniformly magnetized. ^ 

451. In general, however, the intensity of magr^ization 
must be supposed to vary from one part to another, and the 
magnetic axes of the different parts to be not parallel to one 
another. Hence, to lay down determinately a specification of 
the distribution of magnetism through a magnet of any kind, 
we must be able to express the intensity and the direction of 
magnetization at each point. Before attempting to define a 
standard for the numerical expression of intensity of magn|tl- 
zation, it will be c^)nvenient to examine the elementary laws 
upon which the phenomena of magnetic force depend, since it 
is by these effects that the nature and energy of magnetism 
to which they are due must be estimated. 
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Chapter ll.—On the Laws of Magnetic Force, and on the 
Distribution of Magnetism in Magnetized Matter, 

452. The object of the elementary magnetic researches of 
Coulomb was the determination of the mutual action between 
two infinitely thin, uniformly and longitudinally magnetized 
bars. The magnets which he used were in strictness neither 
uniformly nor longitudinally magnetized, such a state being 
unattainable by any actual process of magnetization; -but, as 
the bars were very thin cj'lindncal steel wires, and were 
symmetrically magnetized, the resultant actions were sensibly 
the same as if they weic in leality infinitely thin, and longi- 
tudinally magnetized ; and from experiments which he made, 
it appears that the intensity of the magnetization must have 
been very nearly constant fioni the middle of each of the bars 
to within a short distance from either end, where a gradual 
deciease of intensity is sensible*. 

453 These ciicumstances having been attended to. Coulomb 
was able to deduce from his experiments the true laws of the 
phenomena, and arrived at the following conclusions : — 

(1) If two thin uniformly and longitudinally magnetized 
bars be held near one another, an action is exerted between 
them which consists of four distinct forces, along the four 
lines joining their extremities. 

(2) The forces between like ends of the two bars are re- 
pulsivef. 

(3) The forces between unlike ends are attractive. 

(4) if the bars be held so that the four distances between 
their extremities, two and two, are equal, the four forces 
between them will be equal. 

(5) If the relative positions of the bars be altered, each 
force will vary inversely as the square of the mutual distance of 
the poles between which it acts. 


*^ e note on § 469, below. 

t%ence we see the propriety of the terms noith and south applied to the 
opposite polarities of a magnet, as explained above. Thus we designate the 
polarity, or the imaginary magnetic matter of the northern and southern 
magnetic hemispheres of the earth, as northern and southern respectively; 
and since the poles of orinary magnets which are repelled by the earth’s 
northern or southern polarity must be similar, these also are called northern 
or southern, as the case may be. 

T. E. 


23 
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^4. To establish a standard for estimating the strength of a 
magnet, let us conceive two infinitely thin bars to be placed so 
that either end of one may be at unit of distance from an end 
of the other. Then, if the bars be equally magnetized, each 
uniformly and longitudinally, to such a degree that the force 
between those ends shall be unity, the strength of each bar- 
magnet is unity*. 

455. If any number, m, of such unit bars, of equal length, 
be put with like ends together, so as to constitute a single 
complex bar, the strength of the magnet so formed is denoted 
by m. 

If there be any number of thin bar-magnets of equal length, 
and each of them of such a strength that q of them, with like 
ends together, would constitute a unit-bar ; and if p of those 
bars be put with like ends together, the strength of the complex 

magnet so formed will be , 

456. If a single infinitely thin bar be magnetized to such a 
degree that in tlie same positions it would produce the same 
effects as a complex bar of any strength m (an integer or 
fraction), the strength of this magnet is denoted by m. 

457., If two complex bar-magnets, of the kind described 
above, be put near one another, each bar of one will act on 
each bar of the other with the same forces as if all the other 
bars were removed. Hence, if the distance between the two 
poles be unity, and if the strengths of the bars be respectively 
m and m' (whether these numbers be integral or fractional), 
the force between those poles will be mm'. If, now, the 
relative position of the magnets be altered, so that the distance 
between two poles giay be f the force between them will, 
according to Coulomb’s law, be 

mm 



* The Eoyal Society, in its Instructions for making observations on Terres- 
trial Magnetism, adopts one foot as the umt of length; and that force whicn. 
if acting on a gram of matter, would in one second of time generate one loo 
per second of velocity, as the unit of force; which is consequently very 
nearly _L- of the weight, in any part of Great Britain or Ireland, of one 
grain. [Note, 1871, — The British Association’s Committee on 
Moftanrement have recently adopted the centimetre as unit of length’ ^ 

3 fnnt und Grtaiud 
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Accordfcig to the definition giveli above of the Strength of a 
simple bar-magnet, it follows that the same expression gives 
the force between two poles of any thin uniformly and longi- 
tudinally magnetized bars, of strengths m and m\ 

458. The magnetic moment of an infinitely thin, uniformly 
and longitudinally magnetized bar, is the product of its length 
into its strength. 

459. If any number of equally strong, uniformly and longi- 
tudinally magnetized rectangular bars of equal infinitely small 
sections, be put together with like ends towards the same 
parts, a complex uniformly magnetized solid of any form may 
be produced. The magnetic moment of such a magnet is equal 
to the sum of the magnetic moments of the bars of wliich it is 
composed. 

460. The magnetic moment of any continuous solid, uni- 
formly magnetized in parallel lines, is equal to the sum of the 
magnetic moments of all the thin uniformly and longitudinally 
magnetized bars into which it may be divided. 

It follows that the magnetic moment of any part of a uni- 
formly magnetized mass is proportional to its volume 

461. The intensity of magnetization of a uniformly magnet- 
ized solid is the magnetic moment of a unit of its volume 

It follows that the magnetic moment of a uniformly mag- 
netized solid, of any form and dimensions, is equal to the 
product of its volume into the intensity of its magnetization. 

462. If a body be magnetized in any arbitrary regular or 
irregular manner, a portion may be taken in any position, so 
small in all its dimensions that the distribution of magnetism 
through it will be sensibly uniform. The quotient obtained by 
dividing the magnetic moment of such a portion, in any posi- 
tion P, by its volume, is the intensity of magnetization of the 
substance at the point P; and a line through P parallel to its 
lines of magnetization, is the direction of magnetization, at P. 

Chapter III. — On the Imaginary Magnetic Matter by means of 
which the Polarity of a Magnetized Body may he represented. 

463. It will very often be convenient to refer the phenomena 
of magnetic force to attractions or repulsions mutually exerted 

23—2 
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between portions of an imaginary magnetic matter, which, as 
we shall see, may be conceived to represent the polarity of a 
magnet of any kind. This imaginary substance possesses none 
of the primary qualities of ordinary matter, and it would be 
wrong to call it cither a solid, or the ‘'magnetic fluid” or 
“fluids”; but, without making any hypothesis whatever, we 
may call it “magnetic matter,” on the understanding that it 
possesses only the pioperty of attracting or lepelling magnets, 
or other portions of “matter” of its own kind, accoiding to 
certain determinate laws, which may be stated as follows : — 

(1) There are two kinds of imaginary magnetic matter, 
northern and southern, to represent respectively the northein 
and southern magnetic polaiities of the earth, or the similar 
polarities of any magnet whatever. 

(2) Like poitions of magnetic matter repel, and unlike poi- 
tions attract, mutually 

(3) Any two small portions of magnetic matter exeit a 
mutual force which vanes inveiselyas tlie squaie of the dis- 
tance between them, 

(4) Two units of magnetic matter, at a unit of distance from 
one another, exert a unit of force, mutually. 

4G4. If quantities of magnetic matter be measuied numcii- 
cally in such units, and if the positive or negative sign be 
prefixed to denote the species of matter, wdietlier noithein 
(which, by convention, we may call positive) or southern, all 
the preceding law’s aie expiesscd in the following proposi- 
tion : — 

If quantities m and m', of magnetic matter he concentrated 
respectively at points at a distance, f, from one another, they ivdl 
repel with a force algebraically eepial to 
m7n 

465. It appears from the explanations given above that tlic 
circumstances of a uniformly magnetized needle may be lepro- 
sented if we imagine equal quantities of northern and southein 
magnetic matter to be concentrated at its two poles, the 
numerical measure of these equal (piantities being as 

that of the “ strength ” of the magnet. * ^ 

-mTi+nnl notion between two needles would thus he 
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reduced to forces of attraction and repulsion between the portions 
of magnetic matter by which their poles are represented. 

466. Any magnetic mass whatever may, as we have seen, be 
regarded as composed of infinitely small bar-magnets put to- 
gether in such a way as to pioduce the distribution of mag- 
netism Avhich it actually possesses ; and hence, by substituting 
imaginary magnetic matter for the poles of these magnets, 
we obtain a distribution of equal quantities of northern and 
southern magnetic matter through the magnetized substance, 
by which its actual magnetic condition may be represented. 
The distribution of tins matter becomes very much simplified, 
fiom the circumstance that wo have in general unlike poles of 
the elementary magnets in contact, by which the opposite 
kinds of magnetic matter arc partially (or in a class of cases 
ivholly^^) destroyed through tlie interior of the body. The 
dcteimination of the lesulting distiibutioii of magnetic matter, 
vhich reprovsents in the simplest possible manner the polarity 
of any given magnet, is of much interest, and even importance, 
in the theory of magnetism, and wo may thercfoi’o make this 
an oliject of investigation, before going fuithcr. 

467 Let it be requiied to find the di^tiibution of imaginary 
magnetic matter to represent the polaiity of any number of 
uniformly magnetized needles, aS^jA,, of strengths 

jjL^, ... lespectively, when they aie placed together, end to 
end (not necessarily in the same straight line) 

If A denote the position occupied by 8^ when the bars are 
in their places, if and aS^ placed m contact at 

and aS\, at K^; and so on until we have the last magnet, with 
its end 8^, in contact with at and its other end, 
free, at a point B', wo shall have to imagine 

units of southern magnetic matter to be placed at A ; 

/Ltj units of noithcrn, and units of southern matter at 

gg units of northern, and of southern matter at ; 

units of northern, and of southern matter at 
and lastly, 

units of northern matter at B. 

* In all cases when the distribution is “solenoidal.” See below, Chap, v, 

§ 4D9, communicated to the Eoyal Society, June 20, 1850. 
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Henoe the final distribution of magnetic matter is as follows : — 


7^1 •• • 

. . . at A 


. . . 

F, - 

. . 


and . 

468. The complex magnet consists of a 

number of parts, each of which is umfoinily and longitudinally 
magnetized, and it will act in the same way as a simple bar of 
the same length, similaily magnetized , and hence the magnetic 
matter which represents a bar-magnet AB of this kind is con- 
centrated in a series of points, at the ends of the whole bar, and 
at all the places where theie is a vaiiatiun in the strength* of 
its magnetization. 

469. If the length of each part thiough which the strength 
of the magnetism is constant, be dnnini.^hcd without limit, and 
if the entire number of the paits be increased indefinitely, a 
straight or cuived inhnitely thin bar may be conceived to bo 
produced, wdiich shall possess a distiibution of longitudinal 
magnetism varying continuously fiom one end to tlie othci 
according to any aibitrary law. If the stiength of the magnet- 
ism at any point F of this bai be denoted by fx, and if [fx\ and 
{fx) denote the values of at the points Jl and B, the investi- 
gation of § 467, with the elementary principles and notation ol 
the differential calculus, leads at once to the determination of 
the ultimate distribution of magnetic matter by wdiich such a 
bar-magnet may be represented. Thus if AP be denoted by s ; 
fx will be a function of s, which may be supposed to be known, 
and its ditfeiential coefficient will express the continuous dis- 
tribution of magnetic matter which replaces the group of 
material points at K^, 7^, etc ; so that the entire distiibution 
of polarity in the bar and at its ends will be as follows: — in 



* This expression is equivalent to the product of the intensUy of moynetizo- 
tion into the section of the hm , and by retaining it we are enabled to include 
cases in which the bar is not of unifoim section. 
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any infinitely small length, a, of the bar, a quantity of matter 
equal to 



and, besides, terminal accumulations, of quantities 
— [fi] at 

and if) at B. 

It follows that if, through any pait of the length of a bar, 
the strength of the magnetism is constant, there will be no 
magnetic matter to be distributed thiough this portion of the 
magnet, but if the strength of the magnetism varies, then, 
according as it diminishes or increases fiom the north to the 
south pole of any small portion, there will be a distribution of 
northern or southern magnetic matter to repiescnt the polarity 
which lesults fioin this variation 

C\)nesponding infcienccs may be made conversely, with re- 
feieiice to the distiibution of magnetism, when the distribution 
of the imaginary magnetic matter is known. Thus Coulomb 
found that his long thin eylindiical bar-magnets acted upon 
one anothei as if each had a sjnimetrieal distiibution of the 
two kinds of magnetic matter, noithcin within a limited space 
fiom one end, and southein Avithin a limited space from the 
othei, the intei mediate space (constituting geneially the gieater 
pait of the bar) being unoccupied; fiom which we infer that 
no vaiiation in the magnetism was sensible through the middle 
])ait of the bar, but that, thiough a limited space on each side, 
the intensity of the magnetization must have decreased gradu- 
ally towaids the emls'*^. 


* This circurastnnco was .alluded to above, in § 152 Inteiesfcing mows on 
the subject ol the distiibution of maf'uctism m bai-ma^mets aic obtained by 
taking arbituuy examples to illustiate tlie investigation ot the text. Thus 
we may either coiibidei a unitoim bai \aiiably magnetized, oi a thin bar of 
vaiying thickness, cut fiom a unitoimly magnetized substance, and, accoid- 
mg to the aibitraiy data assume 1, vaiious remaikable results may be ob- 
tained. We shall see alteivvaids that any such data, however arbitiary, may 
be actually pioduced m electio-magiiets, and we have theiefoie the means 
of illustiatmg the subject oxpei mien tally, m as complete a manner as can 
be conceived, although fiom the piactical non-ntjulitu of the magnetism of 
magnetized substances, oidmaiy steel oi loadstone magnets would not afford 
such satisfactory illustrations of aibituinj cases as might be desired. The 
distribution of longitudinal magnetism m steel needles actually magnetized 
m different ways, and especially “ magnetized to saturation,” has been the 
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470. The distribution of magnetic matter which represents 
the polarity of a uniformly magnetized body of any form, may 
be immediately detci mined if we imagine it divided into in- 
finitely thin bars, in the diiections of its lines of magnetization, 
for each of these bars will be uniformly and longitudinally 
magnetized, and therefore there will be no distribution of 
matter except at their ends. Now the bars aie all terminated 
on each side by the surfiice of the body, and consequently the 
whole magnetic effect is represented by a ceitain superficial 
distiibution of noithern and southern magnetic matter It 
only remains to determine the actual foim ot tins distribution; 
but, foi the sake of simplicity in expiession, it wall be con- 
venient to state piCMousIy the followang definition, borrowed 
fiom roulornb’s waitings on ch'ctiieity — 

471. If any kind of matter be distiibutcd over a surface, the 
siiperficuil density at any point is the (juotient obtained by 
dividing the quantity of matter on an infinitely small element 
of the surfice in the neighbouihood of that point, by the aica 
of the element. 

472 To determine the superlicial density at any point in tlio 
case at piesent under consider.it ion, let co be tlie area of the 
perpendicular section of an intinitely thin unifoim bar of the 
solid, with one end at that point Then, if i be the intensity 
of magnetization of the solid, m will be, as may be i caddy 
showm, the ‘'stieiigth" of the b.ir-magm't. Hence at the two 
ends of the bar we must supjiose to lie jilaced quantities of 
nortliGin and soutlnan imaginary magnetic matter each equal 
to 1 ( 0 , In the distribution ovm’ the surface of the given magnet, 
these quantities of m.atter must be imagined to be spread over 
the oblique ends of the bar Now^ if 0 denote the inclination 
of the bar to a normal to the surface through one end, the area 


of that end will be ^ , and therefore in that part of the 

Cos 8 ^ 

surface we have a quantity of matter eipial to io) spread over 

an Hence tlio superficial density is 


i cos 6. 


object of interesting experimental and theoretical investigations by Coulomb, 
Uinf (ireen and Jliess. 
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This expression gives the superficial density at any point, P, of 
the surface, and its algebraic sign indicates the kind of matter, 
provided the angle denoted by 6 be taken between the 
external part of the normal, and a line drawn from P in 
tlie same direction as that of the motion of a point carried 
from the south pole to the north pole, of a portion close to 
P, of the infinitely thin bar-magnet which we have been con- 
sidering. 

473 Lot it be icqiiircd, in the last place, to determine the 
entire distribution of magnetic matter nece.ssary to represent 
tlie polarity of any given magnet. 

We may conceive the whole magnetized mass to be divided 
into infinitely small parallelepipeds by planes jiaiallel to three 
planes of I octangular co-ordinates. Let a, 7 denote the 
thiec edges of one of these parallelo])ipeds having its centre at 
a point P ?/, z) Let i denote the given intensity, and /, m, n 
the given diiection cosines of the magnetization at P. It will 
follow from the preceding investigation that the polaiity of this 
infinitely small umfoimly magnetized paiallelepiped may be 
repicsented by imaginary magnetic matter distiibuted over its 
six faces in such a manner that the density will be uniform 
over each face, and that the quantities of matter on the six 
faces will be as follows . — 

- 'd . Ay, and il.Ay) on the two faces parallel to YOZ ] 

— iui y7, and im . ya ; on the two faces iiarallel to ZOX ; 

- in . a A, and in . a/3 ; on the two faces parallel to XOY\ 

Now if we consider adjacent parallelepipeds of equal dimen- 
sions, touching the six faces of the one we have been consider- 
ing, we should find from each of them a second distribution of 
magnetic matter, to bo placed upon that one of those six faces 
which it touches. Thus if we consider the hist face Ay^ or that 
of whicli the distance from YOZ is x — 1%', we shall have a 
second distribution upon it deiived from a parallelepiped, the 
co-ordinates of the centre of which are x—a,y,z\ and the 
quantity of matter in this second distribution will be 

+ 
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dx 




for the total amount of matter upon this face. Again, the 
quantity in the second distribution on the other face, jSy, is 
equal to \ , . 

and therefore the total amount of matter on tills face will be 
d{il) 




dx 




By determining m a similar way the final quantities of matter 
on the other faces of the parallelepijied, we find that the total 
amount of matter to be distiibuted over its surface is 


d (il) d (ini) 
dx dy 


d{in) 


a/Sy. 


Now as the parallelepipeds into which we imagined the whole 
mass divided are infinitely small, we may substitute a con- 
tinuous distribution of matter thiough them, in place of the 
supeificial distiibutions on their faces which liave been di-- 
termined ; and in making this substitution, the quantity of 
matter wdnch we must suppose to be spiead through the in- 
terior of any one of them must be Inilf the total (piantity on its 
surface, since each of its faces is common to it and another 
parallelepiped Hence the quantity of matter to be distiibuted 
through the parallelepiped a/Sy is eipial to 


{d (d) d (iui) d{in) 
1 dx dz 


affy. 


Besides this continuous distiibution through the interior of the 
magnet, there must be a superficial distribution to represent 
the un-ncutralized jiolarity at its suiface If p denote the density 
of this distribution at any point ; [f], [m], [?i] the direction- 
cosines, and [i] the intensity of the magnetization of the solid 
close to it ; and A, g, v the direction-cosines of a normal to the 
surface, we shall have, as in the case of the uniformly magnet- 
ized solid previously considered, 

p = [?] cos 0 = [il ] . \ + [im ] . p, -f [in] (1)* 

Tt‘ oppordinor to the usual definition of density,” k denote the 
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density of the magnetic matter at P, in the continuous distri- 
bution through the interior, the expression found above for the 
quantity of matter in the element a, /3, % leads to the formula 

/; _ j 4. ^ 4. lipOj. (9) 

I dy dz ) 

These two equations express respectively the superficial distri- 
bution, and the continuous distiibution through the solid, of 
the magnetic matter wliich entirely rcpiesents the polarity of 
the given magnet. The fact that the quantity of northern 
matter is eipial to the quantity of southern in the entire distri- 
bution, is readily verified by showing from these formula?, as 
may readily be done by integration, that the total quantity of 
matter is algebraically equal to nothing. 

474 If theie bo an abrujit change in the intensity or direc- 
tion of the magnetization from one part of the magnetized sub- 
stance to another, a slight modification in the lormula) given 
above will be convenient. Thus we may take a case diffeiing 
very little from a given case, but which, instead of presenting 
finite differences in the intensity or direction of magnetization 
on the two sides of any surface in the substance of the magnet, 
has meiely very sudden continuous changes m the values of 
those elements : we may conceive the distribution to bo made 
nioie and moie nearly the same as the given distribution, with 
its abrupt tiansitions, and we may deteimme the limit towards 
which the value of the expiession (2) approximates, and thus, 
although accoiding to the ordinaiy rules of the differential 
calculus this foimula fails in the limiting case, we may still 
derive the true result fiom it. It is very easily shown m this 
way, that, besides the continuous distribution grven by the 
expiession (2) applied to all points of the substance for which 
it does not fail, there will be a superficial distiibution of mag- 
netic matter on any suifacc of discontinuity; and that the 
density of this superficial distribution will be the difference 
between the piodiicts of the intensity of magnetization into 
the cosine of the inclination of its direction to the normal, on 
the two sides of the surface. 

475. Tins result, obtained by the interpretation of formula 
(2) in the extieme case, might have been obtained directly 
from the original investigation, by taking into account the 
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abrupt variation of the magnetization at the surface of dis- 
continuity, as (§ 472) we did the abrupt termination of the 
magnetized substance at the boundary of the magnet, and re- 
presenting the un-neutralized polarity which results, by a super- 
ficial distribution of magnetic matter. 


Chapter IV — Determination of the ]\fiitual Actions between any 
Given Portions of Magnetized Matter. 

476. The synthetical part of the theory of magnetism lias 
for its ultimate object the deteimmation of the total action 
between two magnets, when the distribution of magnetism m 
each is given. The piinciples accoiding to which the data of 
such a pioblom may be sjiecified have been alicady laid down 
(§§ 459. .62), and we have seen that, with sufficient data in 
any case, Coulomb’s laws of magnetic foice are sufficient to 
enable us to apply ordinary statical piinciples to the solution 
of the problem Hence the elements of this pait of the theoiy 
may be regarded as complete, and wc may proceed to the 
mathematical treatment of the subject 

477. The investigations of the preceding chapter, which 
show us how we may conventionally represent any given mag- 
net, in its agency upon other bodies, by an imaginary magnetic 
matter distributed on its suiface and thioiigh its interior; 
enable us to reduce the problem of finding fhe action between 
any two magnet^, to the known jiioblem of determining the 
resultant of the attractions or icpulsions exerted between the 
particles of two groups of matter, accoiding to the law of force 
which is met with so universally in natural pln-nomena. Tlie 
direct formulae applicable for this object arc so readily obtained 
by means of the elementary jirinciples of statics, and so well 
known, that it is unnecessary to cite tluun here, and we may 
regard equations (1) and (2) of the preceding chapter (§ 472) 
as sufficient for indicating the manner m which the details of 
the problem may be worked out in any particular case. The 
expression for the “potential,” and other formula! of importance 
in Laplace’s method of treating this subject, are given below 
(§ 482), as derived from the results expressed in equations (1) 
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478. The preceding solution of the problem, although ex- 
tremely simple and often convenient, must be regarded as very 
artificial, since in it the resultant action is found by the com- 
position of mutual actions between the particles of an imaginary 
magnetic matter, which are not the same as the real mutual 
actions between the ditfercnt paits of the magnets themselves, 
although the resultant action between the entiie groups of 
matter is necessaiily the same as the real resultant action 
between the entiie magnets. ITence it is very desiiable to 
investigate another solution, of a less artificial form, in which 
the ie{|Uiied resultant action may be obtained by compounding 
the real actions between the diffcient paits into which wo may 
conceive the magnets to be divKhnl. The remainder of the 
chapter, after some pieliminaiy cxjilanations and definitions, 
will be devoted to this object 

471). The “resultant magnetic foice at any point'’ is an 
expression which will veiy fie(piently bo employed in what 
follows, and it is tiieiefore of impoitance that its signification 
should be cleaily defined. For this purpose. Jet us consider 
separately the cases of an external point in the neighbouiliood 
of a magnet, and a point in space which is actually occupied 
by magnetic matter. 

(1) The lesultant foice at a point m space, void of magnet- 
ized matter, is the force that the north pole of a unit-bar (or a 
positive unit of imaginaiy magnetic matter), if placed at this 
point, would expel lence. 

(2) Tlie resultant force at a point situated in space occupied 
by magnetized matter, is an expiession tlie signification of which 
IS somewhat aibitraiy. If we conceive the magnetic substance 
to be removed from an infinitely small space lound the point, 
the preceding definition would be applicable ; since, if w'e 
imagine a very small bar-magnet to be placed in a definite 
position in this space, the force upon cither end would be 
determinate. The circumstances of this case are made clear 
by considering the distribution of imaginary magnetic matter 
required to represent the given magnet, without the small 
portion we have conceived to be removed from its interior; 
which will differ from the distribution that represents the 
entire given magnet, in wanting the small poition of the 



366 A Mathematical Thecry of Magnetism. [xxiv. 

continuous interior distribution corresponding to the removed 
portion, and in having instead a superficial distribution on the 
small internal surface bounding the hollow space. If we con- 
sider the portion removed to be infinitely small, the want of 
the small poition of the solid magnetic [imaginary] matter will 
produce no finite effect upon any point; but the superficial 
distribution at the boundary of the hollow space will produce 
a finite force upon any magnetic point within it Hence the 
resultant force upon the given point round which the space was 
conceived to be hollowed, may be regarded as compounded of 
two forces, one due to the polarity of the complete magnet, and 
the other to the superficial polarity left free by the icmoval 
of the magnetized substance* The foimer component is the 
force meant by the expression “tlie resultant force at a point 
within a magnetic substance,'' when employed in the present 
paperf. 

480. The conventional language and ideas with reference to 
the imaginary magnetic matter, explained above (§§ 4(>3...7d), 
enable us to give the following simple statement of the defini- 
tion, including both the cases which w'e have been consideiing 


• If the portion lemoved be splieiical and infinitely sniall, it may be 
proved that the foice at any point uilhin it, resnltin<» fioin the fiee polarity 
of the solid at the suiface bounding tlie liollow space, is in the diiection of 

4 TTI 

the lines of magnetization of tlie substance round it, and is equal to 

This theorem (due to Poisson) will be demonstiated at the commencement of 
the Theory of Magnet c Induction, because we shall have to considei the 
“magnetizing force” upon any small portion of an inductively magnetized 
substance as the actual resultant force that would exist within the hollow 
space that w'oiild be left if the jioitioii considered weio removed, and the 
magnetism of the remainder constrained to remain unaltered 

t If we imagine a magnet to be divided into two paits by any plane pass- 
ing through the line of magnetization at any internal point, P, and if we 
imagine the two parts to be separated by an inlinitcly small interval, and a 
unit north pole to be placed bctw'eeu them at P, the force wdiich this polo 
would experience is “the resultant force at a point, P, ot the magnetic sub- 
stance ” This IS the most direct definition of the expression that could ha\e 
been given, and it agrees with the definition I have actually adopted; but I 
have preferred the explanation and statement in the text, as being practically 
more simple, and more directly connected with the various investigations in 
which the expression will be employed. 

[Note added June 15, 1850. — Some subsequent investigations on the com- 
parison of common magnets and electro-magnets have altered my opinion, 
that the definition m the text is to be preferred; and I now believe the 
definition in the note to present the subject in the simplest possible manner, 
and m that which, for the applications to be made m the continuation ol 
this Essay, is most convenient on the whole ] 
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The resultant magnetic force at any point, whether in the 
neighbourhood of a magnet or in its interior, is the force that 
a unit of northern magnetic matter would experience if it were 
placed at that point, and if all the magnetized substance were 
replaced by the corresponding distribution of imaginary mag- 
netic matter. 

481. The determination of the resultant force at any point 
is, as we shall see, much hicilitated by means of a method first 
introduced by Laplace in the mathematical treatment of the 
theory of attraction, and developed to a very remaikable extent 
by Green in his “ Essay on the Application of Mathematical 
Analysis to the Theories of Electiicity and ]\[agnetism” (Not- 
tingham, 1(S28), and in his other wiitings on the same and on 
allied subjects m the Cambridge Philosophical Transactions, 
and in the Transactions of the Royal Society of Edinburgh. 
Laplace’s fundamental theoiem is so well known that it is 
unnecessary to demonstrate it lieio; but for the sake of re- 
fi'rence, the following enunciation of it is given. The term 
'' potential,” defined in connexion with it, was first introduced 
by Gicen in his Essay (1828). It was at a later date intro- 
duced independently by Gauss, and is now in very general 
use 

Theorem (Laplace). — The resultant force produced by a body, 
or a group of attracting or repelling particles, upon a unit 
particle placed at any point P, is such that the difference be- 
tween the values of a certain function, at any two points p and 
2)' infinitely near P, divided by the distance pj), is equal to its 
component in the direction of the line joining p and j/. 

Definition (Green) —This function, which, for a given ma.ss, 
has a determinate value at any point P, of space, is called the 
potential of the mass, at the point P. 

It follow'S from Laplace’s general demonstration, that, when 
the law of force is that of the inverse square of the distance, 
the potential is found by dividing the quantity of matter in 
any infinitely small part of the mass, by its distance from P, 
and adding all the quotients so obtained. 

482. The same demonstration is applicable to prove, in 
virtue of Coulomb’s fundamental laws of magnetic force, the 
same theorem with reference to any kind of magnet that cun 
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be conceived to be composed of uniformly magnetized b^, 
either finite or infinitely small, put together in any way, that 
is, of any magnet other than an electro-magnet ; and the in- 
vestigation, in the preceding chapter, of the lesulting distiibu- 
tion of magnetic matter that may be imagined as representing 
in the simplest possible way the polarity of such a magnet, 
enables us to determine at once, from equations ( 1 ) and ( 2 ) of 
§ 473, its potential at any point. Thus if V denote the poten- 
tial at a point P, whose co-ordinates are and if dS 

denote an clement of the surface of the magnet, situated at a 
point whose co-oidinatcs arc [a], [//], [c], \\c have, by the pro- 
position enunciated at the end of § 480, — 

d {d) d {im) d{in) 

^ J ,/r 

wheie A and [A] aic re'^pectively the distances of the ])oints .r, y, - 
and r^r, y, s] from the iioint P, and aie given by the equations 

[Ar=(i-eF+(v-Mr+(r-wr. 

The double and tuple integrals in the fiist and second tciins 
of this expression are to be taken respectively over the vholo 
surface bounding the magnet, and tliioughout the cntiic mag- 
netized substance Since, as is easily shown, the value of that 
portion of the triple integral in the second member which coi- 
responds to an infinitely small poitioii of the solid contain- 
ing (f, y, f), when this point is inteinal, is infinitely small, 
it follows that the magnetic foice at any internal point, as 
defined in § 479, is derivable from a potential expressed by 
equation (3). 

483. The expressions for the resultant force at any point, 
and its direction, may be immediately obtained when the 
potential function has been detei mined, by the lules of tko 
differential calculus. Thus, if V has been determined in terms 
of the rectangular co-ordinates, f, 77 , of the point P, the 
three components, A", T, Z, of the resultant force on this })oint 
will be given, in virtue of Laplaces fundamental theorem 
enunciated m § 481, by the formuLe, 

dV ,, dV dV 
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^ere the negative signs are introduced, because the potential 
is estimated in such a way that it diminishes in the direction 
along which a north pole is urged. If we take the expression 
( 3 ) for F, and actually differentiate with reference to 77 , f 
under the integral signs, we obtain expressions for X, F, and 
Z which agree with the expressions that might have been 
obtained directly, by means of the first principles of statics 
(see § 477), and thus the theorem is verified. Such a verifi- 
cation, extended so as to be applicable to a body acting accord- 
ing to any law of force, constitutes virtually the ordinary de- 
monstration of the theorem. 

484. The formula of the preceding paragraphs are appli- 
cable to the determination of the potential and the resultant 
force, at any point, whether within the magnetized substance 
or not, according to the general definition of § 480. The case 
of a point in the magnetized substance, according to the con- 
ventional second definition of § 479, cannot present itself in 
jiroblems with reference to the mutual action between two 
actual magnets. This case being therefore excluded, we may 
proceed to the investigations indicated in § 478. 

485 In the method which is now to be followed, the mag- 
netized substances consideied must be conceived to be divided 
into an infinite number of infinitely small parts, and the actual 
magnetism of each part will be taken into account, whether m 
determining the potential of the magnet at a given external 
point, or in investigating the mutual action between two mag- 
nets. In the first place, let us determine the potential due to 
an infinitely small element of magnetized substance, and for 
this purpose we may commence by considering an infinitely 
thin, uniformly magnetized bar of finite length. If m denote 
the strength of the bar, and if X and >8 be its north and south 
poles respectively, its potential at any point, P, will be accord- 
ing to §§ 465 and 481, _w m 

NF > 8 P‘ 

Let A denote the distance of the point of bisection of the bar 
from P, and 6 the angle between this line and the direction of 
the bar measured from its centre towards its north pole. Then, 
if OL be the length of the bar, the expression for the potential 
becomes 


T. E. 


24 
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f 1 1 i 

((A* - «A cos 6 + (A*+ aA cos 6 + 

By expanding this in ascending powers of a, and neglecting all 
the terms after the first, we find for the potential of an infinitely 
small bar-magnet, 

ma cos 0 

■ 

If now we suppose any number of such bar-magnets to be 
put together so as to constitute a mass magnetized in parallel 
lines, infinitely small in all its dimensions, the values of 6 and 

A, and consequently the value of > will be infinitely nearly 

the same for all of them, and the product of this into the sum 
of the values of ina for all the bar-magnets will express the 
potential of the entire mass. Hence, if the total magnetic 
moment be denoted by fi, the potential will be equal to 

yacos 6 

- • 

Now if we conceive the bars to have been arranged so as to 
constitute a unifoimly magnetized mass, occupying a volume 
(f>, we should have (§ 4G1), for tlie intensity of magnetization, 

t = ~ . Hence if (j) denote the volume of an infinitely small 

element of uniformly magnetized matter, and i the intensity of 
its magnetization, the potential which it produces at any point 
P, at a finite distance from it, will be 
?(f.COS 0 

where A denotes the distance of F from any point, E, within 
the element, and 0 the angle between EP and a line drawn 
through E, in the direction of magnetization of the element, 
towards the side of it which has northern jiolarity, 

486. Let us now suppose the element E to be a part of a 
magnet of finite dimensions, of which it is required to deter- 
mine the total potential at an external point, P. Let rj, f be 
the co-ordinates of P, referred to a system of rectangular axes, 
and let x, y, z be those of E. We shall have 
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and, if h ^ denote the direction-cosines of the magnetization 
sAE, 

Hence the expression for the potential of the element E be- 
{/(f — + m (-f; — 3 /) + n (f — z)] 

Now the potential of a whole is equal to the sum of the poten- 
tials of all its parts, and hence, if we take (j> — dxdydz, we have, 
by the integral calculus, the expression 

ftl . — x) + tni . (i] — y) + in . — z) ^ 


comes 


# 


■ dxdydz... (5), 

{(f iv -3/)^+ (f-2) 

for the potential at the point P, due to the entire magnet.* 


[§§ 4S7...494 added September, 1871 ] 

P T) ^ 

[487. The expansion of this in ascending powers of - , - , ~ , 
where r = Vff + V+ 

is necessarily convergent for all space outside the least spherical 
surface with the origin of co-ordinates for centre, enclosing the 
whole magnet. To find it, we have first to expand 
il(p — a) + im (y — y) + in {^-z) 

by Taylor’s Theorem, in a senes of ascending powers of x, y, z, 
which is necessarily convergent or divergent according as 
\/(P + y+P) is less or greater than Thus, 

for the part of V depending on il, we find 


sss (- ly 


df df f p 
dp^ H (/r s 


1.2...5.1.2...^.1.2 


— jjjildxdyd, 


zx y z . 


where 2 SS denotes summation from 0 to 00 

p 

integers s, t, u. Hence, remarking that -3 = 
putting 


relatively to 
dp'r' 


and 


* Fiom the form of definition given m the second footnote on § 479, for 
the magnetic force at an internal point, it may be shown that the expression 
(5), as well as the expression (S), is applicable to the potential at any point, 
whether Internal or external. The same thing may be shown by proving, as 
may easily be done, that the investigation of § 487 does not fail or become 
nugatory when (^, rj, is included in the limits of integration. 


24—2 
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///(«^+^y+“7) s^fs^dccdydz = [«, t, u] (7) 


subject to the exception that terms of the first member involv- 
ing ar\ or or are to be omitted, we have 


d‘ d'" 1 


F= (- [s, t, u] 


d^' djf " r 


1.2.. 1.2...L1.2,.ui 


...( 8 ). 


Each term of this expansion is a solid harmonic function of 
f, ^ 7 , f [Thomson and Tait's Natural Philosophy, App. B. {h) 
and ig), (14) (15) (21)]. 

488. Neglecting all terms of higher orders than the second, 
and putting oc, y, z for 77 , f, we have, as an approximate ex- 
pression for the potential at a very distant point {oc, y, z), 
.^_Lx-\-My + Nz 

^ A{ 2 x^-y^~z^) + B { 2 f - ~ 7/2) + 3 {aiiz -f hzx + cxv) 

where L, M, N, A, B, C, a, h, c are constants (depending on the 
magnetism of the magnet, and the position 1 datively to it of 
the axis of co-ordinates) given by the equations 
L=ffftldxdydz, M^fffmdxdydz, N=fffindxdydz . (10), 

A=fffilxdxdydz, B-Jffxmydxdydz, C=ffftnzdxdydz j 

a-/ff{tmz-i-iny)dxdydz, h=JJf{inx-x-ilz)dxdydz, c~fff{dy + imx)dxdydz 


489. If we put 

K=::^(U+3P + N) (12), 

1 n Lx My Nz 

and + 

in the first term of (9) it becomes 

( 14 ), 

which is the first approximate expression for the potential of 
the magnet at a very distant point, and agrees with the rigorous 
expression (§ 485) for the potential of an infinitely small uni- 
formly magnetized magnet at the origin of co-ordinates, having 
its magnetic moment equal to K, and its direction of magnetiza- 
tion specified by the direction-cosines 

k M 

K’ K’ K ^ 

K criven bv (12) and (10), is defined as the magnetic 
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moment of the given magnet; and the direction (15) is readily 
proved to fulfil the condition stated in §§ 439, 440 as the 
definition of a magnetic axis, determinate in direction but 
(§ 444) left till now indeterminate as to its position in the 
magnet. It is to be remarked that the values of L, My N given 
by (10) are -independent of the position of the origin of co- 
ordinates, and depend only on the positions of the co-ordinate 
axes relatively to the magnet 

490. Let now the axes of co-ordinates be turned to bring one 
of the three into parallelism with the direction of the magnetic 
axis (15). Calling this OX, and using the same symbols, x, y, z, 
I, m, n, for co-ordinates and direction-cosines relatively to the 
new axes, we have, instead of (9) and (10), 


A{2v^-y^- z^) + B{2i/ -z^- x'^) + C{2z" -x^- y^) + 2{ayz + hzx + exy) 

+ ' : ,, (lb), 

{x'^ + y^+z-)-J 

K- jjjildxdydz ; JJJimdxdydz = 0 ; JJJindxdydz = 0. . .(17), 
with equations (11) unchanged. 


491. Secondly, let the axis of x be transferred from OX to 
the parallel line through any point for which 



( 18 ). 


The values of the integrals for the new axes corresponding to 
5 and c are each zero, as is readily seen from (11) and (17). 
Hence, altering the notation y, z to correspond to the new axes, 
wo have 

V ~ ^A{2r^-if--z-)-\-B {2y^ -z^- x-) + C{2 z^ -x ^- y^} +2ay z 

(x^+f + zf {x^ + yHz^}^ 

with /// {inx + ilz) dxdydz = 0 ; /// {il y + imx) dxdydz - 0 (20) , 
and (11) in other respects unchanged. Now for 

2^2 _ ^2 _ 2z^ - - y®, | 

we may write > (20), 

and 

a transformation which, simple as it is, has an important signi- 
ficance in ‘‘spherical harmonics.” Hence if we put 

f(2ilx - imy - inz) dxdydz, and /8=| /// {imy - inz) dxdydz (21 ), 

(19) becomes 
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Kx . a (2a ;® + 2ayz ^ 

+ + 


, +- 


(oi^ + y^ + z^f 
492. Thirdly, shift the origin from 0 to the point 


( 22 ). 




in OX ; that is to say, for x substitute x + 


~K‘ 


(23) 

By (21) and 


(17) we have 

JJJ (2ilx “ imy — inz)dxdydz =0; — {wiy^inz)dxdydz (24) ; 

and (22) becomes 

_j. ^ (/Aifl + 2^//^ 

+ {x^+f + z^r 

493. Lastly, turn the axes OF, OZ, lound OX through an 
angle equal to 

I tan-' ^ (2G) 

Relatively to OX^ OY, OZ in this final position we have (17) 
and (24) unchanged, and 

JJf [i'HIZ 4- iny)dxdydz = 0, Ijj [wv+ilz) dxdydz = 0, ffj {ily + iiiu) dxdydz = 0 (27), 

and (25) becomes reduced to 


F= - 


Ax 


-1 + 


(a^-h/Sr(f-z^) 


,.(28) 


(.«' + / + + f + 

494. This is the simplest expression to the second degree of 
approximation for the distant potential of a magnet having any 
vregular distribution of magnetism. The axis determined by 
§ 489 (15) and § 491 (18) is the magnetic axis, and the point 
m it determined by § 492 (23) is the magnetic centre, of which 
definitions were promised in the addition to § 444.] 

495. The expression (5) of § 486 is susceptible of a veiy 
remarkable modification, by integration by parts. Thus we 
may divide the second member into three terms, of which 
the following is one : 

il x) dx 


iih 


I dydz. 


Integrating here by parts, with reference to x, we obtain 

d (il) 

(il . dydz 






npinQincr the doublc integral denote that 
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the variables in it must belong to some point of the surface. 
If X, fM, V denote the direction-cosines of a normal to the surface 
at any point [f, f], and dS an element of the surface, we may 

take dydz — X. dS, and hence the double integral is reduced to 
f[i/]X.d6\ 


If- 


[A] 


and, as we readily see by tracing the limits of the first integral 
with reference to x, for all possible values of y and z this double 
integral must be extended over the entire surface of the mag- 
net. By treating in a similar manner the other two terms of 
the preceding expression for F, we obtain, finally, 

d(il) d(iiii) d{in) 


-//' 


\il] \ + [ im] /X -4- [ ? a] v . 


-///A 


-f 


dy dz 


dxdydz. 


Hence we infer that the action of 


The second member of this equation is the expression for the 
potential of a ceitain complex distribution of matter, consisting 
of a superficial distribution and a continuous internal distribu- 
tion. The superficial density of the distribution on the surface, 
and the density of the continuous distribution at any mteinal 
point, are expressed respectively by [il] X + [im] /x + [i?i] v, and 
^ (d {il) d (im) d (tn)] 

( dx dij dz I 
the complete magnet upon any external point is the same as 
would be produced by a ceitain distribution of imaginary mag- 
netic matter, doteiminable by means of these expressions, when 
the actual distribution of magnetism in the magnet is given * 
The demonstration of the same theorem, given above (§ 473), 
illustrates m a very interesting manner the process of integra- 
tion by parts applied to a triple integral. 


406. The mutual action of any two magnets, considered as 
the resultant of the mutual actions between the infinitely small 
elements into which we may conceive them to be divided, con- 
sists of a force and a couple of which the components will be 
expressed by means of six triple integrals. Simpler expres- 


* This very remarkable theorem is due to Poisson, and the demonstration, as 
it has been just given in the text, is to be found m his first memoir on Magnet- 
ism. The demonstration which I have given in § 473 may be regarded as 
exhibiting, by the theory of polarity, the physical principles expressed in the 
analytical formula. 
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for the same results may be obtained by employing a 
notation for subsidiary results derived from triple integi’ation 
with reference to one of the bodies, in the following manner : — 
497. Let us in the first place determine the action exerted 
by a given magnet upon an infinitely thin uniformly and longi- 
tudinally magnetized bar, placed in a giveri position in its 
neighbourhood. 

We may suppose the rectangular co-ordinates, f, of the 
north pole, and f ^ of the south pole of the bar to be given, 
and hence the components X, 7, Z and X\ 7', Z\ of the re- 
sultant forces at those points due to the other given magnet 
may be regarded as known. Then, if denote the ‘^strength” 
of the bar-magnet, the components of the forces on its two 
poles will be respectively 

PX, 13 Y, l3Z, on the point (f, rj, f), 
and —^X'y -pY\ on the point (f', t;', f'). 

The resultant action due to this system of forces may be deter- 
mined by means of the elementary principles of statics. Thus 
if we conceive the forces to be transferred to the middle of the 
bar by the introduction of couples, the system will be reduced 
to a force, on tliis point, whose components are 
I3{X-X’), /e(7~F), 0iZ-Zl 
and a couple, whose components are 

{/3 (z+z') . uv -v)-^{Y+ F) . i (r- r)}, 

mx+x').h (r- n -i3{z+z').i{^- r)}, 

{/S( Y+ F) . - r) (X+X') . Kv - V% 

498. Let I, m, n denote the direction-cosines of a line drawn 
along the bar, from its middle towards its north pole, and if a 
be the length of the bar, we shall have 

^ — 7}-ri ~ am, f ' = a^. 

Hence, if the bar be infinitely short, and if x, y, z denote the 
co-ordinates of its middle point, we have 


^ dX j dX dX 

X-X = -y- -7 - 

ax dy dz 

^ dY , dY dY 

7-7 = -r- .al + .am-^,- . an, 
dx dy dz 

y y, dZ J dZ dZ 

Z- Z == -y— .al3--T' ,am+rf~. an. 
dx dy dz 


and 
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Multiplying each member of these equations by we obtain 
the expressions for the components of the force in this case ; 
and the expressions for the components of the couples are found 
in their simpler forms, by substituting for f etc., their 
values given above; and, on account of the infinitely small 
factor which each term contains, taking 2X, 2F, and 2Z, in 
place of X + X', Y -f- Y\ and Z + Z', 


499. Let us now suppose an infinite number of such infinitely 
small bar-magnets to be put together so as to constitute a mass, 
infinitely small in all its dimensions, uniformly magnetized in 
the direction {I, m, n) to such an intensity that its magnetic 
moment is ya. Wc infer, from the preceding investigation, that 
the total action on this body, when placed at the point x, y, z, 
will bo composed of a force whose components are 
A/X, dX dX \ 


'dY dJ 
^ dx dy 
dZ dZ 
dx^'^'dy 


m -r-n 
dz , 

dZ ^ 
m + - 7 - n 
dz j 


acting at the centre of gravity of the solid supposed homo- 
geneous ; and a couple of which the components are 
y (Zm — Fw), 
fi (Xn — Zl)^ 
fi{Yl — Xm). 


500 The preceding investigation enables us, by means of the 
integral calculus, to determine the total mutual action between 
any two given magnets. For, if w^e take X, F, Z to denote the 
components of the resultant force due to one of the magnets, 
at any point {x, y, z) of the other, and if i denote the intensity 
and [I, m, n) the direction of magnetization of the substance 
of the second magnet at this point, we may take /M==i. dxdydz 
in the expressions w'hich were obtained, and they will then 
express the action which one of the magnets exerts upon an 
element dxdydz of the other. To determine the total resultant 
action, we may transfer all the forces to the origin of co-ordi- 
nates, by introducing additional couples ; and, by the usual pro- 
cess, we find, for the mutual action between the two magnets, 
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a force in a line through this point, and a couple, of which 
the components, F, 0, H, and Z, if, iV, are given by the equa^ 
tions 


dX^. dX\ 

it-T- + -r- 

ax ay dz , 


^dxdydz | 

= jjjj y [il -t 


n 

L 


dZ . dZ 

J + / 

:/y (/; 


/.rfr . rfF . dY 

--[d f- + 101 j— -j- VI 


dx dy 


dz j j 


dxdydz 


dX . dX 

. Ul~ 

dij d. 


— j; ^(7 + im "y + ill ' 


<>!! 


H II { It. + "%ll + II 


^.,dX . dZ . 

^vii -\-in 

dy 


/.,dX . 


dX 

dz 


dxdydz 


dxdydz 


501. If, in the second nieinbois of these equations, we em- 
ploy for X, Y, X respectively tlieir values obtained, as indicated 
in equations (4) of § 483, by the differentiation of the expres- 
sion (5) for F in § 486, we obtain expressions for F, G, II, L, 
if, N, which may readily be put under symmetrical forms with 
reference to the two magnets, exhibiting tlic parts of those 
quantities depending on the mutual action between an element 
of one of the magnets, and an element of tiie other. Again, 
expressions exhibiting the mutual action between any element 
of the imaginary magnetic matter of one magnet, and any 
element of the imaginary magnetic matter of the other, may 
be found by first modifying by integration by parts, as in § 495, 
from the expressions which we have actually obtained for F 
G, H, L, if, N; and then substituting for X, Y, and Z their 
values obtained by the differentiation of the expression (3) 
of § 482, for V. 
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It is unnecessary here to do more than indicate how such 
other formulas may be derived from those given above; for 
whenever it may be required, there can be no difficulty in 
applying the principles which have been established in this 
paper to obtain any desired form of expression for the mutual 
action between two given magnets. 


§§ 502 and 503.* — On the Expression of Mutual Action between 
tivo Magnets by means of the Differential Coefficients of a 
Function of their relative Position. 

502. By a simple application of the theory of the potential, 
it may be shown that the amount of mechanical work spent or 
gamed in any motion of a permanent magnet, effected under 
the action of another permanent magnet m a fixed position, 
depends solely on the initial and final positions, and not at all 
upon the positions successively occupied by the magnet in 
passing fiom one to the other. Hence the amount of work 
lequisite to bring a given magnet fiom being infinitely distant 
from all magnetic bodies into a certain position m the noigh- 
bouihood of a given fixed magnet, depends solely upon the dis- 
tributions of magnetism in the two magnets, and on the relative 
position which they have acquired. Denoting this amount by 
ft we may consider as a function of co-oidinates which fix 
the relative position of the two magnets; and the variation 
which Q experiences when this is altered in any way will be 
the amount of woik spent or lost, as the case may be, in effect- 
ing the alteration. This enables us to express completely 
the mutual action between the two magnets, by means of dif- 
ferential coefficients of Q, m the following manner : — 

If we suppose one of the magnets to remain fixed during 
the alterations of relative position conceived to take place, 
the quantity Q will be a function of the linear and angular 
co-ordinates by which the variable position of the other is 
expressed. Without specifying any particular system of co- 
ordinates to be adopted, we may denote by d^Q the augmenta- 


Coinmuuicated June 20, 1850. 
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tiolk of Q when the moveable magnet is pushed through an 
infinitely small space in any given direction, and by d^Q 
the augmentation of Q when it is turned round any given axis 
through an infinitely small angle d<p. Then, if F denote the 
force upon the magnet in the direction of df, and L the moment 
roundjthe fixed axis of all the forces acting upon it (or the 
component, round the fixed axis, of the resultant couple ob- 
tained when all the forces on the different parts of the magnet 
are transferred to any point on this axis), we shall have 

■- Fd^ = d^ Q, and - Ld(f> - d^Q, 
since a force equal to — is overcome through the space 
in the first case, and a couple, of which the moment is equal to 
—L, is overcome through an angle d(j> in the second case oi 
motion. Hence we have 

IT _ _ 

4 


5t)3. It only remains to show how the function Q may be 
determined when the distributions of magnetism in the two 
magnets and the relative positions of the bodies arc given, 
For this purpose, let us consider points P and P\ in the two 
magnets respectively, and let their co-ordinates with refer- 
ence to three fixed rectangular axes be denoted by x, y, z and 
x', y\ /; let also the intensity of magnetization at P be denoted 
by i, and its direction-cosines by I, m, n ; and let the correspond- 
ing quantities, with reference to P\ be denoted by i\ I', m, n. 
Then it may be demonstrated without difficulty that 


P- 


4 


d!‘- 
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where, for brevity, A is taken to denote {{so - aff + {y - y'f -\- 

and the differentiations upon — are merely indicated. 

Now, by any of the ordinary formulae for the transformation of 
co-ordinates, the values of a*, y, z, and x, y\ z\ may be expressed 
in terms of co-ordinates of the point P with reference to axes 
fixed in the magnet to which it belongs, of the co-ordinates of 
the point P' with reference to axes fixed m the other, and of the 
co-ordinates adopted to express the relative position of the two 
magnets : and so the preceding expression for Q may be trans- 
formed into an expression involving explicitly the relative 
co-ordinates, and containing the co-ordinates of the points P 
and F in the two bodies only as variables m integrations, the 
limits of which, depending only on the forms and dimensions 
of the two bodies, are absolutely constant. Thus Q is obtained 
as a function of the relative co-ordinates of the bodies, and the 
solution of the problem is complete. 

There is no difficulty in woikmg out the result by this 
method, so as actually to obtain either the expressions of § 500, 
or the expressions indicated in § 501, although the process is 
somewhat long. [Addition, Dec. 11, 1871 — If in the formula 
for Q we suppose the integration with respect to x, y, A to be 
performed, we have 

Q ==- I f f dxdydz {oX + /?¥' + fS) (2) 

J -col -caj -00 


where a, /9, 7 are put for il, im, in ; and Y', denote the 
components of the force at [x, y, z) due to the second magnet, 
to be taken according to the definition of § 480 when {x, y, z) 
is in the magnetized substance of this magnet. For simplicity, 
without loss of generality, suppose a, /5, 7 to vary continuously 
from finite values m the magnet to zero in space void of mag- 
netized substance : and, putting 


dx ’ dy ' dz 


integrate by parts in the usual manner (§ 495). Thus 
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Bui [§ 4741 (2) and Poisson's Theorem] 

+ ^ + M. 

dy dz 47r ^ dy dz ) 

Hence, by a reverse integration by parts, 

(5) 

This is a very important result, as we sliall see in Chapter 
VII. Compare § 5G1 ] 


The method just explained for expressing the mutual action 
between two magnets in terms of a function of their relative 
position, has been added to this chapter rather for the sake of 
completing the -mathematical theory of the division of the 
subject to which it is devoted, than for its practical usefulness 
in actual problems regarding magnetic force, for which the 
most convenient solutions may generally be obtained by some 
of the more synthetical methods explained in the preceding 
parts of the chapter. Theie is, howevet, a far more important 
application of the piincijdcs upon which this last method is 
founded which remains to be made, llie mechanical value of 
a distribution of magnetism, although it has not, I believe, 
been noticed in any wiutings hitherto published on the mathe- 
matical theory of magnetism, is a subject of investigation of 
great interest, and, as I hope on a later occasion * to have an 
opportunity of showing, of much consequence, on account of its 
maximum and minimum problems, which lead to demonstia- 
tions of important theorems in the solutions of inverse problems 
regarding magnetic distribution. 


Chapter V . — On Solenoidal and Lamellar Distributions of 
Magnetism,^ 

504. In the course of some researches upon inverse problems 
regarding distributions of magnetism, and upon the comparison 


* [Chap. VII, X. below ; Dec. 1871.] 
t Communicated to the Royal Society June 20, 1850. 
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of electro-magnets and common magnets, I have found it 
extremely convenient to make use of definite terms to express 
certain distributions of magnetism and forms of magnetized 
matter possessing remarkable properties. The use of such 
terms will be of still greater consequence in describing the 
results of these researches, and therefore, before proceeding to 
do so, I shall give definitions of the terms which I have adopted, 
and explain briefly the principal properties of the magnetic 
distributions to which they arc applied. The remainder of 
this chapter will be devoted to tliree new methods of analysing 
the expressions for the resultant force of a magnet at any point, 
suggested by the consideration of these special forms of mag- 
netic distribution. A Mathematical Theory of Electro-Magnets, 
and Inverse Problems regarding magnetic distiibutions, are the 
subjects of papers which I hope to be able to lay before the 
Royal Society on a subsequent occasion. [They are published 
for the first time in this volume : Chaps. VL...X.] 

505. Defnitions and explanations regarding Magnetio Sole- 
noids. 

(1) A magnetic solenoid* is an iniinitely thin bar of any 
foim, longitudinally magnetized with an intensity varying in- 
versely as the area of the normal section in different parts, 

The constant product of the intensity of magnetization into 
the area of the normal section, is called the magnetic strength, 
or sometimes simply the strength of the solenoid. Hence the 
magnetic moment of any straight portion, or of an infinitely 
small portion of a curved solenoid, is equal to the product of 
the magnetic strength into the length of the portion. 

(2) A number of magnetic solenoids of different lengths may 
be put together so as to constitute what is, as far as regards 
magnetic action, equivalent to a single infinitely thin bar of 
any form, longitudinallj^ magnetized with an intensity varying 


* This term (from a tube) is sngf?ested by the term “electro-dynamio 

solenoid” applied by Ampfere to a certain tube-like aiiangement of galvanic 
circuits which produces precisely the same external magnetic effect as is pro- 
duced by ordinary magnetism distributed in the manner defined m the text. 
The especial appropriateness of the term to the magnetic distribution is mani- 
fest from the relation indicated m the footnote on § 613 below, between the 
intensity and direction of magnetization in a solenoid, and the velocity and 
direction of motion of a liquid fiowiifg through a tube of constant or varying 
section. 
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arbitrarily from one end of the bar to the other. Hence such 
a naagnet may be called a complex magnetic solenoid. 

The magnetic strength of a complex solenoid is not uniform, 
but varies from one part to another. 

(3) An infinitely thin closed ring, magnetized in the manner 
described in (1), is called a closed magnetic solenoid. 

506. Definitimis md eocplanations regarding Magnetic Shells. 

(1) A magnetic shell is an infinitely thin sheet of any form, 
normally magnetized with an intensity varying inversely as the 
thickness in different parts. 

The constant product of the intensity of magnetization into 
the thickness is called the magnetic strength, or sometimes 
simply the strength of the shell. Hence the magnetic moment 
of any plane portion, or of an infinitely small portion of a 
curved magnetic shell, is equal to the product of the magnetic 
strength into the area of the portion 

(2) A number of magnetic shells of different areas may bo 
put together so as to constitute what is, as far as regards mag- 
netic action, equivalent to a single infinitely thin sheet of any 
form, normally magnetized with an intensity vaiying aibitranly 
over the whole sheet. Hence such a magnet may be called a 
complex magnetic shell. 

The magnetic strength of a complex shell is not uniform, but 
varies from one part to another. 

(3) An infinitely thin sheet, of which the two sides art 
closed surfaces, is called a closed magnetic shell. 

507. Solenoidal and Lamellar Distributions of Magnetisyn.— 

If a finite magnet of any form be capable of division into ai 
infinite number of solenoids which are cither closed or have 
their ends in the bounding surface, the distribution of magnet 
ism in it is said to be solenoidal, and the substance is said t( 
be solenoidally magnetized. 

If a finite magnet of any form be capable of division into ai 
infinite number of magnetic shells which are either closed oi 
have tlieir edges in the bounding surface, the distribution o' 
magnetism in it is said to be lamellar,* and the substance i‘ 
said to be lamellarly magnetized. 

* The term lamellar, adopted for want of a better, is preferred to 
nated”; since this might be objected to as rather meaning composed of pia^' 
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508. Complex! Lamellar Distributions of Magnetism. — If a 
finite magnet of any form be capable of division into an infinite 
number of complex magnetic shells, it is said to possess a com- 
plex lamellar distribution of magnetism. 

509. Complex Solenoidal Distributions of Magnetism. — Since, 
by cutting it along lines of magnetization, every magnet of finite 
dimensions may be divided into an infinite number of longitu- 
dinally magnetized infinitely thin bars or lings, any distribu- 
tion of magnetism which is not solenoidal might be called a 
complex solenoidal distribution ; but no advantage is obtained 
by the use of this expiession, which is only alluded to here, 
on account of the analogy with the subject of the preceding 
definition. 

510. Pkop. — The action of a magnetic solenoid is the same as 
if a quantity of positive or northern imaginary magnetic matter 
numerically equal to its magnetic strength were placed at one end, 
and an equal absolute quantity of negative or southern matter at 
the other end. 

The truth of this proposition follows at once from the in- 
vestigation of Chap. III. §§ 467, 468, 469. 

Cor. 1. — The action of a magnetic solenoid is independent of 
its form, and depends solely on its strength and the positions 
of its extremities. 

Cor. 2. — A closed solenoid exerts no action on any other 
magnet. 

Cor. 3. — The ^'resultant force’’ (defined in Chap. IV. § 480) 
at any point in the substance of a closed magnetic solenoid 
vanishes. 

511. Prop. — Ifi he the intensity of magnetization, and co the 
area of the normal section at any point T, at a distance s from one 
extremity of a complex solenoid, and if [iw] and {io)} denote the 
values of the product of these quantities at the extremity from 
which s is measured, and at the other extremity respectively ; the 
magnetic action will he the same as if there were a distribution of 
imaginary magnetic matter, through the length of the har of which 
the quantity is an infinitely small portion ds, of the length at the 

plates, than composed of shells whether plane or curve, and is besides too much 
associated with a mechanical structure such as that of slate or mica, to be a 
convenient term for the magnetic distnbutions defined in the text. 

T. E. 


25 



Wd A Mathematical Theory of Magnetism. [xxiv 


point P, would he — 


d (ift)) 


Ms, and accumidations of quantitm 

equal to - pft)] and {iw} respectively at the two extremities. 

The truth of this proposition follows immediately from the 
conclusions of Chap. Ill, § 469. 


512. Prop, — The potential of a magnetic shell at any point i 
equal to the solid angle tvhich it subtends at that point midtipliec 
by its magnetic strength^. 

Let dS denote the area of an infinitely small element of thi 
shell, A the distance of this element from the point jP, at whicl 
the potential is considered, and 0 the angle between this line 
and a normal to the shell drawn through the north polar sidi 
of dS Then if \ denote the magnetic strength of the shel 
the magnetic moment of the element dS Avill be XdS, an^ 
(§ 485) the potential due to it at P will be 
\dS .co^B 
A^ * 


Now 


dS cos^ 
A^ ' 


is the solid angle subtended at P by the elemei] 


dSy and therefore the potential due to any infinitely sma 
element, is equal to the product of its magnetic strength int 
the solid angle which its area subtends at P. But the poter 
tial due to the whole is equal to the sum of the potentials du 
to the parts, and the strength is the same for all the part 
Hence the potential due to the whole shell is equal to the pn 
duct of its strength into the sum of the solid angles which a 
its paits, or the solid angle which the whole, subtends at P. 

Cor. 1. — The expression , which occurs in the pr 


ceding demonstration, being positive or negative according i 
6 is acute or obtuse, it appears that the solid angle subtend( 
by different parts of the shell at P must be considered as pof 
tive or negative according as their north polar or their sou 
polar sides are towards this point. 


* Thi§ theorem is due to Gauss {see his paper “On the General Theory 
Terrestrial Magnetism,” § 88 ; of which a translation is published in Taylo 
Scientific Memoirt, voL ii,). Ampere’s well-known theorem, referred to by Gau 
that a closed galvanic circuit produces the same magnetic effect as a magne 
shell of any form having the circuit for its edge, implies obviously the truth 

* « i 1 /-i^„ Q 



JLamdlar Distributions. 


387 


XXIV.] 

Cor. 2. — The potential at any point due to a magnetic shell 
is independent of the form of the shell itself, and depends solely 
on its bounding line or edge, subject to an ambiguity, the 
nature of which is made clear by the following statement 
If two shells of equal magnetic strength, X, have a common 
boundary, and if the north j^olar side of one, and the south 
polar side of the other be towards the enclosed space, the 
potentials due to them at any external point will be equal ; 
and the potential at any point in the enclosed space, due to 
that one of which the northern polarity is on the inside, will 
exceed the potential due to the other by the constant IttX. 

Cor. 3. — Of two points infinitely near one another on the two 
sides of a magnetic shell, but not infinitely near its edge, the 
potential at that one which is on the north polar side exceeds 
the potential at the other by the constant 47rX, 

Cor. 4. — The potential of a closed magnetic shell of strength 
X, with its northern polarity on the inside, is 47rX, for all points 
in the enclosed space, and 0 for all external points ; and for 
points in the magnetized substance it varies continuously from 
the inside, where it is 47rX to the outside, where it is 0. 

Cor. 5 . — A closed magnetic shell exerts no force on any other 
magnet. 

Cor. 6 — The “resultant force” as defined at §§ 470, 480 
[polar definition], is equal to at any point in the sub- 
stance of a closed magnetic shell, if r be the thickness, or to 
Itt?* if ^ be the intensity of magnetization of the shell in the 
neighbourhood of the point, and is in the direction of a normal 
drawn from the point through the south polar.side of the shell. 
[The “resultant force ” as defined below in § 517, by the electro- 
magnetic definition, is zero at any point in the substance of a 
closed magnetic shell, or of a lamellar distribution consisting 
of closed shells ] 

Cor. 7'. — If the intensity of magnetization of an open shell be 
finite, the resultant force at any external point not infinitely 
near the edge is infinitely small ; but the force at any point in 
the substance not infinitely near the edge is finite, and is equal 
to 47ri, if i be the intensity of the magnetization in the neigh- 

2.5—2 
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bourhood of the point, and is in the direction of a normal 
, through the south polar side. 

518. Peop. — A distribution of magnetism expressed by 
A 7) (x, y, 2))* is solenoidal if and is not solenoidal 

unless, ^+^ 4 -^ = 0 . 
dx dy dz 

The condition that a given distribution of magnetism, in a 
substance of finite dimensions, may be solenoidal, is readily 
deduced from the investigations of § 473 , by means of the pro- 
positions of §§ 510 and 511. For, if the distribution of mag- 
netism be solenoidal, the imaginary magnetic matter by which 
the polarity of the whole magnet may be represented will be 
situated at the ends of the solenoids, according to § 510, and 
therefore (§ 507) will be spread over the bounding surface. On 
the other hand, if the distribution be not solenoidal, that is, if 
the magnet be divisible into solenoids, of which some, if not 
all, are complex; there will, according to § 511, bo an internal 
distiibution of imaginary magnetic matter in the representa- 
tion of the polarity of the whole magnet. Hence it follows 
from § 473 that if a, / 9 , 7 denote the components of the 
intensity of magnetization at any internal point (x, y, z), the 
equation 

doL . dp ^ dy _ 


dx dy~^ dz 


-- 0 . 


.(I.) 


expresses that the distribution of magnetism is solenoidalf. 


* Where a, 7 , which may be called the components, parallel to the axes of 
co-ordmatcs, ot the magnetization at (x, y, 2 ), denote respectively the products of 
the intensity into the direction cosines of the magnetization, 
f The analogy between the circumstances of this expression and those of the 
cinematical condition expressed by “the equation of continuity” to which the 
motion of a homogeneous incompressible fluid is subject, is so obvious that it is 
scarcely necessary to point it out When an incompressible fluid flows through 
a tube of variable infinitely small section, the velocity (or rather the mean 
velocity) in any part is inversely proportional to the area of the section. Hence 
the intensity and direction of magnetization, in a solenoid, according to the 
definition, are subject to the same law as the mean fluid velocity in a tube with 
an mcompressible fluid flowing through it. Again, if any finite portion of a 
mass of mcompressible fluid m motion be at any instant divided into an infinite 
number of solenoids (that is, tube-Iike parts), by following the lines pf motion, 
the velocity in any one of these parts will, at different points of it, be inversely 
proportional to the area of its section. Hence the intensity and direction ol 
magnetization in a solenoidal distribution of magnetism, according to the 
definition, are subject to the same condition as the fluid-velocity and its direc 
tion, at any pint in an incompressible fluid in motion. It may be remarked 
that by making an investigation on the plan of § 473 to express merely the 
i-i — iu,* mav he no internal distribution of imaginary magneu< 
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514. Prop.— ^ distribution of magnetism { (a, y) at (x, y, z ) ) 
is lamellar if and is not lamellar unless, adx + j5dy + ydz is the 
differential of a function of three independent variables. 

Let \/r he a variable which has a certain value for each of 
the series of surfaces, by which the magnet may be divided 
into magnetic shells ; so that, if be considered as a function 
of X, y, z, any one of these surfaces will be represented by the 

equation i/, -s') = D (a) ; 

and the entire series will be obtained by giving the parameter 
n, successively a series of values each greater than that which 
precedes it by an infinitely small amount. According to the 
definition of a magnetic shell (§ 506), the lines of magnetiza- 
tion must cut these surfaces orthogonally; and hence, since 
a, /3, 7 denote quantities proportional to the direction cosines 
of the magnetization at any point, we must have 

jl=£=jl (M 

d\j/' dyjr dyjr 
dx dy dz 

Let us consider the magnetic shell between two of the con- 
secutive surfaces corresponding to values of the parameter of 
which the infinitely small difference is w. The thickness of 
this shell at any point {x, y, z) will be 

\ dx^ cf/y 

Now the product of the intensity of magnetization, into the 
thickness of the shell, must be constant for all points of the 


matter, the equation + ^ + ^^7=0 is obtained m a manner precisely similar 
dx dy dz 

to a mode of investigating the equation of continuity for an incompressible fluid, 
now well known, which is given in Duhamel’s Coins de Mecamque, and m the 
Cambridge and Dublin MathematicalJourml, yol ii. p 282 The following very 
remarkable proposition is an immediate consequence of the proposition that “a 
closed solenoid exerts no action on any other magnet " (§ 510, Cor, 2 above), in 
virtue of the analogy here indicated. 

“If a closed vessel, of any internal shape, be completely filled with an in- 
compressible fluid, the fluid set into any possible state of motion, and the vessel 
held at rest ; and if a solid mass of steel of the same shape as the space within 
fhe vessel be magnetized at each point with an intensity proportional and in a 
direction correspondmg to the velocity and direction of the motion at the 
corresponding point of the fluid at any instant; the magnet thus formed will 
exercise no force on any external magnet.*' 
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same shell; and hence, since tjr is constant, and since a, / 9 , 7 
denote quantities such that + + is the intensity of 

magnetization at any point, we must have 


(' 


dx' df d^J 




where F(‘\jr) denotes a quantity which is constant when yjr 
is constant. This equation, and the two equations (b), express 
all the conditions required to make the given distribution 
lamellar. By combining them we obtain the following three, 
which are equivalent to them : — 

and hence, if / F(yjr)d^lr be denoted by we have 


« = ?, y3=^, y = 

ctjc ay ‘ ‘ 


dz 




where ^ is some function of x, y, and z. Hence the condition 
that a magnetic distribution {a, P, y) may be lamellar, is simply 
that adx + fidy + ydz must be the differential of a function of 
three independent variables. The equations to express this arc 
obtained in their simplest forms by eliminating the arbitrary 
function (p by differentiation ; and are of course 


dz dy 

^-- = 0 

dx dz 


:0 


.(III.). 


doL 

dy dx 

Cor . — It follows from the first part of the preceding in- 
vestigation that equations {h) express that the distribution, if 
not lamellar, is complex-lamellar. By eliminating the arbitrary 
function from those equations (which merely express thal 
adx -h j3dy + ydz is integrable by a factor), we obtain the well 
known equation 

1 nf the condition that a, y 
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satisfy, in order that the distribution which they represent may 
be complex-lamellar; and we also conclude that if this equa- 
tion be satisfied the distribution must be complex -lamellar, 
uhless each term of the first number vanishes by equations 
(III) being satisfied, in which case the distribution is, as we 
have seen, lamellar. 

515. The resultant force at any point external to a lamellarly- 
magnetized magnet will, according to § 512 (Cors. 2 and 4), 
depend solely upon the edges of the shells into which it may be 
divided by surfaces perpendicular to the lines of magnetization 
(or the bands into which those surfaces cut the bounding 
surface), and not at all on the forms of these shells, within the 
bounding surface, nor upon any closed shells of which part of 
the magnet may consist; and the resultant force at any 
internal point may (§512, Cors. 2, 4, and 7) bo obtained by 
compounding a foice depending solely on those edges, with a 
force in the direction contrary to that of the magnetization 
of the substance at the point, and equal to the pioduct of 47 r 
into the intensity of the magnetization. For either an external 
or an internal point, the resultant force may be expressed by 
means of a potential, according to § 480 , and the value of this 
potential may be obtained by means of the theorems of § 512, 
in the following manner; — 

Let us suppose all the open shells, that is to say all the 
shells cut by the bounding surface of the given magnet, 
to be removed, and a series of shells having the same edges, 
and the same magnetic strengths, and coinciding with the 
bounding surface, substituted for them; and, for the sake 
of definiteness, let us suppose each of these shells to have its 
north polar side outwards, and to occupy a part of the surface 
for which the value of cj) is greater than at its edge. The whole 
surface will thus be occupied by a series of superimposed 
magnetic shells, constituting a complex magnetic shell which 
will produce a potential at any external point the same as that 
due to the whole of the given magnet; and, at any internal 
point a potential, which, together with the potential due to 
the closed shells round it, if there are any, and (§512, Cor. 2) 
together with the product of 47 r into the sum of the strengths 
of any open shells having it between them and their superficial 
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SjubltituteS; will be the potential due to the whole of the given 
magnet at this point. 

Now if d(j) denote the difference between the values of at 
two consecutive surfaces of the series, by which we may con- 
ceive the whole magnet {o be divided into shells, it follows 
from the investigation of § 514, that the magnetic strength of 
the shell is equal to dcf). Hence if A denote the least value 
of (f) at any part of the bounding surface, and (f> be supposed 
to correspond to a point in the surface, the strength of the 
complex magnetic shell, found by adding the strengths of all 
of the imagined series of shells superimposed at this point, will 
be (j>--A; and if P be an internal point, and the value of 0 
at it be denoted by (</>), the sum of the strengths of all the 
shells between that which passes through P and that which 
corresponds to A, will be ((/>)— ^, fiom which it may be 
demonstrated* that, whether (</>) be > or <A, and whatever 
be the nature of the shells, whether all open or some open and 
some closed, the quantity to be added to the potential due to 
the imagined complex shell coinciding with the surface of the 
magnet to find the actual potential at P, is 47r Now, 

from what we have seen above, it follows that the potential 
at any point P, due to an element, dS, of this complex shell 

ig : if 0 denote the angle which an external normal, 

or a normal through the north polar side of dS, makes with a 
line drawn from dS to P; and A the length of this line. Hence 
the total potential at P, due to the whole complex shell, is 
equal to 

y{<j) — A] cos 6d8 

in which the integration includes the whole bounding surface of 
the magnet. Hence, if V denote the potential at P, we have 
the following expression, according as P is external or internal,— 
OdS 


If- 


or 


_ jj. 


Q/iis fnnfnntfl on 8 479 above, and Core, 2, 8, § 615 below. 
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These expressions may be simplified if we remark that, for any 
external point, 

Y cos 9dS __ 

~ 


p 


and that, for any internal point, 
f cos 9dS 


IP 


— 4f7r 


(since 9 is the angle between the line A and the external 
normal through dS). We thus obtain, for an external point, 
[(f). cos 9dS ^ 


V.jji 


and for an internal point, 

cos 9dS 


+ 47r { 


•(V). 


Cor. 1. — The potentials at two points infinitely near one 
another, even if one be in the magnetized substance and the 
other be external, differ infinitely little , for the value of 
f (j> . cos 9dS 

at a point infinitely near the surface and within it, is found 
by adding - 47r(0) to the value of the same expression at an 
external point infinitely near the former. 

Cor. 2. — If the value of 

. cos 9dS 


IP- 


IP 


A^ 


be denoted hj - Q for any internal point, x, ij, z; and if 
(a), (/3), (y) denote the components of the intensity of magneti- 
zation, and X, r, Z the components of the resultant magnetic 
force at this point (that is, according to the definition in the 
second foot-note on § 470, the force at a point m an infinitely 
small crevass tangential to the lines of magnetization at x, y, z), 
we have 


F = -^=^-47r(^) 
dy dy 


Z=- 


-4nr{y) 


■(VI.). 


dz dz 

The resultant of the partial components, ■-47r(a), ~47r(/9), 
- 47r(7), is a force equal to 47r(f) acting in a direction contrary 
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tO: that of magnetization, and this, compounded with the re 
sultant of 

dQ dQ dQ 
dec ^ dy ^ dz * 

which depends solely on the edges of the shells, gives the tota 
resultant force at the internal point. We thus see precisely ho^ 
the statements made at the commencement of § 515 are fulfillec 
Cor, 3 . — It is obvious, by the preceding investigation, that 
dQ dQ dQ 
dx ^ dy ^ dz 

are the components of the force at a point in an infiuitely smal 
crevass perpendicular to the lines of magnetization at x^ y, z. 

516. An analytical demonstration of these expressions ma 
be obtained by a partial integration of the general expressio 
for the potential in the case of a lamellar distribution, in tb 
following manner : — 

In equation (5) of § 486, which, as was remarked in the foof 
note, expresses the potential for any point, whether internal c 


external, let 


d<l) d<f> 


and 


# 1 


> s -7- y be substituted in place of il, in 

ax dy dz ^ ’ 

and in respectively ; and, for the sake of brevity, let 

be denoted by A : then observing that ^ ^ 3 — = > 

the similar terms ; we have 

/ A A A\ 
d± 


r= 


and so f( 


I dxdydz (a). 


dy dy ^ dz dz ^ 

Dividing the second member into three terms, integrating tl 

first by parts commencing with the factor — dx, and so for tl 

dx 

other terms ; we obtain 








(I 

, I 

'dxdydz 
irifftorral dCIlO 
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that it has reference to the surface of the body. Now, for any 
set of values of x, y, z, for which ^ is finite, we have, as is well 
known, 

■fs -fi <^1 

+ ('’): 

and consequently, if the point f, rj, f is not in the space in- 
cluded by the triple integral in the expression for V, each 
element of this integral, and therefore also the whole, vanishes. 
In the contrary case, the simultaneous values a; = y = ?;, and 
will be included in the limits of integration, and, as these 

values make ^ infinitely great, the equation (c) will fail for one 

element of the integral, although it still holds for all elements 
corresponding to points at a finite distance from (f, y, f). Hence, 
if (0) denote the value assumed by the function 0 at this point, 
we have 



where the limits of integration may correspond to any surface 
whatever which completely surrounds the point (f, y, f). Now 
it is easily proved (as is well known) that the value of 



is ~47r, when (f, y, f) is included in the limits of integration; 
and therefore the value of the triple integral, in the expression 
for F] is - 47r(0). Hence, according as the point (f, y, f) is 
external or internal with reference to the magnet, the potential 
at it is given by the expressions 



* It may be proved that the foroe derived from a potential having the same 
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Thede agree with the expressions obtained above in § 515; the 
same double integral with reference to the surface being here 
expressed symmetrically by means of rectangular co-ordinates. 

517. The value of ^ at any point in the surface of the magnet, 
which, as appears from the preceding investigations, is all that 
is necessary for determining the potential due to a lamellar 
magnet at any point not contained in the magnetized substance, 
may, according to well-known principles, be determined by 
integration, if the tangential component of the magnetization at 
every point of the magnet infinitely near its surface be given. 
It appears theiefore that, if it be known that a magnet is 
lamellarly magnetized throughout its interior, it is sufficient 
to know the tangential component of its magnetization at 
every point infinitely near the suiface, or to have enough of 
data for determining it, without any further specification re- 
garding the interior distribution than that it is lamellar, to 
enable us to determine completely its external magnetic action 
This conclusion is analogous to a conclusion which may bo 
drawn, for the case of a solenoidal distribution, from the ex- 
pression obtained in § 482, for the potential of a magnet of any 
kind. For, from this expression, we have, according to § 518 
the following in the case of a solenoidal distribution : 

(h -f ?n/3 -f- 

from which we conclude, that without further data regarding 
the interior distribution than that it is solenoidal, it is sufficien 
to know the normal component of the magnetization at ever 
point infinitely near the surface to enable us to determin 
the external magnetic action. Yet, although analogous con 
elusions are thus drawn from these two formulae, the formuk 
themselves are not analogous, as the former (that of § 482) i 
applicable to all distributions, whether solenoidal or not, an 
shows precisely how the resultant magnetic action will i 
general depend on the interior distribution besides the norm^ 

expression (YU) (1) as for external points, is, for any internal point, the fon 
at a point within an infinitely small crevass perpendicular to the lines 
magnetization ; as it is easily shown that the differential coefficients of 47r((pf 
i-t.- eomnonents of the force at such a point due [§ 7 (6)1 tu the ir 
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magnetization near the surface, according to the deviation from 
being solenoidal which it presents; while the formula of § 515 
merely express a fact with reference to lamellar distributions, 
and being only applicable to lamellar distributions, do not 
indicate the effect of a deviation from being lamellar, in a 
distribution of general form. Certain considerations regard- 
ing the comparison between common magnets and electro- 
magnets, suggested by Ampere s theorem that the magnetic 
action of a closed galvanic circuit is the same as that of a 
'‘magnetic shell” (as defined in § 506) of any figure having its 
edge coincident with the circuit, led me to a synthetical in- 
vestigation [§ 554 below] of a distribution of galvanism through 
the interior and at the surface of a magnet magnetized in 
any arbitrary manner, from which I deduced formula3 for the 
resultant force at any external or internal point, giving the 
desired indication regarding effect of a deviation from being 
lamellar, on expressions which, for lamellar distributions, de- 
pend solely on the tangential component of magnetization at 
points infinitely near the surface. These galvanic elements 
throughout the body, fiom the action of wdiicli the resultant 
force at any external point is compounded, produce effects 
which are not separately expressible by means of a potential, 
and therefore, although of course when the three components 
X, Y, Z of the total resultant force have been obtained, they 
Will be found to be such that Xdx -f Ydy -f Zdz is a complete 
differential, the separate infinitely small elements of which these 
forces are compounded by integration with reference to the 
elements of the magnet, do not separately satisfy such a con- 
dition. Hence the investigation does not lead to an expression 
for the potential ; but by means of it the following expressions 
for the three components of the force at any external point, or 
at a point within any infinitely small crevass perpendicular to 
the lines of magnetization, have been obtained*: — 


* The expression Xdx-^Ydy + Zdz will not be a complete differential for 
internal points unless the distribution of magnetism be lamellar, since, for any 
internal pomt, X, F, Z differ from the rectangular components of the “ resultant 
force,” as defined m § 479, by the quantities 4ira, d^ry, respectively, and 
since (§ 483) the “resultant force,” for aU points, whether internal or external, 
is derivable from a potential. (See Postscript to § 517.) 
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^5= JJJ da^dyd;!^ 


y-y fda ^ ^ \^~-z (dy ^ da.\ ) 

A« [dy 


F= 


dy 

dy. 


\dx dz, 

- [ly — not) I dS 


-[// 

^=JjJdxdydzj^ 

-[III 


A* 

^z 

A 

^-z fdp dy\ ^-xfdoL dfi\ 

'A^l'5^’‘5^y ~¥~[Ty~'di) 

^ — X ^dy y '-y ^d^ df 

'V 


:)( 


A'* \dx dz) A“ \dz dy, 

^-^ih - I dS 


(IX.; 


J 


[Postscript to § 517, Nov, 17, 1871. — These expressions, t 
be proved in § 518 for external points, may be taken as 
definition for “resultant force” at points in the magnetizei 
substance. They are simplified by putting 

c?7 _ ^ _ 'doL ^dy _ _ ] 

dy dz dz dx dx dy ^ \ (a), 

and nfi - my = ly - m = F, ma -Iji-W] 


which, with x\ y, z substituted for x,y,z\ xf v\ w for xi, v, xi 
and X, y, .s' for f, 77 , f ; reduces them to 


X 


= JJJ dxdy'di 




\{z-z) F~(y-yyir 

A® 

with the symmetrical forms for F and Z. Now observe tha 


II 


j IJ dxdydz 


(y-y')w' 


is the y-component of the resultant force at {x, y, z) due to 
distribution of imaginary matter through the magnet and ov( 
its surface, having xv for density at any interior point {x, y, ^ 
and W for surface density at [^, y, z] ; and for the other terms ( 
(5), etc., consider corresponding distributions (v, F), and {u, U, 
and therefore instead of (5), etc., write 

ic) 

dy dz ^ dz dx* dx dy * 

denoting * by 


This notation has been introduced to agree with that used by Helmholtz ' 
* tn Vrtrfpr Motion. It is to be remarK* 
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L the potential of distribution {u, U) ] 

M „ „ „ F) (cQ 

N (wfV)j 


) that L 


=/// 


udxdy'dz 




, i/= etc., ir=etc. (c); 


(/), 


[//T 

and; by Poisson’s theorem, 

y^Z = -47rw, v^^=~47rw 

d^ d^ d^ 

where, as is now usual, ^2 + ^2 + is denoted by The 

second members of (/) vanish for all points external to the 
magnet, because there = 0, v = 0, w = 0. Now for simplicity 
suppose the magnetization to diminish gradually, not abruptly, 
to zero at the boundary of the magnet The second terms of 
the expressions {d) for L, M, F will disappear, and by diffe- 
rentiations and summation we have 


dx ^ dy dz 


-III 


dll' ^ dv' dw'^ 
dx dy dz' 


7 j dx'dy'dz 


D 


^^0 

dz 

&); 

0 

11 

^ 1 

0). 


But (a) show that ^ 4. ^ : 

dx dy 

1 ,, p dL dM . 

and therefore + - 

dx dy 

However quick the gradation from hnite values of u, v, w 
withhi the magnet, to zero through external space, this equa- 
tion holds, and therefore it holds in the limit, when the mag- 
netization comes to an end abruptly at the boundary. To 
prove (h) directly from the expressions (e), with the surface - 
terms included, will be found a good exercise for the student. 

From (c) by differentiations, and application of (/) and (h), 
we find 


dA' dY , 

or in virtue of (a) 
dZ dY , 


dX ^ dY^dX_f^ 
dx^ dy dz 

dX dZ , dY dX , 
dz dx d/X dy 


.{h) 


(dy 

dg\ 

^-^ = 4rl 

fda 

dy\ 

dY_ 

^=4^' 

W 

' dz) 

’ Ik dx ' 

\^dz 

"dxj 

* dx 

dy V 


da\ 


(0 


that the quantities w, v, w, U, V, W thus introduced fulfil the equations (1) and 
(2) of § 639. They represent the components of the internal and superficial 
^stributions of electric currents, in the electro-magnetic representative {§ 664) of 
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The corresponding properties of X, Y, jZ, if these denote 
the components of the “resultant force’' as defined in §§ 479, 
480, are [see § 473 (2) and § 483] 


dx dy dz 


dY 


= — 47r 

dX d% 


^ 4. ^ 

dx dy dz) 


.(w), 


dY dX 


= 0 W. 


dZ * _Q 

dy dz ’ dz dx dx dy' 

These equatiocs, as well as {k) and (1), hold through all space, 
the values of a, y being zero in every part of space not con- 
taining magnetized matter. Some if not all of the dififerential 
coefficients appearing m them become infinite when the mag- 
netization varies abruptly from one side to the other of any 
surface, but the interpretation presents no difficulty. Taking 
for instance the case when the magnetization, finite up to the 
boundaiy of the magnet, comes to an end abruptly there, let 
A" and denote the values of X at points infinitely near 
one another outside and inside the boundary; and similarly 
for 7, X, ¥, Z. We have by § 7 (5), § 517 (e) and (e), and 
§ 473 (1), 

.y-A',,= l7r(nr-mJr), }>r„=4jr(/ir-ut7), Z,-Z,, = 47r(mCr-iF) ( 0 ) 


and X^‘-X^, = iirpl, ¥, — Y,, = iirpm, Z, — Z„ — Airpn | . , 

where p = lu-{- mv i-niu ) ' 

By {a) we have 

nV- m W- I {mp -)- ny) — (m^ a — I (la -H ny) - 0 . 
Hence, with the notation of (p), { 0 ) becomes 
A>X-47r(//>-a), 7^-7 _-47r(mp-/l), fe). 


In a foot-note to § 517 above it was stated that the values of 
X, Y, Z differ from what in this postscript I call X, Y, Z by 
quantities equal to 47ra, 47ry^, 47r7, respectively; a statement 
which is no doubt to be proved directly by carefully examining 
the meaning of the integrals of § 518 for internal points. We 
may now verify it by taking the difference between (k) and 
(m), and the differences between {1) and (n). If in these we pui 

X-3£-47ra=P, r-Y-47r/8= ft Z-Z-^7ry==B, 
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dz ' dz dx ’ dx dy ' 

These last three equations show that 

P=^, (3=^, BJ;t 

dx dy dz 

where if not zero is a function of x,y,z. and the first then 
becomes 

This equation must hold through all space when there is no 
abrupt variation of magnetization^ and, as must vanish at 
an infinite distance from the magnet in any diicction, we must 
(§ 206 above) therefore (whether there are abrupt variations 
or not) have 1 /^ = 0. The proof may be illustrated for abrupt 
variations, by taking the differences of equations [(f) and (y?), 
which show that 

(T — ^ — 47r>c)^ — (A" — ^ — 47ra)^^ = 0, ( F etc , Z etc.) ; 

= 0. <l “ ft. = 0, 11^ ~ = 0; 

which prove that 0, 

the suffixed accents denoting values for infinitely near points 
on the two sides of the surface of abrupt change. 

We conclude that through all space 

X = ^ + 47ra, F= + 4iTrp, Z— % + 47r7 (r); 

which, for space unoccupied by magnetized matter, give (what 
we knew before) 

x=ae, x=5S. 

For ,spaco within the magnet, it was shown in § 479 that 
the force {X, jS) is the resultant force experienced by a unit 
pole in a crevass tangential to the lines of magnetization. From 
this, and (r), it follows that, as was asserted in § 517, the force 
(X, F Z) is the resultant force experienced by a unit pole in 
a crevass perpendicular to the lines of magnetization. Of these 
two definitions of ‘‘resultant force'’ for space within a magnet, 
the former, as suitable to a polar magnet (§ 549), will some- 
times be called the polar definition,” and the latter, as suit- 

26 
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able for an electromagnet, the electromagnetic definition,” for 
the sake of brevity.] 

518. The investigation by which I originally obtained the 
expressions (IX. of § 517) is, with reference to galvanism^ 
precisely analogous to the investigation in § 473 with refer 
ence to imaginary magnetic matter. It cannot be given with- 
out explanations regarding the elements of electro -magnetism 
which would exceed the limits of the present communication^ 
but when I had once discovered the formula; I had no diffi 
ciilty m working out the subjoined analytical demonstration o 
them for the case of an external point, which is precisely analo 
gous to Poissons oiiginal investigation (given in § 495 above 
of the formula of § 482. 

Equations (3) and (4) of §§ 482 and 483 lead to -expies 
sions for the components of the resultant force at any pom 
in the neighbourhood of a magnet. Taking only (sine 
the expressions for the three components arc symmctucai; 
we have 



Now if the firctor of d.rdych in the second member of thi 
equation be dififercntiated with reference to an expressiu 
IS obtained which does not become infinitely great for an 
values of y, 2 : included within the limits of integration, sine 
the point (f, 7], f) is considered to be external in the presci 
investigation. Hence the differentiation with reference to 
may be performed under the integral sign; and, since 


we thus obtain 


dl 

A 




dx ’ 



(ft (1“^] 

dx^ ^ ^ dxdy ^ '^dxJzj 


* [Xote, ^ov. 1871.— It is given in § 654, below.] 

r.nint 7 ). t) be either within the magnet or infinitely near it, 

■ * * -r.nl MOfl nt ix, tit inctut 
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Now, for all points included within the limits of integration, 
we liave, from Laplace's well-knoAvn equation, 



Dividing the second member into four terms, and applying an 
obvious process of integration by parts, we deduce 




111 - 


. CL —dxdz- 
dy 


z _ dxdy^p — dydz+-f ~ dydz 


‘^1 



'7^4 7 <4 jo4 

d'x A dx /I ^ ay A I 
dy dy dz dz dx dy dx dz] J 


Modifying the double intcgial by a.ssuming, in its different 
tcims, dydz — IdS , dzdx = mdS; dxdy = ndS^ 

and alteiing the older of all the terms, we obtain 


within the limits of intG^rntion ; and it may he demonstrated that the value of a 
pait of the integral concsponding to any infinitely small portion of the magnet 
mtiaitely near the point (^, rj, d is m geuetal finite, and that it depends on the 
toim of this poition, on its position with reference to the line of magnetmation 
through (I, T], (■), and on the propoitions of the distances of its different parts 
from tins point It follows that if the iioint (^, i;, he internal, and if a portion 
of the magnet lound it be omitted tiom the integial, the value of the integral 
vill be affected by the form of the omitted portion, however small its dimensions 
may be, and consequently the complete integral has no determinate value if the 
point (^, 7 ], he internal. Hence although, as we have seen above (§§ 482, 
183), 



has in all cases a determinate value, which, by the definition (§ 479), is called 
the component parallel to OX of the resultant foice at (^, f)) expression 



has no meaning when (f , ij, D is in the substance of the magnet. 
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^ ~/iJ 



jd~ d~ 


dS 


This expression, when the indicated differentiations are actually 
performed upon ~ , becomes identical with the expression for 

X at tlie end of § 517, and the formula) which it was requiied 
to prove ai e therefore established. 

519. The triple integrals in these expressions vanish in the 
case of a lamellar distribution, in virtue of the equations (III) 
of§ 514; and we have simply 
A 


X = ~ 


r=- 





4 




d^r 


d 


1 


'dS 


■ dS 




To interpret these expressions, let us assume, for bievity, 
U=7il3 — mj’, V~ly — 7i2; W = 7 na—l/S.. (XI) 
From these we deduce 

m W~ nV-OL- I (la + mjS + 7iy) = ) 

nU-lW=^ - m {h + + ny) =I3,> (XII ) ; 

IV -mU=^y-n {h 4- mfi + ny) = yj 
where a^, y, denote the rectangular components of the 
tangential component of the magnetization at a point infinitely 
near the surface. Conversely, from these equations we deduct 
U==nP,-my/, V=ly^-n7/, F = - /ft . . . (XM-) 

Now the direct data required for obtaining the values of 
Z, Y, and Z, by means of formula) (X.), are simply the values 
of ft F, F at all points of its surface. Equations (XIL) show 
that with these data the values of ft, y, niay be calculate , 
and again, equations (XIII) show conversely that if Pa 
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be given the required data for the problem may be immediately 
deduced. We infer that the necessary and sufficient data for 
determining the resultant force of a lamellar magnet, at any 
external point, by means of formula) (X.), are equivalent to a 
specification of the direction and magnitude of the tangential 
component of the intensity of magnetization at every point 
infinitely near the surface of the magnet; and we conclude, 
as we did in § 517 from a very different process of reasoning, 
that besides these data, nothing but that it is lamellar through- 
out need bo known of the interior distribution. 


520 The close analogy which exists between solenoidal and 
lamellar distributions of magnetism having led me to the new 
formula) which have just been given, it occuned to me that a 
formula (or formuloe, if it were necessary heie to separate the 
cases of internal and external points), for solenoidal distribu- 
tions analogous to the formula) (VII) of § 516 for lamellar 
ditotiibutions might be discovcicd. Taking an analytical view 
of the pioblcm (the synthetical view, although itself much 
moic obvious, not showing any vciy obvious way of arriving 
at a formula of the desired kind), I observed that the formula 


^_^os is deduced fioni the geneial expression for the 


potential by a partial integration performed upon fiictors in- 
volving a, /3, 7 , and depending on the mtegiability of the 
function adx -h /3dg + yeb, insured by the equations 

dff dy _ A _ A 

dz dy ' dx dz ' dy dx 

for a lamellar distribution ; and I cndeavouied to find a corre- 
sponding mode of treatment for solenoidal distributions, to 
consist of a partial integration, commencing still with factors 
involving a, j3, y, but depending now upon the single equation 


dx dy dz 


.{a), 


instead of the three equations required in the former process. 
After some fruitless attempts to connect this eijuation with 
the integrability of some function of two independent variables, 
I fell upon the following investigation, which exactly answered 


my expectations : — 
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521. In virtue of the preceding equation (a), we may assume 


dy dz* dz dx ' ^ 


dG__dF 
dx dy 


....(XIV), 


where F, (r, H are three functions to a certain extent arbitrary. 
These functions I liave since found, have for their most gonoial 
expressions 



+ 


+ 


d^ 

dx 

d^ 

dy 

dz J 


(XV), 


where ^/r denotes an absolutely aibitrary function; and tlie 
indicated integrations are indefinite, Avitli the aibitrarics wliicli 
they introduce subject to the equations (XIV.). 

The demonstration of tlicse equations follows immediately 
from the results obtained by differentiating the three equatium 
(XIV) with reference to x, y, and ^ respectively. The simplest 
final forms for F, G, and II arc the following, which are de- 
duced from the preceding by integration : — 


G = - adz) ■ 


....{Ml) 


Making substitutions according to the formula) (XIV.) l'>i 
a, P, 7 in the general expression for the potential, we have 




JJJ ^ \\dy dzjdx \dz dxjdy \dx dyjdz 


Dividing the second member into six terms, and integrating 

dJI,, 

dy' 

we obtain an expression, with a triple integral involving six 
forma whiVh dp<5trnv oTift another two and two because of 


each by parts, commencing upon the factors such as ^ dy, 
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properties such as ^1 

d A_ d A 
dy dx dx ^ 

and besides^ a double integral, which may be reduced in the 

usual manner to a form involving dS, an element of the surface. 

We thus obtain, finally, 

[//{k^- ”«) ^ + ("f - - ”»■) 

(XVIL). 

522. The second member of this equation expresses the 
potential of a certain distribution of magnetism in an infinitely 
thin sheet coinciding with the surface of the body; the total 
magnetic moment of tlic magnetism in the area being 

{{mil- nGf + {nF - lllf + [IG - dS, 
and its diiection cosines pioportional to 

mll-nG, IG-mF. 


Now we have identically, 

I {mH —nG}+ m [nF — III) + n [IG — mF) — 0 ; 
and hence the direction of this imaginaiy magnetization at 
every point of the surface is perpendicular to the normal. It 
follows that we have found a distribution of tangential mag- 
netism m an infinitely thin sheet coinciding with the bounding 
suiface which produces the same potential at any point, in- 
ternal or external, as the given solcnoidal magnet. [It is rc- 
maikable that the imaginary tangential magnetization thus 
found 'depends (§ 523) upon the normal component of the 
actual magnetization infinitely near the surhxce ; so that, besides 
this normal component, nothing need be known of the actual 
magnetization except that it is solenoidal. Corapaie conclu- 
sion of § 510.] 


523. The conclusion of § 522 may bo arrived at syntheti- 
cally in a very obvious manner, by taking into account the 
property of a solenoid stated in § 510, according to which 
it appears that any two solenoids of equal strength, with the 
same ends, produce the same force at any point whether in the 
niagnetized substance of either, or not. For it follows from 
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this, that when a magnet is divisible into solenoids with their 
ends on its surface, we may by joining the two ends of each 
solenoid by any arbitrary curve on this surface, and laying a 
solenoid of equal strength along this curve, obtain a series of 
solenoids, constituting by their superposition, a tangential 
distribution of magnetism in an infinitely thin sheet coinciding 
with the bounding surface, which produces the same resultant 
force at any internal or external point as the given magnet 
It is not, how'ever, easy to deduce from this synthesis a formula 
involving the requisite arbitrary functions to express a supei^ 
ficial distribution satisfying the existing conditions in the 
most general manner. The analytical investigation given above, 
supplies, in reality, a complete solution of this problem. 

It may be remarked that the sole condition which F, G and H 
considered as functions of the co-ordinates, x, y, z, of some point 
in the surface of the magnet, and therefore functions of two 
independent variables, must satisfy in order tliat (XVI 1.) may 
express correctly the potential at any point, is — 



'^^^)=?»+w/3+n7(XVIII), 


£c, y, and of course being supposed to satisfy the equation to 
the sui face; and it may be pioved, by a demonstration inde- 
pendent of the investigation which lias been given, that the 
second member of (XVII.) has the same value for any func- 
tions F, Gf n whatever, which are subject to this relation. 

[Postsciipt, Dec. 7, 1871, and Jan, G, 1872 — Inasmuch as the 
second member of (XVIIL) is (§ 473 (1)), the surface density oi 
the imaginary magnetic matter, representing the polarity of the 
given solenoidal magnet, we may eliminate the idea of magne* 
tization, and so arrive. at the following remarkable theorem 

Let p be the density at any point of a superficial distribution 
of matter on a surface F, which may be either a closed surface 
or an open shell, there being as much negative matter as pot>i- 
tive in the whole distribution, and let F, G, H be any three 
quantities such that 
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the potential of this distribution, that is to say 



is 


correctly expressed by the formula (XVII.). When ^ is a 
closed surface this expression holds for the space within B, as 
well as for external space. From the remark with reference to 
(XVII.) and (XVIII) at the conclusion of the section in the 
original now numbered § 523, it appears that the values of 
Fy 0, H given by (XVL), although expressing the most general 
solution of (XI V), are not the most general expressions for 
functions F, G, H to satisfy (XVII); and that instead of 
F, G, H in (XVII ) we may substitute 


FfF\ G+G', II+IF 


where F, G, E are given by (XVI) and F\ G', H' are any 
three functions of x, y, which, over the whole surface S, 
satisfy the equation 


I 



dG\ 

dz) 



dE\ , fdG' 
dx ) ( dx 


dF\ 

~dy} 


= 0. .(XX) 


The surface distiibution of tangential magnetization specified 
by F', G\ E in accordance with the explanations of § 522, 
consists of closed solenoids lying on the surface B] 


Chapter VI ^ — On Electromagnets. 

524 Oersted’s discovery of the mutual forces between 
magnets and conductois containing electric currents gave rise 
to the science of electromagnetism. It was soon found that 
there are also mutual forces between different conductors and 
between different parts of the same conductor conveying 
electric currents : and various very remarkable electro-raagenetic 
phenomena were observed by different experimenters, of which 
the most remarkable are the continuous rotations of portions 
of conductors round magnets and of magnets round conductors, 


* [Note, October 1871 —Tins chapter was written twenty-two years ago, and 
has lam in manuscript ever since, because I had not succeeded in finding time 
to write a sequel on inverse problems. It is now printed from the original 
manuscript with only a few verbal alterations, and it will be followed m this 
volume (Chap. IX.) by the long-projected article on inverse problems, of which 
something was communicated to the British Association at its Oxford Meeting of 
1847, but not published except in the very short abstract contained in the 
Beport of that meeting.] 
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discoyered by Faraday to result, in certain circumstances, from 
their mutual actions. The laws to which all these actions are 
subject were first completely investigated by Ampere. His 
experiments are the foundation, and the conclusions which he 
deduces from them constitute the elements, of the Mathematical 
Theory of Electromagnetism. As a complete and satisfactory 
account of these reseaiches is to be found in Amperes 
original papers^, and a succinct exposition of the mathema- 
tical part of the investigations, in Murphy s Treatise on Elec- 
tricity, the results will be considered as fully established, and 
those of them which are required in the present essay will be 
quoted. 

525. Let Pand F be points m two conductors, of which the 
lateral dimensions are very small compared with the distance 
PF ; let a and a be the length of infinitely small elements 
of these conductors, with their centres at the points P and P 
respectively, and terminated by planes perpendicular to the 
directions of the conductois; let PF be denoted by r, let 0 
and S' denote the angles at which the diiectjons of the con- 
ductors at P and P' aie inclined to the line PP’ \ and let (p be 
the angle betw^een two planes each passing through PP', and 
respectively containing the directions of tlie conductors. Thus, 
if there be electrical currents in the two conductors, they will 
mutually act and react with a system of foice which is the 
same as would result from mutual forces, in lines joining all 
the infinitely small arcs a of the one, and a-' of the other, given 
in amount (attractions reckoned positive and repulsions nega- 
tive) by the following formula : — 

^ (2 sin ^ sin cos 0 — cos ^ cos S') f 

* ‘‘Sur la Theone MathCmatique des ph^nombnes blcctro-dynamiques.” 
Collection of six “Mbmoires’’ of dates 4th and 2()th December 1820, 10th June 
1822, 22nd December 1823, 12th September and 2l8t November 1825. Publishea 
in the Mimoires of the French Academy, 1827. 
t [Note, Oct. 1871. — In the original manuscript the formula stands 

Filf . (sin Q sin cos 0 cos 0'), 

I have doubled its second member to avoid the inconvenient distinction 
“electro-dynamic” and “electro-magnetic” units to which in its original forin, 

Oka ^Arm in which Wcbcr used it in his system of absolute units,) it leads, p® 
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where 7 and 7 ' denote quantities invariable in value for the 
same two conductors, with the same electrical currents flow- 
ing through them. These quantities ( 7 , 7 ') are the numerical 
measures of the strengths of the currents. 


526. Again, let N be the north pole of an infinitely thin uni- 
foimly and longitudinally magnetized bar, and S its south pole : 
let P be a point in a conductor, and let a and 7 denote the same 
as before, with reference to this conductor. Let NP and 8P 
be denoted by A and A' respectively; and let the angles 
between NP and a and between NBP and cr be denoted by 
and (j)' respectively. There will be such a mutual action 
between the magnet and the galvanic arc <t that each will 
experience a force, the resultant of two forces througli P per- 
pendicular respectively to the planes of NP and a, and of BP 
and < 7 , given in amount by the following expressions respec- 
tively • — 


m.ya. , 

- sm (p, and 


m . y<T 


sin (}>'. 


The directions of these forces, upon the clement, if the direction 
of the current be from cast to west, and if N and B bo each 
1101 th of P, will be, — the former obliquely or directly down- 
wards, and the latter, — upwards. [For mnemonic principle see 
below, § 547.] The magnet will be acted upon as if a point 
in the position of P, rigidly connected with it, experienced two 
forces equal and opposite to the forces of which the action 
on a is compounded. 

527. Let (.r, y, z) denote the middle point of the clement a, 
and {x, y, z) the middle point of the element < 7 ', according 
to ordinary rectangular co-ordinates. Let also I, m, n be the 
diiection cosines of the former element, and I', m', n those of 
the latter; quantities which will be all positive when the 
current in each element is in a similar direction to that of 
a point moving from the origin towards the space between the 
positive parts of the co-ordinate planes. The expression for 
the force between the elements in terms of these data, will be 

{ (i» - xy +{y- y'f + 

528. Again, if rj, f denote the co-ordinates of a unit north 
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pole, and oo, y, z those of an infinitely small element a of an 
electric current of strength 7 , in a direction {I, m, n), the mutual 
action will be 

7 <r.sin ^ 7 cr.sin (j) 

and will be in a line of which tlie direction cosines arc 

A sin ' A sin (f> ’ A sin 

529. Hence the components of the force experienced by the 
element of electric current are given in magnitude and diicc- 
tion by the following expressions : — 

y<T[m(^--z)-n(i]-y)] y,7[n{^-x)-l(^~z)] ya-[l(7j-t/)-m(^~xi] 

A» ’ A-* ’ ' A’ ■ ‘ ■ 

If the axes of co-ordinates bo so chosen that when OX is 
from south to north, and OY from east to west, OZ will be 
vertically upwards, these expressions will be applicable, as 
far as regards signs, to the direction of the action which the 
electric arc experiences ; and it would be necessary to change 
tlie sign of each, to make them applicable to the direction of 
the force upon the pole. 

530, These expressions, since they involve I, m, n only line- 
arly, show that a galvanic aic cr, of strength 7 , in the direction 
I, m, n, produces the same effect either upon another aic, oi 
upon a magnet, as three arcs parallel to the axes of co-ordinates, 
each of the same strength, 7 , and of lengtlis respectively equal 
to cl, am, an. 

531. The factor 7 being taken as the numerical measure of 
the strength of the current in the circuit of which a is an arc, 
the unit of strength for an electric current may be defined m 
the following manner . — 

If a galvanic current, in a conductor of infinitely small 
section, be such that the mutual action between any infinitely 
small arc of it, and a unit magnetic pole held in a direc- 
tion perpendicular to the length of the arc, at a unit of dis- 
tance, is numerically equal to a the infinitely small lengl^ 
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Or in the following manner : — 

If a galvanic current in a conductor of infinitely small 
section be such that the action between two infinitely small 
portions of it in Ime with one another and at a distance 
unity from one another, is numerically equal to the product of 
the length of the elements, the strength of the current is unity. 

532. If what is called ‘‘an electric current” be in reality 
the transference of matter along the conductor in which it exists, 
the “strength of the current” numerically measured in the 
manner which has been explained, will depend upon the quantity 
of this matter transmitted in a given time; and a unit of time 
may be chosen, according to the unit of electrical quantity 
which is adopted, so that the quantity y, measured as above 
explained by the electro-magnetic action of the conductor, may 
be numerically the quantity of electricity which flows across 
any section of it in a unit of time. 

533. In a continuous cm rent, this quantity is of course the 
same for every section; and, as it is impossible that a continu- 
ous stieam of electricity can emanate from one body, and be dis- 
chaiged into another, the current must bo re-entering^ or every 
continuous current must form what is termed “ a closed circuit.” 

It IS found by experiment that whatever be the dimensions or 
material of the different paits of the conductor along which 
the cm rent flows, provided always the dimensions of the section 
1)0 small compared with the distances through which the 
electro-magnetic action is observed, the quantity y has the same 
value for all parts of it; and even in the places where the 
electro-motive force operates, as has been shown by Faraday, 
as in the liquid of any ordinary galvanic battery, or in a con- 
ductor in motion in the neighbourhood of a magnet, the electro- 
magnetic effects are observable and probably to exactly the 
same degree; so that it would probably be found that a gal- 
vanic circuit consisting of a battery of small cells arranged in 
a circular arc, and a wire completing the circuit by joining the 
poles, would produce the same electro-magnetic effects at all 
points symmetrically situated with reference to the circle, 
irrespectively of the part of the circuit, whether the cells or 
the wire; provided always that the distances considered be 
great compared with either the dimensions of a section of the 
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wire, or of any of the cells made by planes perpendicular to 
the plane of the circle, through its centre. 

534. Hypothesis of Matter flowing, — In the theory of electro- 
magnetism it is quite unnecessary to adopt any such hypothesis 
as this, however probable or improbable it maybe as an ulterior 
theory; and all that wc could introduce as depending upon it 
is that, for a linear circuit of varying section or material, the 
quantity 7 is the same throughout the circuit, and that all 
finite circuits possessing continuous currents are necessarily 
closed ; two facts which cannot be assumed a priori, but whicli 
are in reality established by satisfactory experimental evidence. 

535. Division of Electromagnets into three Classes — Linear, 
Superficial, and Solid — If all tlic dimensions of any section of 
the conductor along which the current is communicated bo 
infinitely small, the complete circuit constitutes what will bo 
called a linear electromagnet. 

When the electric currents arc confined to a shell of ^vbicll 
the thickness is infinitely small, and when they are continu- 
ously distributed through it, or distiibuted tlirougli it in such 
a manner as not to satisfy the condition by whicli a lincai 
electromagnet is defined, the entire group of the complete 
circuits constitutes what is called a superficial electromaguct 
[or siirface-elcctroniagrietj 

When electric currents arc so arranged as to fill any solid 
portion of space, the group of the complete circuits constitutes 
a solid electromagnet. 

It is clear that, in piactice, electromagnets may be treated a? 
linear, or superficial if the quantities which ought to be in- 
finitely small, arc merely very small compared with the dimen- 
sions of the magnets, and with the distances at which the 
electro-magnetic action are to be observed; and again, if wiies, 
or linear currents of any kind, be disposed upon any surfoce 
or through any space, so that the distances between those 
which are adjacent are small compared with the dimensions 
of the circuits, or of the curves, or with the distances at 
which the magnetic actions are to be observed, the group may 
be considered as constituting practically a superficial electro- 
magnet; and a solid electromagnet may be composed of a group 
-r arrancTfid tlirouirh a solid spac6- 
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536. Linear Etectromagnets . — A linear electromagnet is com- 
pletely specified when the form of the closed curve of the 
current, and y, the strength, are given. 

Irrespectively of any theory, the term “ electric current ’’ will 
often be made use of; but as the terms, literally interpreted, 
imply a theory which, to say the least, is doubtful, it must be 
borne m mind that they arc not to be interpreted literally, and 
that they are only used in this essay occasionally for conveni- 
ence; and especially because of the almost universal use which 
IS made of them by writers on the same subject The term 
“galvanism” will often be used to denote the agency to which 
the phenomena presented by continuous electric cm rents are 
due, and quantity of galvanism in a linear conductor will be 
measured according to the following standard . — 

The strength of the current in a linear electromagnet into 
the length of any part of the conductor m which it exists, is 
the quantity of galvanism in that poition 
The teim intensity will be used with leferencc to linear 
curients, according to the following definition • — 

The intensity of the galvanism in any pait of a linear electro- 
magnet is equal to the strength of the curient, divided by the 
area of the section of the conductor. 

Hence in a linear conductor of which the section is not uniform 
throughout, the intensity of the galvanism will vary inversely 
as the section from one pait to another of the conductoi^*. 

537. Superficial Electromag nets The quantity of gal- 

vanism on any small portion of the surface, divided by its area, 

IS the superficial intensity of the galvanism at that point. 

If the superficial intensity f and the direction of the galvanism 
is given at every point of a given surface, the specification of the 
superficial electromagnet is complete. There are, however, 
certain conditions to which such a specification is subject, and 
an arbitrary specification, not satisfying them, will not corre- 
spond to any possible superficial electromagnet. The founda- 

[Note, Oct 25, 1871.-1 leave this section exactly as I find it m the old 
manuscript, under protest that I do not now approve of tlie mode m which the 
word “galvanism” is used in the terms which it proposes Where these terms 
occur henceforth it is because I have not invariably altered the manuscript to 
substitute more convenient modes of expression.] 
t [In 1871 we should rather say surface-intensity than superficial intensity.] 
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tion 'Of these conditions is the fact that no incomplete circuit 
can exist permanently, from which it follows that all the 
currents, or the continuous superficial flux of electricity con- 
stituting a superficial electromagnet, must be resolvable into a 
group of closed galvanic currents. 

This will lead to a condition which must be satisfied at every 
point of a purely superficial electromagnet, and again, a con- 
dition which must be satisfied at the boundary, if the surface 
be not closed. The mathematical expression of these conditions 
will be given later. 

538. Solid Electromagnets — Def The intensity of the gal- 
vanism at any point within a solid electromagnet is the quan- 
tity of galvanism in a space of infinitely small dimensions 
round that point, divided by the volume of the space. 

The complete specification of a solid electromagnet will be 
the expression of the intensity and direction of the galvanism 
at every point of it. 

Here again there will be conditions to be satisfied by the 
specification, to express the fact that ail the galvanism consists 
of a group of closed circuits. 

539. After those preliminary explanations we may enter upon 
a regular analytical treatment of the subject ; commencing with 
investigations of the conditions to which the distribution of 
galvanism in solid and in superficial electiomagncts is subject. 

Let u, V, w denote the components of the flux at any point 
{x, y, z) within a solid electromagnet; and, if there bo besides 
a superficial distribution of galvanism on the bounding surface, 
let U, Vf ir be the components of the superficial flux at the 
point [x, y, z) when this point belongs to the suiface. These 
quantities must satisfy the following conditions, in order that 
the galvanism expressed by u, v, w, U, V, W may consist of a 
group of closed circuits : — 

du dv div ^ /-j \ 

dx^ dy^ dz 

for every point {x^ y, z) of the magnet, and 


dx dy dz \dy 
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for every point {x, y, z) of the surface of the magnet, the diiec- 
tion-cosines of a normal to the surface being denoted by I, m, n. 

540, To demonstrate these conditions, let us consider an in- 
finitesimal tubular portion of the magnet bounded by stream- 
lines*, and by the surface of the magnet, if any of these lines cut 
it. Let the stream-lines thus considered be infinitely near one 
another, so that the portion of the magnet contained by them 
may be a ring of infinitely small section, cut or not as the case 
may be, by the surface of the magnet. The conditions to be 
satisfied with reference to this portion of the magnet are, that 
the intensity of the galvanic stream at each point must be 
inversely proportional to the area of section perpendicular to 
tlie stieam-lines of galvanism; and that if the img be cut by 
tlie surface of the magnet, the incomplete galvanic arc thus 
existing within the magnet must be completed along the sur- 
face. Since the whole body may bo divided into poitions of this 
kind, we have a condition for every internal point, and by ex- 
piessing that the superficial distribution U, V, lb must be such 
as to complete ciicuits for the galvanic arcs, of which the ends 
aio in the suiface, the condition to which U, V, ILare subject 
is obtained. 

To investigate the condition for u, v, w, consider an infinitely 
small paiallelepiped affjy of which the centre is at (.r, y, z), 
and the edges lespectivcly paiallcl to OX, OY, OZ, and let 
the galvanic arcs into which the whole magnet is divided be 
supposed to be of sections so small that an infinite number 
of them will pass thiough this parallelepiped. The condition 
to be expressed will bo that the sum of the products of the 
intensities into the sections at one set of the ends of these 
aics shall be equal to the sum of the corresponding products 
at the other set of ends. The sums of these products for all 
the ends which he on the two faces /?, 7 , of which the distances 
from YOZave - Ja, x-j- are lespectively equal to 

and 


[Note, Oct. 25, 1871.— This term (its introduction is I belie\e due to 
Hankine) is now much used in writings on hydrokinetics. It is substituted 
for “lines of galvanism,” which I find in my old manusciipt.] 
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and similarly, for the faces <y, a, we obtain the sums 

and(. + i^|)r« 

and, fora, /9, + 

Now when w, v, and to are all positive, one set of the ends of 
the galvanic arcs will lie on the three faces of the parallele- 
piped of which the distances from the co-ordinate planes are 
respectively x — — ^ — iyi the other three faces 

will contain the other set of ends, and we must therefore have 

(“ -^43 (*' - 

541. To investigate the conditions for the surface of the 
body, it may be remarked that if there woie no galvanic arcs 
from within, terminated at the surface, there might bo no 
superficial galvanism, and that any superficial galvanism there 
could be must constitute a group of closed circuits ; but that 
when there aie interior galvanic arcs of which the ends he 
on the surface, the supeificial distribution must complete the 
circuits for them, besides containing any arbitrary distribution 
of closed circuits. Hence, if P and P' be two points on a 
band of the surface between two lines of superficial galvanism 
infinitely near one another, 0 and the breadths of the band 
at these points, and 1 and I' the superficial intensities of the 

* It is scarcely necessary to remark that this is the same as the “ 
contmuity,” lor the motion of an incompressible fluid, of which the i 

any point {x, ij, z) is the resultant of w, v, w. The condition that 
leaves the parallelepiped a^y as enters it, m a nnit of time would lead to p 
cisely the same investigation as that of the text {see Puhamels ooa 
M^canique, or Cambridge and Dublin Mathematical Journal, 1847, P- 2o )• 
electrical matter which may be imagined to be flowing through the body, 
not become accumulated, nor leave a deficiency in any part. 

[Note, Jan, 1872. When this waa written, upwards of twenty 
investigation of the “equation of continoity” here referred to, aaap 
tvflft hnt little kno wn. 1 
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galvanism ; the values of the products /./9 and F.^' must differ 
by an amount equal to the sum of the strengths of the interior 
arcs of which the ends lie on the band between P and P', 
Now if ds denote the length of an element of the band, the 
sum of the strengths of all the interior arcs having their ends 
on this part of the band will be 

(lu + mvi-nw).fi.ds 

and therefore if P and P' be situated at the two extremities 
of ds, we must have 

Fff (III + mu + nw) ^ds (1); 

or, if the symbol h denote differentiation performed with refer- 
ence to variations along the superficial stream-line through P, 

h (f/3) = (In -f- mv -f nw) jSds (2). 

Now let (f) be such a function of a?, y, z that the equation 

<t> = k (3), 

with different constant values given to h, shall represent any 
set of surfaces cutting the surface of the magnet along the 
stream-lines; that is to say (as the direction cosines of the 
stream-line are proportional to U, V, W), let (f) be any function 
satisfying the equation 



And, because the stream-line lies on the surface, we have 

lU + mV-hnW = 0 (5). 

If K be the difference of the values of k for the two bounding 
stream-lines on the two sides of the band through P which we 
have been considering, we readily obtain, for the breadth of the 
band, the following expression : — 



Equations (4) and (5) with 

+ = r (7), 

resolved for U, V, W, give 


27-2 
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r dd) d(l>\ 1 

^ dy dz j 

~ ' S" 

\ dz dx) 


d6 , dd> 
m-f - I -f 
dx dy 


■( 8 ), 


where, in virtue of (6) 
And from (8) wc have- 


w = - 


'ir 


..( 0 ) 


(mW-nV)={vUn^)f^-l[m + nf) = f^-l (l + 


and thenfore, if we put 


we Imve 


jdd) d6 , d(f) ^ 

i + 7n f 71 , = n 

dx dy dz 


= ri/4-H(mTr-?iF) 


d(h 

dx 

-^- = Ylm + s.(nU -IW) 

dy 


d(l) __ 


ri/i + H (IV— mil) 


..( 10 ). 


Differentiating (0) along the stream-line, we have 


W§)^_ K KS 
ds' 

Hence 

(dB'tix (B^ydShj] 
fids B ds H V dx ds dy ds dz ds) 


Now 

7^"=F. (12)- 

ds ds da 

Using these in (11) and then putting for 

valent formulae ® equatioJi 
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(8) we find 

dx dg dz 

^^(dni _ ^^\|/.o\ 

'^\dx\dy dz) dy\dz dx)^ dz\dx dy)y 


For 


dj) dcj) d(f) 
dx ’ dy ’ dz ’ 


substitute their values by (10): then, if we 


remark that 


/dn 

dm\ 


dn\ 

[dm 

di\ 

w 

dz ) 


dx) 


'dy) 


since this is the condition tliat a factor, may be found 
siidi that \ (Idx + mdy + ndz) is a complete differential; we 
obtain 


h(ffi) dU dV dJV , T 7 \(dn dm\ 

fidT = + rfy + Ifo + ™ U " Xz ) 

Hence equation (2) becomes 

, dU dV dW 

hi + mv + nw = + ^- + 


dx dy dz 
fdl dn 




dy 

(a - 3 + (S ^ |)b-) »' 8 “»!■ 


542. Cor oil. The condition to be satisfied by the quantities 
H, F", If which express the distribution of galvanism m a 
superficial electromagnet is the following : — 


0__dUdV dW 


dn 


dm\ 

dz) 


.^(nU^lW) 


(dl 

\dz 




dm 

dx 


dl\ 

dy) 


543. The second member of these equations is brought to 
another symmetrical form (simpler for some applications), by 
giouping in order of U, F, W, adding to it six balancing terms, 

-rjj dl dtn xtT dn f-r-. dl -ry dm •.j. dn 

(//-y- + Vm ~r~ 4* Wn~.~ - Ul -j- -Vm -j- - Wn-y- ^ 
dx dy dz dx dy dz 
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aad observing that 


, dl , dm . dn ^ , 

Z 3- + -j- 4* w 3- = 0 , etc. 

ax ax dx 


Thus for (2) of § 539 we have 
, ^ dU dV ^ dW ^ 




dz 

dm\ 


dm . dm w,,. , 


dl dl dl\ 

dn , dri 


i‘i- 


3- 4 - w 3- + n 
dx dy dz, 




544. The mutual actions between electromagnets and com- 
mon magnets, or between any part of an electromagnet and other 
partial or complete electromagnets or common magnets, may 
be determined by means of the expressions of §§ 525—529; 
and when the data are sufficient, the application of elementary 
statical principles leads to the solution of any problem that 
can be proposed. The mode of specifying the distribution 
of galvanism in an electromagnet, explained in §§ 531—539 
leads immediately, by means of Ampere’s formula given abo\e, 
§§ 525, 527, to proper expressions for the mutual action 
between any two solid electromagnets by means of foiii 
definite integrals representing the parts of that component 
due to the mutual actions of the solid and superficial parts 0 
their distributions of electric current. 


545. A similar synthetical solution of the problem of deter 
mining the mutual action between an electromagnet and ' 
common magnet, is obtained by first investigating a formul 
for the mutual action between an element of a galvanic circui' 
and an infinitely small magnet, which may be done at one 
by means of the formulae of §§ 520, 529, and the synthes’ 
of a magnet explained in §§ 401, 462, and then appijni 
statical principles to derive formula for the components (but 
of force and couple) of the mutual action. It is sufficier 
here to indicate the method of proceeding, for such problem? 
and unnecessary to write down the formulae, which, in fee 
may always, when wanted, be written down at once from d 
formulae of the preceding chapters, according to the princip ^ 
which have been now explained. Thus, write down 
formulae for the rectangular components of the force exerh 
♦Vn obpf rnmaoTief iu, V, Wy J7, F, TT, § 539 ), upon a posib 
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unit pole, according to the formulae of § 529 ; and for the com- 
ponents of couple which would be given by transferring the con- 
stituent forces from their supposed lines through the elements 
of electric current, to parallel lines through the magnetic pole. 
It will be found that in the integrals the components of couple 
disappear, and thus is proved Cor. 5 of § 549; that the 
resultant force is in a line through the pole. The expressions 
for the components of this force are, as mere inspection of the 
formulae of § 529 proves, identical with those of § 517, (5). I 
proceed to propositions regarding electromagnetic force, the 
importance of which will appear from the application made of 
them in subsequent investigations. 

54C. Proposition, — The action of an infinitely small plane 
closed circuit on an element of another circuit, or on another 
complete electromagnet or magnet of any kind, is the same 
as would be produced by an infinitely small magnet, in the 
same position, with its axis perpendicular to the plane of the 
circuit*. [The proof is easily worked out from the formulae of 
§§ 483, 485, 529] 

* [Note added Jan 1872 ] — Hence Arnpfere’s theory of magnetism, according 
to which magnetization of steel or load-'^tone, or soft iron, or any other polar 
magnet (§ 549) consists of electric currents circulating round the molecules of 
the magnetized substance m planes perpendicular to the directions of magneti- 
zation. From twenty to five-and-twenty years ago, when the materials of the 
present compilation were worked out, I had no belief in the reality of this theory 
(compare § 602) , but I did not then know that motion is the very essence of what 
has been hitherto called matter. At the 1847 meeting of the British Association 
in Oxford, I learned from Joule the dynamical theory of heat, and was forced to 
abandon at once many, and gradually from year to year all other, statical 
preconceptions regarding the ultimate causes of apparently statical phenomena. 
In a paper communicated to the Boyal Society of London, 10th May 1866, under 
the title “Dynamical Illustrations of the Magnetic and the Heli 90 idal Botatory 
effects of Transpaient Bodies on Polarized Light,” [Art. xciii. of Beprmt of 
Mathematical and Physical Papers (Vol ir.)] after proving that the heli^oidal 
property shown by syrup, oil of turpentine, quartz crystals, etc , is due to a 
right or left-handed asymmetry in the constituent molecules, I made the follow- 
mg statement regarding the nature of magnetism . — 

‘‘The magnetic influence on light discovered by Faraday depends on the 
“direction of motion of moving particles. For instance, in a medium possess- 
“mg it, particles in a straignt line parallel to the hnes of magnetic force, dis- 
“ placed to a helix round this line as axis, and then projected tangentially with 
“such velocities as to describe circles, will have different velocities according as 
“their motions are round in one direction (the same as the nominal direction of 
“the galvanic current m the magnetizing coil), or in the contrary direction. But 
“the elastic reaction of the medium must be the same for the same displace- 
‘ ' ments, whatever be the velocities and directions of the particles ; that is to say, 
“the forces which are balanced by centrifugal force of the circular motions are 
“equal, while the luminiferous motions are unequal. The absolute circular 
“motions being therefore either equal or such as to transmit equal centrifugal 
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Qor. The magnetic moment of the infinitely small magnet 
which produces the same magnetic effects as an infinitely small 
plane closed circuit is equal to the galvanic strength of the 
circuit, multiplied into the plane area which it encloses. 

547. Rale for Directions.— Uha magnet must be so held 
relatively to the current which it represents, that if the circuit 
and it be placed at the centre of the earth, with its plane in the 
earth’s equator, and with the current going round from east to 
west, the north polar side of the magnet shall be towards the 
earth’s North Pole [Mnemonic principle : — Remember that if 
terrestrial magnetism were due to cm rents in the earth’s crust, 
their general direction would be “the way of the sun;” that is 
to say, from east to west ] 

548. Cor 2. The magnetic action of a linear electromngnet 
(§ 585) [that is to say, a galvanic circuit in an infinitely thin 
conducting iing] of any foim is the same as that of a imifonn 
magnetic bhell (§ 5U0) of any shape having its edge coincident 
with the circuit, and having its magnetic strength numerically 
eijual to the galvanic stiength of the circuit The iiile fui 

“forces to the pai tides initially consi(lerc<l, it follows that the liirninifcious 
“motions aie only conipunents of the ^\holc motion, and that a less liinii 
“niforous component in one dnection, comiiounded with a motion existing in 
“the medium when tiansmittint^ no light, gives an equal lesultant to that of a 
“greatei Iiiiiiinifetoiis motion in the contiarv dnection compounded with tin' 
“same iion-limiinous motion I think it is not only iinpofebible to conceive any 
“other than this dynamical e,xplanation of the fact that circulaily polaii/cd liglit 
“transmitted through magnetized glass parallel to the lines of iimgneti/in^' 
“foice, with the same quality, iighi-handed always, or lelt-handed always h 
“ propagated at different rates according as its course is in the direction ori'i 
“contraiy to the direction in which a iioith magnetic pole is drawn, but I 
“believe it can be demonstrated that no other explanation of that fact is posuble 
“Hence it apiiears that Faraday’s optical discovery affords a demonstiation of 
“the reality of Ampere s explanation of the ultimate nature of magnetisiii , nmi 
“gives a definition of magnetization m the dynamical theory of heat Uie 
“introduction of the principle of moments of momenta (‘the conseivatiun o 
“areas’) into the mechanical treatment of Mr Itankine’s hypothesis of ‘nioleculai 
“vortices,’ appears to indicate a line peipendicular to the plane of le^ultuu 
“rotatory momentum (‘the invariable plane’) of the thennal motions as tic 
“magnetic axis of a magnetized body, and suggests the lesultant monieiu o 
“momenta of these motions as the definite measure of the ‘magnetic morneii^^ 
“The explanation of all phenomena of electro-magnetic attraction or ^^1|” 

“and of electro-magnetic induction, is to be looked for simply m the 
“pressure of the matter of which the motions constitute heat. 

“matter is or is not electricity, whether it is a continuous fluid interpenne ^ 
“the spaces between molecular nuclei, or is itself moleculaily Ajn 

“whether all matter is continuous, and molecular heterogencousness com 
“fiuite vortical or other relative motions of contiguous parts of a 
and perhaps in vain to speculate, in thepieben & 
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directions is, that if the circuit be held so that in any part of it 
the current is from east to west, then a point carried in a circle 
round that part of the galvanic arc northwards above it and 
southwards below it, will cut the shell through from its north 
polar to its south polar side. 

549. Cor. 3. A common magnet [or a polar magnet as I shall 
henceforth call anything magnetized after the manner of a load- 
stone or a steel magnet] may be found which shall produce the 
same action as any given complete electromagnet, upon other 
magnets of either kind, or upon any portion of an electromagnet 
[or arc of an electric circuit]. 

Cor. 4. The distribution of oi dinary [or polar] magnetism 
which produces the same force, according to the “electro- 
magnetic definition’’ (§ 517), as a given electromagnet is 
indeterminate. [Because any lamellar distribution consist- 
ing of closed shells may (§ 512, Cor. C) be superimposed on 
a distiibution of magnetism without altering the resultant 
foicc electromagnetically defined in § 517. Compare below 
§§ 584-588] 

Cor. 5. The mutual action between a magnetic point or pole, 
that is, an end of an infinitely thin uniformly and longitudin- 
ally magnetized bar, and a complete electromagnet, is in a lino 
through that point [Compare §§ 520, 545 ] 

550. Cor. 0. The definition (1) of § 479 and the definition 
of the potential with the propositions on which it is founded, as 
set forth in §§ 4cSl, 488 may be applied without alteration loan 
electromagnet, as far as regards points external to the conduct- 
ing matter through which the electric currents pass. 

551, With regaid to internal points, the definition given in 
§ 517 for the resultant force requiies no conventional under 
standing of an analogous character to that wdiich was made ii 
the case of points in the substance of common magnets, and se 
forth in the text and in the second foot-note of § 479 We can 
not, as in the case of a common magnet, suppose a portion to b< 
cut from the substance of an electromagnet, without deranging 
the magnetic condition of the remainder. If we imagine , 
space hollowed out in the substance of an electromagnei 
we must suppose such arrangements made that the vacanc 
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only deflect, jnot interrupt the electric currents. If ^ 

spherical portion, for example, be cut from an electro- 
Ciagnet, there may be either a gradual deflection of the current 
through some space round the part cut out ; or the interrupted 
circuits may be completed by a condensation of electric cur- 
rent on the surface bounding the hollow. But it is satisfac- 
tory to know that the resultant magnetic force at any point 
within such a hollow space is infinitely little affected by the 
supposed deflection of the currents, when the space is infinitely 
small. This follows from the comparison of similar circum- 
stances for similar hollows of different dimensions, which 
shows that the disturbing influence is in simple proportion to 
the linear dimensions of the hollow. Or, simply taking the 
triple integrals of §§ 545, 517 (b) or (c), and using them fora 
point, P, within the conducting substance, we see in a moment 
that the part of each integral belonging to any small space round 
P diminishes in proportion to the linear dimensions of this 
space when made infinitely small without change of shape or of 
position relatively to P. Hence there is no necessity for hollow- 
ing out a space in the electromagnet or of further considering 
the complicated circumstances referred to above, and the re- 
sultant force at any point within or without an electromagnet is 
the force which may be simply defined as the force expressed by 
the formulae of § 528, according to the modes of specification 
and principles explained in §§ 536, 537, 538, 545 ; [that is to 
say, simply the formula? (b) of § 517]. 

552. If an electromagnet consist of a number of conductors 
which when put together fit close to one another, without 
touching, or of a single wire of a rectangular or hexagonal 
section, rolled up with the different parts of the wire not touch- 
ing one another, but lying close together so as to be separated 
by spaces infinitely small compared with the lateral dimensions 
pf the wire ; the preceding definition of the resultant force at 
any point of the magnet considered as a single solid electro- 
magnet will give sensibly the same resultant force at neighbour- 
ing points whether in the substance of the conductor or in the 
interstitial space. 

[Addition and correction^ Oct 27, 1871.— But even if 
- pireiiits. or the B^ighbotiring 
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tions of one circuit constituting an ordinary artificial electro- 
magnet, be not infinitely small or be infinitely great compared 
with the sections of the conductors, the variation of force from 
point to point between two neighbouring portions of circuit will 
be small in comparison with the whole force generally, pro- 
vided that the ratio of space occupied to whole space within the 
bounds of the electromagnet be great in comparison with the 
ratio of the diameter of the wire to the diameter of a section 
of the electromagnet across all the circuits or wires. This is 
easily proved from (c) of § 517. Consideration of the corre- 
sponding gravitational case is instructive. In the first place 
for simplicity ; consider a great spherical space, S, of radius, E, 
with a great number, n, of equal homogeneous spheres of very 
small radius, r, and density, p, distributed with average homo 
geneousness through it, so as to give an average density cqu.al 
TtV^ 0 

to At the boundary of 8 the resultant force will bi 

approximately towards the centre and equal to 
47r nr^p ^ 

T i?" ^ 

and at distance x from the centre, it will be approximateb 
towards the centre and equal to 

47r nr^p 

' /v 

3 * 

The greatest deviation from these approximations would b 
produced by taking one of the small constituent spheres fror 
a great distance, and bringing it into contact with the poin 
attracted, which would introduce a force amounting to 
47r 

-jpr-, 

and therefore would produce but a small difference on eith( 

V 

the magnitude or the direction of the resultant force if - 
nr^ 

small in comparison with ^ . Generally, for any group 

molecules attracting according to the Newtonian law, if the pi 
duct of the density into the diameter of a molecule be very sm' 
in comparison with the product of mean density into diame> 
of the whole; the masses of the molecules might be expand 
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into Ithe interstices so as to continuously occupy the whole 
volume of the whole group, without producing anywhere more 
than a very small change in the resultant force.] 

553. A superficial distribution of electric currents gives the 
same normal component, but different tangential components 
for the resultant magnetic force at points infinitely near it on 
its two sides. The tangential component at one side is found 
by compounding with a force equal and parallel to the tangen- 
tial component force at the other side, a force perpendicular to 
the stream-lines and equal to 47r/, if / denote the surface 
intensity of the electric stream. [These propositions are easily 
proved from the surface term of the expression (h) of § 517, 
applied to the present subject according to § 551. They are 
in fact proved by equations (o) of § 517 Equations (p) of the 
same section express in symbols the well-known corresponclino 
proposition in respect to a superficial distribution of matter 
acting according to the inverse square of the distance, which m 
words is, — that the tangential component is the same, for 
points infinitely near one another on the two sides of the sur- 
face, but the normal components differ by ^irp, if p denote the 
surface density.] 

554. Onginal investigation of^oVI (IX.) referred to in § 518. 

“ Glasgow College, 7th Xovemher, 1849. — Yesterday I fell upon 
*‘a train of synthesis and analysis of galvanic distributions 
“which I think will add much comsistence and symmetiy to 
“ the whole first part of iny paper on magnetism (a portion of 
“the first part was communicated on the 21st of June last, by 
“ Colonel Sabine, to the Royal Society), and it will help me in 
“ getting to work to write out the matter I have had so long 
“in hand. It occurred to me to treat galvanic distributions 
“ according to the analogy of Chapter III., ‘ On the imaginary 
“magnetic matter by which the polarity of a magnet may be 
“represented [§§ 4G3 — 475 above];’ thus, a, % being the 
“components of the intensities of magnetization at {x, y, ^). 
^‘consider Amperes imaginary currents round dxdgdz. We 
“ have strength of current round OA, along faces dxdy^ dxdz, 

“ dxdy, and dxdz, =» adx, 

" nor+Jol piiiTpnta oarallel to OX. We have 
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m 


“ £iIoDg on© of the dydz faces (that- which corresponds 

'' to so,y,z + dz), and ydzdx along one of the dzdx faces (that 
“ which corresponds to ar, y + dy, z). 

“The coincident face, dydx, of a contiguous elementary 
“ parallelepiped has 

+ {fi+f^dz)d,jdz 

“and the coincident face dzdx of another contiguous parallel 
“ epiped has 

-{'1 + '^ydy)dzdx. 

“Hence (as in Cliapter HI.) the share for the olemeni 
“ dxdydz, of galvanism parallel to OX, is, 



“ So for shares parallel to OF and OZ we find 




‘and 


dxdydz. 


fdoL _ 

\dy dxj 

“But at the surface of the magnet there is unneutralize 
“galvanism. Hence, besides the internal distiibution we ha\ 
“ a superficial distribution ; and the share to a superficial eh 
“ ment ds has, I find, for its components parallel to OX, 0 ’ 
“ OZ, the following , — 


' — (/9a — ym) ds 

— {yl — a a) ds 

— {am— fil}ds 

“ and we verify that these are the components of a current 
“ the surface by observing that 

I {ffn - ym) + m (yl - an) + n {am - /9^) = 0; 

“ I, m, n being the direction cosines of a normal. 

“This concludes the analogue of Chapter III. _ 

“ Let X, F, Z be the components of the force at an exten 
“point P, We have”, [formula IX. of § 517, which need i 
be repeated here], 

“ Since the potential method cannot be applied where galva 
“ elements or incomplete circuits are considered, the follow. 
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“ M Ibe iinalogue of [§ 405] the seotion in Chapter IV., where a 
“ aecond or analytical (Poisson^s original) demonstration is given 
of the equivalence of a certain determined distribution of ima- 
"'ginaiy magnetic matter to the given distribution of magnetism.” 
[Here follows in the manuscript memorandum, the investigation 
(§ 518 above), which was communicated to the Eoyal Society, 
J une 20, 1850, and published in the Transactions*] 

XXV. On the Potential of a Closed Galvanic Circuit of any Form. 

[From the Cambridge and Dublin Mathematical Journal, 1850.] 

The object of the following note is to point out an extremely in- 
teresting application of the principles explained by Professor De 
Morgan in the pieceding paper [of the Cambridge and Dublin 
Mathematical Journal, 1850, on “Extension of the Word Area”], 
which occurred to me in connexion with the determination of the 
potential of an electromagnet in terms of the solid angle of a cone. 

555. It has been shown by Ampere that a closed galvanic 
circuit in a re-entering curve of any form produces the same 
magnetic action as any infinitely thin sheet of steel, having 
this curve for its edge, would produce if uniformly and nor- 
mally magnetized. Now the resultant force of a magnet at any 
point may be expressed, after the manner of Laplace, in terms 
of the differential coefficients of a “potential function,” and 
therefore the same proposition is true for a closed galvanic 
circuit ** When this is known to be true, for either a common or 
an electro-magnet, the following definition may be laid down: — 


* In other words, the quantity of work necessary to bring a magnetic pole 
from any position in the neighbourhood of a closed galvanic circuit to any other 
position does not lary with the form of the curve along which it is drawn from 
one point to the other. There is however one remarkable difference between the 
case of an electromagnet and that of any given steel magnet. In the case of an 
electromagnet, although the quantity of work does not vary with the path, yet 
it has determinately different values according as the path lies on one side, or on 
another of any part of the galvanic wire circuit, or accordmg to the convolutions 
round any part of the wire which it may be arbitrarily chosen to make. Hence 
arises the multiplicity of values of the potential at any point in the neighbour- 
hood of an electromagnet noticed below. Yet for any one form of a magnetized 
sheet of steel of the hnd described in the text, agreeing, in the action which it 
produces on all wints not in its own substance, with the electromagnet, the 
potential is perfectly determinate without a multiplicity of values ; and the 
differcmie in the two cases is accounted for when we consiaer that the 
potentials at any two points infinitely near one another, on two sides of the 
sheet of steel, differ by ivy, where y is a constant such yu is the 
momdit of any infinitely small area w of the sheet. agreem^t in 
— t ftffrt oases fails for all points in the substance 
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556. Def The potential at any point in the neighbourhood 
of a magnet is the quantity of work necessary to bring a unit 
north-pole (or the north-pole of an infinitely thin uniformly 
and longitudinally magnetized unit-bar) from an infinite distance 
to that point. 

To determine the potential at any point due to a. given 
closed galvanic circuit, let us imagine a magnetized sheet 
of steel (the form of the sheet is arbitrary, provided only 
that its edge coincide with the curve of the galvanic circuit), 
which according to Amphre produces the same magnetic action, 
and consequently the same potential, as a given closed circuit, 
to be divided into infinitely small areas. Then it is easily 
demonstrated, on the most elementary principles of the theory 
of magnetism, that the potentials at any point, P, produced by 
these areas, are proportional to the solid angles which they 
subtend at P ; the true sign of the potential of any small area 
being obtained by considering the solid angle as positive, if the 
side of the area containing north poles, or negative, if the other 
side, be towards P. Hence the potential of the whole sheet of 
steel, at any point P, is proportional to the entire solid angle 
which it subtends at P; and consequent!}^ the potential of a 
closed galvanic circuit, at any point P, is equal to a constant 
(which may be taken as a measure of the strength of the gal- 
vanism, or as it is often termed, the “quantity” of the current) 
multiplied into the solid angle of the cone described by a 
stiaight line always passing through P, and carried round the 
circuit.' In all cases, except those in which the galvanic circuit 
IS contained in one plane, there will be positions of Pfor which 
this cone will be “aiitotomic”; and in many cases, especially 
the most common practical case of an electromagnet, in which 
the circuit consists of double or multiple concentric helices, 
with their ends connected, or of a single wire wrapped in a 
complex manner round a body of some irregular shape, so as 
to constitute most complicated curves of double curvature, 
there will be no position of the point P for which the cone I'f 
not excessively autotomic. The solid angle of such a cone, oi 
the area enclosed by its intersection with a spherical surface 
of unit radius, havihg for centre its vertex, may be determine*? 
in a manner precisely similar to that which has been explaineo 
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bj i^ofessor De Morgan for plane self-cutting curves, without 
aaiy itnabiguity as to the circuit by which the curve, when self, 
cutting* is to be described, since the actual galvanic current 
is in a determinate circuit, and its projection, by the conical 
surface, on the surface of the sphere is to be described by the 
projection of a point moving along the electric conductor, either 
in the same direction as the current, or in the opposite, accord- 
ing to the convention we please to make. There is however a 
source of ambiguity which really affects the evaluation of the 
solid angle of a cone, or of the area of any given circuit de- 
scribed in a determinate manner on a spherical surface, and 
gives rise to a multiplicity of solutions of the problem, arising 
from the circumstance that of all the ‘^primary parts’’ (only two 
in number if the circuit be not self-cutting) into which the 
spherical surface is divided by the curve, there is no reason for 
choosing one, more than another, as a zero space (or a space corre- 
sponding to the space exterior to a closed circuit in a plane)f. 

557. When the value of the area, according to any one of 
these solutions, has been obtained, all the others may be de- 
duced, by adding to it or subtracting from it any number of 
times the area of the whole spherical surface. Hence the most 
general expression for the solid angle of a cone described in a 
determinate manner, is 

cr = fTj -f- 4i7r, 

where denotes any one value and i any positive or negative 
integer. If too great a positive or too small a negative value 
be given to i, all the “ primary spaces ” of the spherical surface 
will be positive or all will be negative; and therefore if we 
wish to obtain only those solutions according to which some 
portion of the spherical surface is considered as zero or external 
to the circuit, a limited number only (not exceeding the number 

* See note on the word “circuit” in the preceding paper [of the Cambridge 
and Dublin Mathematical Journal, year 1850, p. 140], 
t Thus, if the given curve be a circle of the sphere, described in a given direc- 
tion, and if 0 denote the angular radius measured from that pole 0, which would 
be north if the direction of describing the circle were from west to east; the area 
of the cu-cuit is 23 r ( 1 - cos $) if the space on the other side of the circle from 0 be 
considered as the zero space, but it would be - 2jr (1 + cos 0) it the space in whicn 
O is situated were taken as zero, or external to the circuit. In general, the area 
of a circuit not self*cutting, on a spherical surface, wiH be either one 
parts into which the spherical surface is divided, with the sign + » or the otne 
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of primary parts into which the spherical surface is divided by 
the circuit) of values for i are to be admitted. The physical 
problem, however, requires no limitation to the range of values 
that may be given to ^ : for, if we take any two paths to the 
point P from an infinite distance, such that the space between 
them is once crossed by the galvanic circuit, the potential at P 
will differ by 47r7 according as it is estimated by one path or 
by the other; and therefore, by taking (for the sake of sim- 
plicity in the conception) different paths to the point P which 
go round a certain portion of the galvanic circuit once, twice, 
three times, four times, etc., in one direction, and again differ- 
ent paths which go round the same portion of the wire once, 
twice, three times, four times, etc., in the contrary direction, we 
obtain, according to the definition, an infinite number of values 
of the potential at the point P, which are successively expressed 
by the formula 

V = V^-\- 4f7ry, 

when we give i the values 1, 2, 3, 4, etc., and again the values 
— 1, — 2, ~ 3, — 4, etc. ; being the potential estimated by a 
path, which makes none of those convolutions. 

558. Hence we sec that, to find the general expression for 
the potential at a point in the neighbourhood of an electro- 
magnet, we may first choose some determinate path from an 
infinite distance to the point P, and investigate the value of 
the potential for it, which may be used as the value of in 
the preceding expression. If an infinite straight line in any 
direction, terminated at the point P, be the path chosen, the 
determinate potential will be found by considering, as the por- 
tion external to the circuit, the primary portion of the spherical 
surface described from P as centre, which is cut by this line. 
Hence, if we mark this primary portion with a zero, the number 
with which any other primary part is to be marked, according 
to Professor De Morgan’s rule, will be got by drawing a line to 
any point within it, from any point 0, in the external primary 
part, and counting the number of times it is cut by the curve ; 
every time it is cut from right to left (with reference to a person 
walking from 0, along it, on the convex surface of the sphere) 
being counted as -f* 1, and every time it is cut in the other 

28 
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as - 1 ; and the algebraical sum taken. When the 
number for each primary part has been thus determined, the 
jsum of the areas of the dijfiferent primary parts, each multi- 
plied by its number (positive or negative, as the case may be), 
will be the required area of the circuit ; and the potential at 
the centre of the sphere will be obtained by multiplying this 
by % the strength of the galvanic current, The absolute sign 
of the potential thus determined may be readily shown to be 
correct, if we agree to consider the potential due to terrestrial 
magnetism as on the whole positive for positions north, and 
negative for positions south of the magnetic equator; since, 
as is well known, currents round the earth, proceeding on the 
whole from east to west, would produce phenomena similar to 
the actual phenomena of terrestrial magnetism. 

559. As an example, let us consider a conducting circuit 
which consists of twelve complete spires of a helix, and a line 



8 

Fxa,2. 

along the axis with two perpendicular portions connecting! ^ 

Air+nomitieg with those of the helix. The accompanying 

- • ^ a spherics 
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surface in two different positions, viewed in each case from the 
interior of the sphere. 

In the case illustrated by %. (1), the centre of the sphere is 
nearly in a line with the axis of the helix, on the side towards 
the north pole* of the helix, and distant from it by about half 
the length of the axis. In the case illustrated by fig. (2), the 
centre of the sphere is in a perpendicular through a point of 
the axis, distant by about one-fourth of its length from the 
north pole of the helix, and is at about the same distance from 
the nearest part of the helix, as in the case of fig. (1); and the 
curve on the spherical surface is shown in the diagram, accord- 
ing to Mercator’s projection with the great circle containing 
the axis of the helix as equatorf. In each diagram the inner 
side of the spherical surface is shown. 

560, The radii of the spheres being supposed to be equal in 
the two cases, if we denote their common value by r, and if 

and be the areas of the spherical curves represented in 
the diagrams, the zero or external portions on the spherical 
surfaces being taken as those which become infinite in the plane 
diagrams, the values of the potential at the centre of the sphere 
will be 

respectively, for any paths from an infinite distance which do 
not lie round any portion of the galvanic wire, nor between any 
of the spires. 

The area A^ will be determined (in accordance with Pro- 
fessor de Morgan’s rule j) by finding the areas of the “ primary 


* The ends of the helix which would be repelled from the north and from 
the south respectively by the earth’s magnetic action are, in the ordinary 
vague use of the term *‘poIe/' called the north and south poles of the electro- 
magnet. 

t The diagram was actually drawn by tracing upon a cylindrical surface the 
shadow of a helix of twelve spires, | in. in diameter and 4 in. in length, pro- 
duced by a luminous point in the axis of the cylmdncal surface ; the axis of the 
hehx being held in the plane through the luminous point perpendicular to the 
axis of the surface. On account of the narrowness of the band occupied by the 
diagram, the cylindrical surface very nearly coincided with the spherical surface, 
which in strictness ought to have received the shadow. After the shadow was 
thus traced, the cylindrical surface was unbent into a plane. 

t In fig. (1), all the arrow-heads which are necessary for rendering deter- 
minate the “balances” for the primary parts are given; and the numbers ex- 
pressing the balances are marked for the first six primary parts, commencing 

28-2 
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parts,” marked successively with the numbers 1, 2, ... up to 12 , 
multiplying each area by the corresponding number, and taking 
the sum of the products. The area will be similarly de- 
termined by finding the areas of the primary parts in fig. ( 2 )^ 
multiplying each by the positive or negative number with whicli 
it is marked, and taking the algebraic sum of the products. 

with the outermost. In fig. (2), all the arrow-heads which are necessary to make 
the diagram represent determinately a closed circuit are mdicated, except m a 
few places where the spaces are too confined for admitting of this being done m 
a clear manner; and the “balances” of all the primary parts are marked with 
numbers, except in the instance of a very small triple primary part, which ig 
marked with three dots ( .) mstead of +3. 

Glasgow Colllge, March 2o, 1830. 
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Chapter VII. — On the Mechanical Values of Distributions 
of Matter and of Magnets. 


561. Preliminary proposition work against mutual 
repulsions according to the inverse squares of the distances, 
required to produce any change in a distribution of matter, is 
equal to the augmentation which it produces in the value of 
the integral 


m co 

—a 


^ dxdydz . , 


.( 1 ) 


where R denotes the resultant force at x, y, z. 

This is an obvious conclusion from the following investiga- 
tion for the mutual potential energy {§ 503, Addition of date 
11th December, 1871) of two distributions of matter; or, as for 
brevity we may call them, two bodies. 


* “Matter” is here used conventionally and merely for brevity, to denote 
a substance fulfilling the conditions by which “imaginary magnetic matter” 
(§ 463) is defined, that is, substance of which any two small portions repel 
one another mutually with a force equal to the product of their quantities 
divided by the square of the distance between them. Either or both quan- 
tities may be negative, and the negative product of unlike masses indicates 
attraction Not being in any way occupied with Kinetics at present, we 
suppose this imaginary matter to remain where it is placed until we please to 
move it; so that a “distribution” of it maybe supposed to be either a rigid 
body or a flexible body, or a flexible and compressible body, held at rest by 
the necessary force, except when we suppose it to move; and then we per- 
form work, positive or negative, upon it to whatever amount is necessary to 
produce, irrespectively of inertia, the supposed motion against or with the 
forces resulting from attraction or repulsion, which the portions of the matter 
moved experiences. All the formulie and conclusions are applicable to real 
matter, gravitating according to the Newtonian law, if we substitute attrac- 
tion for repulsion, that is to say, change the signs of each formula for force 
or work, and exclude negative matter. In apphcations of gravity, therefore, 
instead of the “mechanical value” or “potential energy” of a distribution 
of the imaginary magnetic matter, we have an “exhaustion of energy” 
(Thomson and Tait’s Natural JPhtlosophyy § 549) in a distribution of rea* 
matter. 
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Lei p be the density at any point (a?, y, z) of one of these 
bodies M; and let F' be the potential at the same point, due 
to the other body M'. Then denoting by Q the mutual poten- 
tial energy of the two, we have 

Q^r r r pv'dxdydz ( 2 ). 

J — coJ — aoJ —CO 


We have by Poisson ’s theorem, 


^ 4f7r\dx dy'^dz) 

where JT, Y, Z denote the components of the force at {x^ y, ^,) 
due to the body M. This equation (as it also expresses 
Laplace’s theorem for space containing none of the matter of 
Jf, since there p = 0 ;) holds throughout space. Hence for (2) 
we may write 


e=- 


j_r r r /dx dy^^\ 

4!7r 1 ^aoJ ..»] -»\dx ^ dy dz ) 


V'dxdydz...{^). 


Hence by integration by parts 

Q = ^r r r (XX'+Yr+XZ')dxdydz...(4), 

tTT j —ooJ — oo 


where X^Y'Z' denote the components of the force at {x, y, z) 
due to M\ 


Let now the second body consist of a distribution of 
matter coincident with the first and similar to it throughout, 
but let the whole quantity of matter in the second body be 
infinitely small and be denoted by dm, that of the first being 
denoted by m ; we shall have 


dm y, dm Y dm ^ 

m ^ m ' m 


Instead of Q write now dE. We have 

cX/l/'. ^ 

This formula expresses the quantity of work required to add 
dm similarly distributed to a distribution m already made. 
Our supposed matter being not subject to the law of impenetra- 
bility, we might simply suppose the distribution of dm, precisely 
similar to that of m, to be given at an infinite distance and to be 

’ * J il. L.. nS yyyt inin /'ninAidftnee I the work 
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required is that which is denoted by dE. 'So far it is not 
necessary to suppose dm infinitely small. But if dm be in- 
finitely small, the work required to bring it in infinitely smaller 
parts from infinite mutual distances into the supposed position 
of coincidence with the distribution of m, would involve only 
an infinitely small amount of the second degree of infinitesimals, 
on account of the mutual influences of the different parts of 
dm. Hence the formula (5) represents the work required to 
augment *the supposed distribution from m to m-\-dm, by 
bringing altogether from a state of infinite diffusion the in- 
finitesimal portion of matter dm ; and therefore the integral of 
this formula from 0 to m is the whole work required to build 
up the distribution m from infinitely diffused matter. Now, 
with reference to the variation of m, each of X, F, Z varies in 
simple proportion to m, and therefore the triple integral may 
bo denoted by Cni^, so that we have 

dE— ~ Omdm, 

47r 

which gives ^ 1 /v a 

o E=~Cm\ 

oTT 

Finally eliminating C we have 

E=-^f r r dxdydziX^+Y^+Z^ ( 6 ). 

oTT j — ooj —<x>J —00 

The preceding deduction of the formula (4) from (2) mutatis 
mutandis allows us to come back to the following important 
alternative formula 

r r pVdxdydz (7). 

J —ooj —coj —00 

The direct proof of this formula by integration with reference 
to m, commencing with an expression for dE derived from (2) 
is obvious. 

562. The forces at points similarly situated relatively to 
similar bodies, are proportional to the linear dimensions of the 
bodies, and to their densities in corresponding places. 

The values of (1) for similar bodies are therefore as the fifth 
powers of the linear dimensions, and as the squares of the 
densities. Hence if a homogeneous rectangular parallelepiped 
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divided into i* equal and similar parts, and these parts be 
Berated to infinite distances from one another, the whole 

v4Iue of the integral (1) for the scattered parts is equal to ~ of 

its value for the undivided body. It follows that if a finite 
body be divided into an infinite number of infinitely small 
parts, and these parts be separated to infinite distances from 
one another, the value of the integral (1) for all the parts be- 
comes an infinitely small quantity of the same order as the 
square of the diameter of one of the parts. Hence the integral 
(1) relatively to a finite body or distribution of matter, composed 
of ultimately homogeneous continuous substance, expresses the 
work required to build it up out of infinitely small parts having 
the same density (or any other density not too infinitely great) 
and given at infinitely great distances from one another. 

563. A complete analytical view of the circumstances con- 
templated in § 562 is, as is generally the case, easier than the 
quasi-eleraentary method, involving intricacies of language and 
perplexities of compound proportion,” to which, as the only 
alternative to utter vagueness, ‘^popular” expositions are com- 
monly restricted. At any point (a?, y, z,) let V be the potential 
and X, Y, Z iho components of force due to a body M ; and let 
m be its mass. Consider a similar distribution of matter of 
g-fold density at corresponding points, and of j!3-fold linear 
dimensions. The mass of this body will be p^qni, and its 
potential and force-components at the point corresponding to 
(^> y, ^,) will be 

fqV, pqX, pqY, pqZ, 

Hence if we put 

/” /” (X'+Y'+Z')dxdydz, 

that is to say, if E denote the mechanical value of the distrm 
bution M, the mechanical value of the supposed similar distri- 
bution of altered dimensions will be 
pYe. 

564, Considering now similar magnets of different dimen- 
sions, whether polar magnets or electro-magnets, weaee from the 
fundamental formulae (§§ 482, 483, 486, 544) that the 
at corresponding points are independent of the linear dimensions, 
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and are equal, with equal intensities of magnetization, when 
polar magnets are compared, or with intensities of electric 
currents inversely proportional to the linear dimensions of the 
bodies when electro-magnets are compared. Hence the values 
of the integral (1) of § 561 for similar magnets are simply pro- 
portional to their volumes ; provided that, when polar magnets 
are compared their intensities of magnetization are equal, and 
when electro-magnets, the intensities of their electric currents 
are inversely proportional to their linear dimensions. Farther 
when polar magnets are compared, the proposition holds whether 
the polar or the electro-magnetic definition (§ 517) of resultant 
force through interiors is adopted. Eut an electro-magnet can- 
not be simply divided into parts infinitely small in all their 
dimensions each of which is an independent electro-magnet ; 
and therefore the further consideration of electro-magnets must 
be deferred, while we use the divisibility of a polar magnet 
asserted in § 447, to investigate the mechanical value of a 
distribution of polar magnetism, after the manner of § 562. 

565. At any point {x, y, z,) let denote the resultant force 
due to a polar magnet ; the definition of § 480 being adopted 
when {x, y, z) is in the substance of the magnet. The prelimi- 
nary proposition (§ 561) is immediately applicable, and shows 
that the work required to produce any change in the relative 
position of a set of magnets is equal to the augmentation of 



Hence (§ 564) when a uniformly magnetized magnet is of 
such a shape that it can be divided into similar parts, the 
mechanical value of the whole is simply equal to the sum of 
the mechanical values of the parts ; [a remarkable contrast to 
the corresponding proposition (§ 562) relative to a homo- 
geneous distribution of matter]. In other words, the work 
required to separate to infinitely great mutual distances any 
number of parts, each similar to the whole, of a uniformly mag- 
netized magnet, is zero. It follows that if an infinite number 
of infinitely small magnets, each distributed through a finite 
volume of space, with their magnetic axes parallel and with 
equal sums of magnetic moments in equal finite portions of 
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fctegral (1) of § 565 has consequently a finite positive value 
iPhis I shall now prove to be always less than 

^00 ^00 ^ oo 

27r / / / i^dxdydz 


(where % denotes the intensity of magnetization), except in the 
extreme case of a magnet consisting of closed shells, when the 
limiting value is reached. 


As in the postscript to § 517, let, for any point (x, y, H 
denote the resultant force according to the electro-magnetic 
definition, and X, Y, Z its components; a, 7 the com- 
ponent intensities of magnetization; 3^ '(still as in § 565) the 
resultant force according to the polar definition ; and X, ^ 
Vy its components and its potential, so that 




dv 

dx ^ 


l?=- 


dy’ 


Z = - 


dz 


( 2 ) 


Let ($ denote the value of the integral (1) of § 565; and E 
the corresponding integral of the electro -magnetic resultant 
force; that is to say, let 


0=1/'” r r^jxd^dz (3), 

oTT J —mJ —00 

f f dd^dxdijdz (4). 

OTT j _x,y ao 


The formulae (r) of the postscript to § 517, with ( 2 ) of the 
present section give 






Use this in (4); follow the usual process of integration 
parts, which gives 







by 




remark tl.at [§ 473 (2)] g + g + J'= - p (6). 

where p denotes the density of the imaginaiy magnetic matter 
which we substitute for the given magnet (when the polar defi- 
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nition is used for the force through the space occupied by it); 
and remark that according to the alternative formula (7) of § 561, 


/•CO *00 ^00 

'' = i / / pWdxdydz ( 7 ). 

J —aaj -00 J —CO 


So we find E= (B — 2€B + Stt 


nOO AOO f-ao 

I 1 / Pdxdydz ; 

—ooj —ooj —CO 


z 




+ r 


/•oo ^00 jfOO 

and therefore ® + Z=27rl / / Pdxdydz (8). 

Kow E has always a positive finite value except for the extreme 
case of a magnet consisting of closed shells, when it is zero, 
because (§ 512 cor. 6), Z = 0 in this case for every point whether 
m the substance of the magnet or not. Hence the proposition 
IS proved. 

570. For 4- take, in virtue of (c), § 517, 

rfdL ^ dN\ ^ ^ fdM dL\ 

' \dz dx j \dx dy) ’ 
and integrate by parts after the manner of § 518, but with 
infinities for limits. We thus find 

c/1/1 - S) '■'{S ■ S) -''{£■ S)] « 

or by § 517 (0 

!;=}[ f [ dxdi/dziLu + Mv + Nw)... (10). 

J —CO J —XiJ —CO 

This, which is the analogue to (7) of § 569, was discovered for 
fluid motion by Helmholtz, and given in his paper on Yortex 
Motion (Crelles Journal, 1858, or, translation by Tait, Philo- 
sophical Magazine, 1867, second half year). Lastly, substitute 
ing for u, v, w their values by (a) of § 517, and integrating 
again by parts as before, we find 

r r dxdydz(aX-i-fiY+yZ)...(ll). 

J -CoJ — 00 ./ —00 

The analogue to this is [compare § 503 (2)], 

® = - J [ f f dxdydz (aX + + yZ).> .(12). 

J —35“/ - 00 J —00 

The addition of these two formulae verifies (8) of § 569. 

571. In a memorandum-book under date Oct. 16th, 1851, 1 
find the following statement; — "I concluded that the value of 
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“4 current in a closed conductor, left without electromotive 
"%oe, is the quantity of work that would be got by letting 
all the infinitely small currents into which it may be divided 
along the lines of motion of the electricity come together 
"from an infinite distance, and make it up. Each of these 
"'infinitely small currents’ is of course in a circuit which is 
"generally of finite length. It is the section of each partial 
"conductor and the strength of the current in it that must be 
" infinitely small.” A memorandum of principles and formula 
proving this statement had been written a few days previously 
(Oct. 13th, 1851). A somewhat amplified statement of the 
principle was first published, but without the formul®, in I860, 
in the second edition of Nichol’s Cycloj)ce(iia (Article “Magnet' 
ism, Dynamical Relations of”). Though the subject does not 
belong properly to the present volume, I append in foot- 
notes the original memorandum*, and an extract from Nichols 


* Memorandum^ Oct, 13, 1851. — Refers first to an erroneous temi^orary 
conclusion which led me to think “that the value of a current m a closed 
^‘conductor will be effected by steel magnets in its neighbourhood ” “From 
“this I was shaken a httle by Faraday’s finding {Kzp. Res. § 1100) that steel 
“does not do so well as soft iron,” etc. [in respect to electro-magnetic induc- 
tion], “and I soon saw that I must ha\e fallen into some mistake. . . . 
“I made out the true state of the case. This is the explanation. Let 

^dt.y be the quantity of work done in time dt, by bringing a steel 

“magnet towards a galvanic current, kept up, say, by a battery. Then C, 
“the electromotive force due to the chemied action, will be increased by 

Hence if k be the resistance in absolute measure 

ds dt 


dEdg 


*BO that if wdt denote the work 



“and if Mdt be the mechanical equivalent of the chemical action 
“on account of the increased current), we have 


Mdt = Cydta 


i 


da dt) 


“Lastly, if Hdt be the heat developed, we have 

I 


Jlidt^ky^dt^ 


^^dTlt) 


dti 


*^iuid therefore 


mdt»v}dt-¥Udt, 
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Cyclopcedia'*, containing the amplified statement. Defining thep 
the dynamical value of an electro-magnet as the quantity of 


'‘We conclude that the work actually spent, together with the mechanical 
“equivalent of the chemical action, together produce exactly an equivalent 
“of heat, and therefore no other effect. Hence the mechanical values of the 
“current and of the magnet together are not altered. On the other hand, 
“let two pure electro-magnets be brought towards one another. Adopting 
“a notation corresponding to the former we have 


dE ds , 
^=-.~-T:yy I 


' ds dt ^ 

I 

M=Cy=‘ 

JII=:ky^+k'y2^ 


^ dE ds , 
y= J , y= 


dE ds 


ds dt ' 

IT 


^dEds.\ dEds\ 

— r— u'= -\ ~ -y, < 


„ dEih 

'<U dp' 


\2 / dE ds 

1 \ _ 




“Hence [J denoting Joule’s equivalent] there is more heat evolved than 

by -jria, and thciefore the mechanical value of two cur- 
J J 

“rents is diminished by j. wdt in the time dtE 


* ^‘Electiicity tn viotion — If an electric cuirent be excited in a conductor, 
“and then left without electro-motive force, it retains energy to produce heat, 
“light, and other kinds of mechanical effect, and it gradually falls in strength 
“until it becomes insensible, as is amply demonstrated by the initial experi- 
“ments of Faraday and Henry, on the spark which takes place when a gal- 
“vanic circuit is opened at any point, and by those of Weber, Helmholtz, and 
“others on the electro-magnetic effects of varying currents. Professor W. 
“Thomson has shown how the mechanical value of all the effects that a cur- 
“rent m a closed circuit can produce after the electio-motive force ceases, 
“may be ascertained by a determination, founded on the known laws of 
“electro-dynamic induction, of the mechanical value of the energy of a cur- 
“rent of given strength, circulating in a linear conductor (a bent wiie, for 
“instance) of any foim. To do this, it may be remarked, m the first place, 
“that a current, once instituted in a conductor, and circulating m it after 
“the electro-motive force ceases, does so just as if the electricity had inertia, 
“and will diminish in strength according to the same, or nearly the same, 
“laws as a current of water or other fluid, once set in motion and left with- 
“out moving force, in a pipe forming a closed circuit. But according to 
“Faraday, who found that an electric circuit consisting of a wire doubled on 
“itself, with the two parts close together, gives no sensible spark when 
“suddenly broken, in comparison with that given by an equal length of wire 
“bent into a coil, it appears that the effects of ordinary inertia either do not 
“exist for electricity in motion, or are but small compared with those which, 
“in a suitable arrangement, are produced by the ‘induction of the current 
“‘upon itself,’ In the present state of science it is only these effects that 
“can be determined by a mathematical investigation ; but the effects of elec* 
“trical mertia, should it be found to exist, will be taken into account by 
“ adding a term of determinate form to the fully determined result of the 
“present investigation which expresses the mechanical value of a current in 
“a hnear conductor as far as it depends on the induction of the current on 
“itself. 

“The general principle of ^he investigation is this— If two conductors, 
“with a current sustained in each by a constant dectro-motive force, be 
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specified in the statement quoted above in the text, we 
have in equation (5) a proof the first hitherto published, of the 
assertion in the extract from Nichol’s Cyclopcedia quoted in the 
foot-note, that the dynamical value of a current in a closed 
circuit may be calculated by the formula (4). For let open 
ma^etic shells (§§ 506, 548) be substituted for the infinitely 
small currents” referred to in the preceding statement, sup- 
posed first to be in their actual positions in the electro- magnet 
composed of them ; and let these shells be separated to infinite 
distances from one another. It is easily proved by considera- 
tions of infinitesimals analogous to those fully set forth in 
§ 566, that when the shells are brought to infinite distances from 
one another, the value of E becomes zero ; and, therefore, as 
the second member of (5) remains constant, the value of E 
before the circuits were separated, is equal to the addition of 
value which 0 expeiiences during the process of separation, 


“slowly moved towards one another, and there bo a certain gam of uoik on 
“the whole, by electro-d) nainic force o{)erating during the motion, there 
“wiU be twice as much as this of work spent by the electro-motive forces 
“(for instance, twice the equivalent of chemical action in the batteries, should 
“the electro-motive forces be chemical) over and above that which they 
“would have had to spend in the same time, merely to keep up the currents, 
“if the conductors had been at re-^t, because the electro-dynamic induction 
“produced by the motion will augment the currents, while on tiie other 
“hand, if the motion be such as to require the expenditure of work against 
“electro-dynamic forces to produce it, there will be twice as much work 
“saved off the action of the electro motive force-> by the currents being dinim- 
“ ished during the motion. Hence the aggregate mechanical value of the 
“currents in the two conductors, when brought to rest, will be increased in 
“the one case by an amount equal to the work done by mutual electro- 
“dynamic forces m the motion, and will be diminished by the corresponding 
“amount in the other case. The same considerations are applicable to 
“relative motions of two portions of the same linear conductor (supposed 
“perfectly flexible). Hence it is concluded that the mechanical value of a 
“current of given strength in a linear conductor of any fonn, is determined 
“by calculating the amount of work against electroi-dynamio forces, required 
“to double it upon itself, while a current of constant strength is sustained m 
“it. The mathematical problem thus presented leads to an expression for 
“the required mechanical value consisting of two factors, of which, one is 
“determined according to the form and dimensions of the line of the con- 
“ductor in any case, irrespectively of its section, and the other is the 
“of the strength of the current. The mechanical value of a current m 
“closed circuit, determined on these principles, may be calculated by mea 
“of the following simple formula, not hitherto published ^ 






“ where R denotes the resultant electro-magnetic force at any point 
“This expression is very useful in the dynamical theoiy of +igni, 

“madbinea and electro-magnetic engines.’V-’From Articlo 
“Dynamical Belationa pf,” Nichol'a Cyelopadia, edit. 1860. 
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that is to say, is equal to the work spent in effecting this 
process, 

572. Equation (5) expresses the following very remarkable 
proposition. The sum of the dynamical values of an electro- 
magnet and of any corresponding lamellar polar magnet is 
equal to 27r multiplied into the sum of the squares of the 
intensities of magnetization of all parts of the latter ; the two 
species of dynamical value understood, being those defined in 
§ 571 and § 567. 


XXVII. [Jan. 1872.] 

Chapter VIII. — Hydro-kinetic Analogy. 

573. The hydro-kinetic analogy for the force of a polar 
magnet seems to have been first perceived by Euler. It re- 
quires the supposition of generation and annihilation of fluid 
in places of positive and negative magnetic polarity, if we 
adopt for “the resultant force" in the magnetic substance the 
definition proper for a polar magnet laid down in § 479 ; unless 
we limit the field of force considered, to places void of mag- 
netized matter, whether external to the magnet or in hollows 
within it. Thus, if we consider all space as filled with an 
incompressible frictionless liquid initially at rest, and if at 
certain points, lines, surfaces, or volumes, we assume more 
liquid of the same density to be continuously generated, and 
at the same time in other places liquid in equal quantity to be 
continuously annihilated, the velocity of the resulting fluid 
motion would be the same in direction and magnitude as the 
resultant magnetic force due to a distribution of magnetism 
presenting unneutralized polarity, positive (or northern) in the 
places of the fluid analogue where there is generation, and 
negative (or southern) in the places where there is annihilation. 
There is, however, no interest in pursuing the consideration of 
this extension of the hydro-kinetic analogy through spaces 
occupied by magnetized matter, involving as it does the strained 
supposition of the generation and annihilation of matter in 
spaces through which the liquid is perfectly free to move. 

574. On the other hand, the hydro-kinetic analogy limited to 
spaces unoccupied by magnetized matter is perfectly satisfactory, 

29 
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&r as it goes. Let all these spaces be occupied by iucom- 
prtssible liquid, and let the magnetized matter be replaced by 
a rigid body perforated so as to constitute an infinitely numer- 
ous group of infinitely fine tubes fulfilling the following con- 
ditions Divide the whole surface of the magnet into infinitely 
small areas inversely proportional to the magnitudes of the 
normal component forces across them whether outwards or 
inwards. Because the surface integral of the normal com- 
ponent force for the whole surface of the magnet is zero, the 
number of these infinitesimal areas in that part of the surface 
where the normal component force is outwards must be equal 
to the number in the remainder of the surface. Now to pass 
to the fluid analogue; instead of the magnet substitute a 
rigid body perforated from each of the infinitesimal areas in 
the part of the surface where the normal component force 
is positive, by a single tunnel through to one of the areas in 
the other part of the surface. Let there be in the first place 
a piston in each of these tunnels or tubes, and apply force to 
it until it moves with such a velocity that the velocity of efflux 
at one end and influx at the other is numerically equal to the 
normal component of the magnetic force to be represented: 
and when this condition has been once reached let the pistons 
become dissolved into perfect liquid homogeneous with the 
rest. The solid with its perforations remaining a rigid tubular 
system, the liquid will continue for ever circulating through 
the tubes and the free external space : and its motion through 
all external space will be such that the velocity is everywhere 
of the same magnitude and in the same direction as the re- 
sultant magnetic force in the corresponding position relatively 
to the magnet. The proof of this proposition* is ; — that accord- 
ing to a well-known hydro-kinetic theorem, the motion of the 
liquid must be everywhere " irrotational ” [Vortex Motion, 

§ (^)]» that if the normal component fluid velocity, or 

normal component force in the magnetic analogue, be given 

* All the hydro-kinetio tenninology and proportions used in the 
of this volume aro folly explained, with demonstrations when neo«8W^» 
the portion already published (in the TrawactUmi the Lth 

Edinburgh^ April 1867 and Dec. 18fW) of a paper m Vort« ^tio^ ^ 
the continuation of which I am at present oecQpied»^ 
given when necessary to Jastuy of the aaMrtions in , , 
rnadA henAflfnnran) < 't 
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over the whole surface, the fluid motion or magnetic force is 
determinate through all external space (§ 591, Theorems 1 
and 2). The permanence of the fluid motion fulfilling the 
same condition follows at once from the constancy of the 
circulation through each perforation [Vortex Motion, § 59 (i)], 
consequent upon the frictionless character which we assume 
the fluid to possess. 

575. In the preceding statement no condition has been 
imposed as to the pairs of apertures in the surface of the rigid 
body substituted for a magnet, which are to be connected 
through the internal tubes; no such condition having been 
necessary, because we supposed the apertures over the whole 
surface to be inversely proportional to the magnitude of the 
normal component force. The statement may be varied thus : — 
take all that part of the surface for which the normal component 
force is outwards, and divide it in any manner into infinitesimal 
areas. From each point in the boundary of any one of these 
areas, draw a line through external space till it meets again, 
as it will meet again, the surface of the magnet. By doing 
this for every infinitesimal area of the boundary traversed 
outwards, a corresponding area, where the normal component 
force is inwards, is found, and the whole remainder of the 
surface is thus divided into areas corresponding to those chosen 
in the first part. Let the pairs of corresponding areas be con- 
nected by internal tubes. The remainder of the statement 
may be applied without alteration to this tubular arrange- 
ment. The fluid analogue thus constructed, will have the 
peculiarity, that each portion of fluid circulates for ever along 
one circuit (that is to say, closed curve). 

•676. The hydro-kinetic analogy is both more complete and 
more simple, it is in fact perfectly complete, and therefore per- 
fectly simple, if instead of as in § 479 adopting the definition 
proper for a polar magnet {§ 549), we adopt the '' electro- 
magnetic definition” (§ 517 and postscript to § 517), for the 
resultant force at any point in the substance of the magnet, 
whether it be a polar magnet or an electro-magnet. The 
resultant force defined electromagnetically^* for the space 
occupied hy the magnet, and the resultant magnetic force accord- 
iny tolJte unafMguous dejmition for space not occvpned hy the 

29-2 
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magikt, agree everywhere in magnitude and direction with the 
velocity in a possible case of motion of an incompressible liquid 
jUling all space. To prove this it is only necessary to remark 
that the sole condition that X, F, may be the velocity-com- 
ponents in a possible case of motion of an incompressible fluid, 
is that they fulfil the equation of continuity 

ch ^ dy ^ dz ^ 
and we have seen (§517) that 

dX dY dZ . 
dv dy dz ” 

throughout the substance of the magnet as well as through 
external space, if X, F, Z denote components of the magnetic 
force. The component intensities of electric current in the 
electro-magnet producing this force are [§ 517 (a), (Q] 

47r \dy dz) * 4!7r\dz da) ’ 47r dy)’ 

577. This proposition, which I found more than twenty 
years ago as an obvious deduction from my formulae for electro- 
magnetic force, published in the Transactions of the Royal 
Society for June 1850 (§§ 515 — 518 above), is purely kine- 
matical. Since that time it has acquired an interest which it 
did not then possess for me, in virtue of Helmholtz's splendid 
discovery of the dynamical laws of vortex motion I had not 
known more than that the distribution of “ electro-magnetic 
force through the substance of the magnet, as well as through 
external space, corresponded to a possible distribution of motion 
in a continuous incompressible fluid filling all space, and had 
no clue to the consequences of leaving a frictionless liquid to 
itself, with such a motion once established in it. By Helm- 
holtz’s theoiy, it is demonstrated that the fluid motion alters so 
as to always remain the representative of the electromotive force 
due to an electro-magnet continuously varied according to the 
following law. Lines of fluid mf&tter which initially coincided 
with the lines of electric current in the electro-magnet initially 


Crelle’B 1858, and (Tait’s tomslation) 
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replaced by the fluid, however they change in the subsequent 
motion, always mark the lines of electric current which must 
be constituted to produce the altered electro-magnet ; and the 
whole amount of the intensity of the electric current crossing 
any area bounded by any closed curve passing always through 
the same fluid particles remains constant. It is unnecessaiy 
however, to enter now on the wide hydro-kinetic subject thus 
indicated ; although I cannot but refer to Helmholtz’s theorem 
of vortex motion, not merely on account of its intrinsic beauty, 
but because I have found it of great value in assisting me to 
realize the purely kinematic representation of electro-magnetic 
force which fluid motion affords. The general hydro-kinematic 
analogy, and the dynamics of the irrotationally moving portions 
of the fluid, as they served me primarily twenty-four years ago 
in investigating the inverse problems, will be further considered 
in the following chapter. 

578. The hydro-kinetic analogy is valuable in the mathe- 
matical theory of electio-magnetism as leading to a set of 
theorems respecting magnetic forces produced by electric cur- 
rents, precisely analogous to those theorems of Green’s respect- 
ing forces due to centres acting according to the Newtonian 
law, which I deduced in 1841 from an analogy with the 
‘'Uniform motion of heat in homogeneous bodies,” by the 
investigation forming the first part of this volume (§§ 1 — 4 
above). The following theorems I—- III. are particular cases 
of the general proposition of § 576, and require no further 
demonstration. 

579 . Theorem 7.— (Compare § 594 below.)— Considering all 
space as occupied by an incompressible frictionless liquid, let 
be a closed surface, which (to facilitate conceptions) may be 
supposed to be constituted of a perfectly flexible and extensible 
membrane. At first let there be no motion of the liquid in 
any part of space, and then let any motion whatever be arbi- 
trarily given to By subject only to the condition of not altering 
the volume enclosed by it. The motion which is given to the 
liquid will be everywhere irrotational (“Vortex Motion, § 16 
and § 60), and will therefore be continuously expressible 
throughout external space by a potential; and continuously 
expressible, likewise, through the internal space: but there 
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wit be a discontinuity at S ; on the two sides of which the 
vefccity-potential must differ by an amount equal to P, the 
impulsive pressure which would have to be applied to /Sf to pro, 
duce the actual motion instantaneously from rest. Divide S 
into infinitely narrow bands by lines corresponding to equal 
values of P, and in each of these bands let an electric current 
SP 

circulate of strength equal to ^ where SP denotes the differ^ 

ence of the values of P at its two boundaries. The magnetic 
force produced by the distribution of electric currents thus con- 
stituted, will agree in magnitude and direction with the fluid 
velocity in the hydro-kinetic analogue. This proposition I used 
in a communication to the British Association at Oxford, in 
June 1847, “On the Electric Currents by which the Phenomena 
of Terrestrial Magnetism may be produced;” and it is referred 
to in the abstract of that communication (now reprinted in 
§§ 602, 603 below), which appeared in the yearly volume. It 
was probably one of five propositions which I wrote to Liou- 
ville in the September following (see § 589 below). 

580. Corollary . — In the electro-magnetic analogue the direc- 
tion of the electric current is perpendicular to the relative 
tangential motion of the liquid on the two sides of >Sf, and the 
surface intensity of the electric current is equal to the relative 
tangential velocity divided by 47r. 

681. Example , — Let S be kept of constant figure, and let the 
motion given to it be purely translatory. The liquid within 
it will move as if it were a rigid body. Hence the interior 
velocity-potential will be Ux^ if U be the velocity, and if its 
direction be parallel to the axis of x. Hence if we consider a 
solid carried along through a frictionless liquid ; determine the 
velocity and direction, relatively to the solid, of the liquifl 
gliding along each part of its surface ; and construct the ana- 
logous surface electro-magnet according to the rule of § 579 ; 
this distribution of electric currents will produce a uniform 
field of force, of intensity U throughout the space enclosed by 
the surface on which they are distributed, and will produce ^ 
resultant force at eveiy external point, agreeing in magnitude 
and direction with the absolute veloci^ which the liquitj is 
/v^mnelled to take in making way for the soKd, The analytics 
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expression oi this very interesting theorem is contained in (IX.) 
of § 517, applied to the case in which 


a. 


U_ 

4i7r 


, = 0 , 7 = 0 . 


582, Theorem IL (Includes the case § 581 of Theorem I.) — 
Let any motion of rotation be given to a rigid body in an in- 
finite incompressible liquid. The magnetic analogue consists 
of a uniform current traversing the volume of the rigid body 
in lines parallel to the axis of rotation, and of intensity equal 
to twice the angular velocity; with the circuit completed 
superficially by the surface distribution constructed according 
to the rule of § 581. The resultant force of the completed solid 
and superficial electro-magnet (§ 535) thus formed will agree 
everywhere in magnitude and direction with the absolute velo- 
city of the matter, whether solid or liquid, in the kinematic 
analogue. The analytical expression of this theorem (if we 
take the axis of the solid’s rotation for the axis of iv) is had by 
putting in (IX.) of § 517 


a = 0, = 7 = fy. 

583. Theorem IIL — Consider a fixed rigid ring, having, for 
simplicity, but one perforation, and therefore giving duplex 
continuity to the space external to it. Let the whole of the 
external space be occupied by an incompressible frictionless 
liquid in a state of cyclic motion, with the ring for core. Take 
any surface 8 bounded by stream lines. This is necessarily a 
surface of duplex continuity enclosing the ring. On one of 
the stream lines forming a circuit of 8, take ^ points corre- 
sponding to infinitely small differences of the velocity potential, 


each an exact sub-multiple -r of the “ cyclic constant,” or 

“whole circulation” {k). Through these points draw equi- 
potential lines on 8, which therefore will each cut perpendicu- 
larly all the stream lines on 8. In each of the infinitely 
narrow bands into which 8 is thus divided (constituting a 
geometrical circuit which crosses all the stream line circuits), 

let an electric current of strength circulate. The resulting 

electro-magnetic force will be zero at every point within 8, and 
will be equal to, and in the same direction as, the fluid velocity 
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in tie space external to 8, This interesting and important 
proposition is perfectly analogous to that which is given by 
Green for suifSace distribution of electricity and the resulting 
electric force in Article 12 of his Essay (to which reference is 
made in Thomson and Tait’s Natural Philosophy, § 507, under 
the designation '‘reducible case of Green’s problem”). 


XXVIII. 1871.] 
Chapter IX . — Inverse ProUems. 


584, Inverse problems of magnetism are problems in which 
the data are of magnetic force, and it is required to find distri- 
butions of magnetism or of electric currents by which the given 
force can be produced. They fall under two classes : — I. Those 
in which the force is given/or every point of space: — and II. 
Those in which the force or some component of the force is 
given through some portion of space, whether volume, surface, 
or line; — and it is required, under certain limitations or condi- 
tions, to find distributions of magnetism or of electric currents 
by which the given force can be produced. A complete and 
unconditional solution of every problem of Class I. is, as we 
shall immediately see, always easily found. 


585. Class I . — First case, polar definition (§ 479 and Post- 
script to § 517) of resultant force adopted. In this case the 
magnetic force is expressible by means of a potential, and 
therefore the most general form of data is; — given the potential 
at every point of space. Let F be its value at (p, y, z), so that 
if 3f, denote the components of the magnetic force, 


,.( 1 ). 




dx ' ^ dy * dz 

If a, A 7 denote the rectangular components of the required 
magnetization, we have 


dx dy dz \nT\d:P^ df^ dp) 


[§ 517 (m) repeated], 


and a, A 7 naay be any functions whatever which fulfil this 
equation, Then as a particular solution we have 


, 1 dF ^ 1 dF r 1 dr 


.( 2 ). 
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Let now a", /S", 7 " denote any three functions whatever fulfilling 
the following equation 



dy 



(3). 


The complete solution of the problem is, 

a=:a+a", + ry = y + <y" (4). 

The arbitrary part 0 !', 7 '', of this solution consists of any 

distribution of magnetization agreeing everywhere in intensity 
and direction with the velocity and direction of a possible 
motion of an incompressible fluid through all space. When 
the given function V is such that its first and second diffe- 
rential coefficients 


^ ^ ^ dV dW 

dx * dx^ * dy ’ dif ' dz ' dz^ 

are everywhere finite, there is nothing more to be said in respect 
to the preceding solution ; but when the first differential co- 
dV 

efficients ^ , etc., though themselves everywhere finite, vary 

anywhere abruptly in their values, an interpretation of a suffi- 
ciently obvious character becomes necessary to deduce the 
solution from the preceding formulae. Or the form of solution 
may be varied by introducing the proper formulae [§ 473 (1)] 
for surface-distributions of the imaginary magnetic matter at 
the surfaces of discontinuity. 


586. Class L — Second case, electro-magnetic definition adopted. 
In this case the force, though expressible by means of a poten- 
tial throughout every portion of space free from magnetized 
matter, is not so expressible through the substance of the magnet. 
Hence the data must be the intensity and direction of the re- 
sultant force at every point of space ; but these data are not 
altogether arbitrary inasmuch as if X, Y, Z denote the three 
rectangular components of the force, 

0 r§ 517 (*) repeated]. 

dx dy dz 

Hence the problem is;— given X, F, Z, each any function 
of {x, y, but subject to equation (^) of § 517 ; it is required 
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tiHce qua&titiea a, $, y sQch that 

dzj dy dz* dxj ~dz dx* 


Of this problem the general solution is 

- JL 7+# 

dy^ 


47r dco ’ 


7 = 


\dx dyj dx dy 

[§ 517 (1) repeated]. 




where denotes any arbitrary function of (a, y, ^). For sim- 
plicity we have supposed that there is no abrupt variation in 
the given values of X, Yj Z. The proper formulae to suit the 
case of abrupt variations from one side to another of any sur- 
face, are easily found. 


587. Remark that the arbitrary functions a", /3^\ y\ in the 
solution (4) of § 585 express any solenoidal distribution what- 
ever with the solenoids all closed ; and that the arbitrary part 
in the solution (5) of § 586 expresses any lamellar distribu- 
tion whatever with the shells all closed. 


588. Remark also that the distribution of imaginary magnetic 
matter derivable (§ 473) from the solution of § 584, and of 
electric current derivable (§ 554) from the solution of § 585 , 
are each determinate, and that it is only the distribution of 
magnetization which is affected by the arbitrary part of the 
solution in either case. 

589. Class IL — For the present it is enough to consider the 
following typical problems of this class. Given the force 
through space external to a given closed surfece Si required 
the distribution of imaginary magnetic matter, or of electric 
currents, or of magnetization ; each distribution confined to an 
infinitely thin layer of matter coincident with this surface ; and 
to investigate the determinacy of the solution in each case. 
With reference to these problems, I find a leaf of manuscript 
written in French, indorsed: — “Fragment of draft of letter 
“ to M. Liouville, written on the Faulhom, Sunday, September 
“ 12, 1847, and posted on the Monday or Tuesday w^ek after, 

“ at Maidstone. The letter has not been publwhed yet, although 
“ in Sept. 1848 I understood from M, Liouville in Paris, that he 
“had it for publication* Probably it has fallen aside and is 
“lost r? in consequence of the disturbed state of Paris at that 
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whicli I should regret, as it contains my first ideas, 
“and physical, especially hydro-dynamical, demonstrations of 
“the theorems I am now about to write out for publication in 
^'my paper on magnetism for the Royal Society, from rough 
“drafts written in August 1848. W. T. Oct. 29th, 1849.’^ 
The "now” has been deferred until the present time, 
November 20th, 1871. I am obliged to write from memory, as 
I have not been able to recover any of those rough drafts. I 
have added important details involving new ideas regarding 
polycyclic* fluid motion, for much of which, as for the whole 
terminology of multiple continuity, I am indebted to Helm- 
holtz's paper on Vortex Motion. 


590. First, with reference to the data, it must be remarked 
that the force being by hypothesis due to polar magnets or 
electro-magnets altogether within S, cannot be given arbitrarily 
through the whole space external to that surface. It may 
indeed be readily proved from a remarkable and important 
proposition due to Gauss, to be found in Thomson and Tait’s 
Natural Philosophy, § 497, that .if the potential were given for 
any closed surface, lying altogether external to >8, whether 
enclosing 8 or not, and if not enclosing 8, enclosing any portion 
of external space however small, the force would be determinate 
throughout the whole space external to 8. The same may be 
proved if (instead of the potential) the normal component force 
were given over any surface whatever, external to 8, and not 
enclosing it, or over any simply continuous surface enclosing 8, 
At present, however, two cases only shall be considered: — 
the potential given over the whole surface of 8 (Case 1), and 
the normal force given over the whole of 8 (Case 2). 

591. Preliminary Theorems 1 — 5 . — Theorem 1 (Discovered 
by Green). The potential being given arbitrarily over S, the 
resultant force is determinate through all exterml space, and a 
determinate distribution of matter over S, acting according to the 
inverse square of the distance, may be found which shall produce it 

Theorem 2 . — The normal component force being given for S, 
the force is determinate through all external space, and a determi- 


* “Vortex Motion,” § 60 (x). 
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mtddUMxUxtm of matter over S a/iting according to the inverse 
eguctte of the distance may he found which shall produce ity pro- 
vided that S is simply continuous* [Compare § 207.] 

Theorem 3 . — The potential being arbitrarily given for S, suh^ 
ject to the condition that its integral amount for the whole surface 
is zero; or the normal component force being arbitrarily gi^jQ^ 
for S, sutgect to the condition that its integral amount for the 
whole surface is zero; the force in each case is determinate through 
all external space, and a determinate distribution of electrie 
currents over S may be found which shall produce it, provided 
that in the case in which the normal component force is given, 
the surface S is simply continuous. 

Theorem 4. — If ^be complexly continuous, let etc., 

be mutually irreconcilable closed curves encircling it, whether 
in contact with it, or in the space external to it. If the con- 
tinuity is «-fold, there are n such circuits. The normal com- 
ponent force being given arbitranly for S, subject only to the 
condition that its integral amount for the whole surface 
is zero; and an arbitrary value k^, k^, etc., being given for the 
integral of the tangential component force round each of the 
circuits Cj, C,, etc.: the resultant force is determinate through 
the whole space external to S, and a determimte distribution of 
elective currents over S may be found which shall produce it. 

Theorem 5, — When S is complexly continuous, no distribu- 
tion of matter over it can be found to produce force through ex- 
ternal space fulfilling the conditions of Theorem 4, when the 
values of the cyclic constants k^, are all finite; but if infin- 
itely thin sheets of matter be introduced as barriers closing all the 
apertures of a determinate distribution of matter on these sheets 
and over S may be found which shall produce that force through 
all the space external to S, except the infinitely small parts of it 
occupied by the harriers. 

592. Demonstrations of Theorems 1 — 4. — To prove Theorem 
1, let the whole space within S and the whole space external to 
8, be occupied by hom<^eneous incompressible liquid, but lot 
there be an infinitely thin vacuous space separating the external 
from the internal fluid. Let equal impulsire pressures be ap- 
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plied in opposite directions, to the liquid surfaces on the two sides 
of this vacuous space, equal everywhere to the given value of 
the potential at the corresponding position in S, of the magnetic 
problem, the pressure being reckoned as positive when it is 
outwards from 8 on the external liquid, and inwards from 8 on 
the internal liquid. The motion will be irrotational throughout 
each portion of the fluid ; and the initial velocity-potentials in 
portions of the fluid infinitely near one another on the two 
sides of 8i will be equal to the given magnetic potential. 
Hence (§ 7) the given potential over 8 would be produced 
by a distribution of matter over 8, having its surface density 
everywhere equal to the velocity of separation (reckoned 
negative when there is approach) of the two fluid surfaces 
divided by 47r*. By “velocity of separation” is meant the 
difference of the normal component velocities on the two sides 
oi8. 

593. Demonstration of Theorem 2. — With the same hydro- 
kinematic arrangement as in § 592, let the boundary of the 
fluid external to S be impulsively pressed so as to produce 
instantaneously a normal component velocity equal to the 
given normal component magnetic force. And let the bounding 
surface of the fluid within 8 be simultaneously acted on, with 
a pressure equal and opposite to that which produces the speci- 
fied effect on the external fluid. The motion generated is 
irrotational through each portion of the fluid, and the potentials 
on the two sides of 8, are each equal to the potential at 8 of 
the distribution of force through external space, which has for 
its normal component the given value for every point of 8, the 
density of the determinate distribution of matter over 8 which 
would give that external distribution of force is, as in § 592, 
equal to the velocity of separation of the liquid surface, 
divided by 47 r. 

594. Demonstration of Theorem 3 (compare §§ 579, 580). — ► 
Let the whole of space be continuously occupied by homo- 
geneous incompressible liquid, without any vacuous space at 8 ; 

* This is mfirely a hydro-d3Tianjioal proof of Green’s celebrated theorem 
that a distribution of matter, acting according to the inverse square of the 
distance, over a surface S may be found determinately, which shall produce 
any arbitrarily given potential over the whole of S. 
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I as immediate recipient fof the action of force, imagine 8 
tci fonsist of a perfectly flexible and extensible membrane 
aepabkting the internal from , the external fluid. Apply per. 
pendicularly to this membrane an impulsive pressure which 
shall produce a normal component velocity equal to the ex« 
ternal normal component force determinable from the given 
potential according to Theorem 1, when it is potential that is 
given, or equal to the given normal component force when 
it is force that is given. The motion is irrotational through- 
out each portion of the fluid; and the normal component 
velocities on the two sides of Sy are everywhere equal to one 
another ; but the tangential motions of the fluids, and therefore 
the velocity potentials, are unequal on the two sides. In the 
former case the velocity potential in the external fluid infinitely 
near or in the latter case, the normal component velocity of 
the fluid on each side of S has specified values. In either 
case the determinate distribution of external force fulfilling the 
specified condition at 8, whether as to potential or as to normal 
component, is produced (§§ 579, 580) by a determinate dis- 
tribution of electric currents on 8, fulfilling the following 
specification. The direction of the electric current is to be 
eveiywhere perpendicular to the direction of the slip in the 
fluid analogue ; and the surface intensity of the current is to be 
equal to the velocity of the slip divided by 47r. 

595. Demonstration of Theorem 4. — Let the same hydro- 
kinematic arrangements as those in the demonstration of 
Theorem 3 be made, and in addition let each aperture of /S' be 
temporarily stopped by a perfectly flexible and extensible 
membrane, introduced merely as a recipient for the action 
of force. Let 8 be impulsively pressed so as to produce 
a normal component velocity equal to the given normal 
component force, and let uniform impulsive pressures equal 
respectively to /r,, etc., be simultaneously applied to the 
barriers. The constancy of the difference, /c, of the potentials 
between contiguous portions of fluid on the two sides of each 
barrier, secures equality in the tangential component velocities, 
and therefore no "slip”' between them. Suppose then the 
barriers annihilated. The determinate motion tisus produced 
is irrotational throughout each porti<m of the flhidi luad it fhihl® 
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iu the spifcce external to 8 precisely the conditions which, when 
magnetic force is substituted for duid velocity, are those specie 
fied in the enunciation of Theorem 4 Hence a determinate 
distribution of currents over 8, answering to the same speci- 
fication as that of Theorem 3, produces force in the space 
external to 8 which fulfils our present conditions, and thus 
Theorem 4 is demonstrated. 

596. Demonstration of Theorem 5.— Let the apertures of 8 be 
stopped by material sheets of finite thickness. Imagine the 
matter of these sheets to be liquid, homogeneous with that 
occupying the rest of space, and continuous with the liquid sup- 
posed to, occupy the interior of 8. The boundary of the whole 
of this liquid is a simply continuous closed surface, consisting 
of the part of 8 not covered by the addition of the supposed 
barriers, and the two surfaces of each of these barriers. Let 8' 
denote that part of the surface of 8; and let B', B^, 
etc,, denote the surfaces of the barriers. As in the demonstra- 
tions of Theorems 1 and 2, let the external fluid be separated 
from the internal by an infinitely thin vacuous space over the 
whole bounding surface, and let pressure act so as to produce 
a given normal component in the external fluid next to 8'; zero 
potential in the external fluid next to B^, B^, etc.; potentials 
equal to /Cj, etc., in the external fluid next to B^, B^, etc. ; 
and everywhere equal potentials in portions infinitely near 
one another, of the external and internal fluids. As in the 
demonstrations of Theorems 1 and 2, it is seen that there 
is a determinate distribution of matter over the whole bound- 
ing surface which shall produce the given normal component 
force over 8', potential zero for B^^ B^y etc., and potentials 
/fj, K^y etc., for B'y B^y etc. If now the barriers be made 
infinitely thin, so that B^ and B^ shall be infinitely near one 
another, and B^y BJ infinitely near one another, and so on; 
the prescribed conditions are fulfilled by the distribution of 
matter determined for the limiting case thus reached. The 
distribution of imaginary magnetic matter on B^y B^, B^y B^f 
etc., fiaay be explicitly determined by the following simple con- 
siderations. Consider an infinitely small column of the fluid 
between B^ and B^y bounded by any cylindrical or prismatic 
surfe<^ cutting, the surftces J?/, at right angles and ouolos** 



A Mathmaiical Theory of Magneiim, [xxviir 

equal infinitely small areas on these surfaces. The density 
of %he fluid being unity, the mass of this column will be At 
if I denote the thickness of the space between and B^^ and 
A the area of either end of the column. This mass is acted 
on by an impulse k^A, because by hypothesis one end of it 
oxperiences, during the initiating impulse, an impulsive pres- 
sure equal to per unit area, and the other, zero pressure. 
Hence the velocity acquired by the infinitesimal column is 


t * 


Let n denote the normal component velocity of the ex- 


ternal fluid, which is equal for points infinitely near one another 
on the two sides of the barrier supposed infinitely thin. The 
velocity of separation of the fluid surfaces on each side of and 
the velocity of approach of the fluid surfaces on each side of 

will be each equal to n-¥~» Hence the matter to be dis- 
t 


tributed over the two surfaces B^, B' will be respectively, 
± ^ ^72 -f ^‘) . As y is infinitely great, the finite term n may 
be neglected, and therefore the densities on the two surfaces 


are . These are (§ 472) precisely the densities of the 

47rt 

positive and negative magnetic matter representing the free 
polarities on the two sides of a magnetic shell (§ 506) of strength 


^ . The thickness t may, of course, be different in different 
47r 

parts of the shell, as is allowed in the general definition 
[§ 506 (l)j of a magnetic shell. The prescribed difference of 
potentials, /r^, reckoned from B/ through the external fluid to 
Bj, is verified by § 512, cor. 3. 

597. Purely analytical proofe of theorems, including Theorem 
1 and Theorem 2 above, are to be found in Thomson and Taits 
Ncutural PhUoeophy, Appendix A. {e\ and § 317, Example (3), 
and are included in §§ 206, 207 above [compare §§ 709—716 
below]. These references supply also all that is nece8S^jj|^ 
eliminate all hydro-dynamicfd considerations from the p^|^' 
ing proofs of Theorems 3, 4, and 5, I therefore confine myse 
on the present occasion to the hydro-dynamical proofs 
given j but remark that the mifdyW ^ valuable w 



XXVIli] Inverse Problems 4^5 

respect to physical science as showing that in each case the 
integral 

/jj (X* + F* + iZ'®) dxdydz, 

extended through external space is an absolute minimum [com- 
pare § 758 below] subject to the conditions prescribed in the 
enunciations of the several cases, and that the value of the same 
integral for the internal space is also a minimum subject to the 
conditions specified in the several demonstrations given above. 
From this, with §§ 567, 571 above, it follows that the dynamical 
value of the determinate distribution of imaginary magnetic 
matter on the surface S, which produces at that surface the 
prescribed potential of Theorem 1, or the given normal com- 
ponent force of Theorem 2, is less than that of any distribution 
of imaginary magnetic matter not confined to that surface, but 
still producing over it the same potential or the same normal 
component force; and that the electro-magnetic dynamical 
value of the determinate distribution of currents on S which 
produces at that surface the prescribed potential or the pre- 
scribed normal component force of Theorem 3, is less than that 
of any distribution of currents not confined to >8, but still pro- 
ducing the same potential or the same normal component force 
over that surface. 

598. To pass from a determinate distribution of imaginary 
magnetic matter, or a determinate distribution of electric 
currents, to a distribution of magnetization which shall- pro- 
duce the same resultant force, is as we have seen (§ 587) an 
indeterminate problem, even if the force is given throughout 
space. Still more is the problem indeterminate if the force be 
given in only one part of space, and it is required to find a dis- 
tribution of magnetization in the remainder of space which 
shall produce that force. To find the complete solution of this 
problem with the proper arbitrary functions, we may proceed 
from the determinate distribution of imaginary magnetic 
of § 591, Theorems 1 and 2, or from the determinate 
distribution of electric currents of § 591, Theorems 3 and 4, on 
the bounding surface. Our first step towards the complete 
solution shall be to find, from a determinate distribution of 
imaginary magnetic matter, or from a determinate distribu- 

T F 80 
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close to the inside of 8^ or in part bodily magnetization, and 
in part surface magnetization; then finding the external 
potential or normal component force at points infinitely 
near 8^ due to this magnetization, according as it is poten- 
tial or normal component force that is given; then subtract- 
ing from the given potential or normal component force the 
potential or normal component force due to the arbitrarily 
assumed magnetization ; and lastly, finding (at pleasure either) 
a tangential or a normal distribution of magnetization on B 
which shall produce potential or normal component force 
equal to the difference. The surface-magnetization thus found, 
compounded with the arbitrarily assumed magnetization, is 
the most general distribution of magnetization within 8 which 
cap produce, at external points infinitely close to 8, the given 
potential or the given normal component force. 


XXIX . — On the Electric Currents by which the Phenomena of 
Terrestrial Magnetism may he produced. 

[From tlie Report of the British Association for the Meeting of 1867 in Oxfoid.] 

602. It is a well-known theorem, first demonstrated by 
Green, that the action of a mass of any nature in attracting 
an external point, may be represented by means of a distribu- 
tion of matter of the same kind over the surface of the body ; 
that is to say, that a certain distribution of matter over the 
surface of a body may be determined, which will produce 
exactly the same force, whether of gravitation, of magnetism, 
or of electricity as results from the body itself Thus, by 
applying this theorem to the case in which the force considered 
is that of terrestrial magnetism, we see that a certain distribu- 
tion of imaginary magnetic matter may be found which would 
produce all the phenomena of terrestrial magnetism observed 
at the surface of the earth or above it, except those which are 
due to atmospheric or external sources of magnetism, if any 
such exist. This proposition, although of great theoretical 
interest, cannot be entertained as expressing a physical fact; 
for there are only two ways in which we can conceive internal 
sources of terrestrial magnetism to exist. We may either 
imagine, as Gilbert did, the earth to be wholly or in part a 



469 


XXIX ] Termtiial Magnetism. 

magnet, such as a magnet of steel, or we may conceive it to be 
an electro-magnet with or without a core susceptible of in- 
duced magnetism. In the present state of our knowledge this 
second hypothesis seems to be the more probable [?Feb. 4, 
1872]; and indeed we have now many reasons for believing 
that the existence of terrestrial currents, producing wholly or 
in part the magnetic phenomena, is a physical fact. [The 
“earth currents” which render the localization of a fault in a 
submarine cable so difficult, certainly contribute to the result- 
ant magnetic force observed at the earth’s surface.] Connected 
with this it becomes an interesting question, whether mere 
electric currents could produce the actual phenomena observed. 
Ampere’s electro-magnetic theory leads us to an affirmative 
answer, but an answer which must be regarded as merely 
theoretical; for it is absolutely impossible [compaie § 546, 
foot-note] to conceive of the currents which he describes 
round the molecules of matter, as having a physical exist- 
ence. The idea of an electro-magnet is what naturally pre- 
sents itself when we endeavour to imagine a possible elec- 
trical theory of terrestrial magnetism ; and the question which 
now occurs is this : — Can the magnetic phenomena at the 
earth s surface, and above it, be produced by an internal dis- 
tribution of closed galvanic currents occupying a certain limited 
space below the surface? The answer is, that whatever be the 
form and magnetic contents of the earth, the same force as that 
which it exerts upon any exterior point may actually be pro- 
duced by means of a distribution of closed electric currents 
on the surface. I have arrived at this result with the aid of 
Ampbre’s theory of the closed circuit, by means of the theorem 
of Green already mentioned, and by an analogous theorem of 
which a physical demonstration may be given by considerations 
connected with fluid motion. The steps in the analytical pro- 
cess of determining the required distribution of closed currents 
aie as follows ; — 

603. Let V be the magnetic potential, according to Green’s 
definition, at any exterior point P; do" an element of the sur-* 
face ; A the distance from da to P; /, m, n the direction-cosines 
of the normal at da, 
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1. Find p, so that jj^ = V. 


II. Find so that 


(PU ^ . 

^ + -^^ = 0 for internal points, 


dx 


•\ 1 UJ\J dU W/ vv » rt U/ fJ 

and t “t; + ^ = p at the suriace, or 


du 


dU 


III. Construct on the surface a map of the values of U.” 

If wires be laid along the lines round the surface correspond- 
ing to sufficiently close equidifferent values of U, as indicated 
by this map, and if currents of equal intensity be made to 
circulate through them (each being a closed curve), the electro- 
magnetic force that will result, upon external points, will bo 
the same as the force of terrestrial magnetism. 

The explicit solution of this problem is very easy, when the 
body considered is a sphere ; as is actually the case, to a suffi- 
cient degree of approximation, with reference to the Earth. 

Thus, if the potential at the surface be given by the equation 

r=F, + F,+ r3Hhetc., 

where F^, F^, etc., may be calculated for any latitude, by means 
of the Gaussian constants [and a denote the radius of the 
spherical surface], we readily find [Thomson and Tait’s Natural 
Philosophy, App. B. (52)] 


Hence we have the means of constructing an electro-magnetic 
model of the earth, which would exhibit all the peculiarities 
that can be expressed in a map constructed upon Gauss’s 
theory. 


* [Note, Jan. 17, 1872. —This function is such that its surface value is 
eciual to the superficial function P of § 679, multiplied by iir.] 
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Chapter X. Magnetic Induction. 

On the Theory of Magnetic Induction in Crystalline and Non- 
Crystalline Substances. 

XXX. [From the Philosophical Magazine^ March 1851.] 

G04. Poisson, in his naathematical theory of magnetic induc- 
tion, founded on the hypothesis of “ magnetic fluids ” moveable 
within the infinitely small ‘‘magnetic elements” of which he 
assumes magnetizable matter to be constituted, does not over- 
look tbe possibility of these magnetic elements being non- 
spherical and symmetrically arranged in crystalline matter; 
and he remarks, that a finite spherical portion of such a sub- 
stance would, when in the neighbourhood of a magnet, act 
differently according to the different positions into which it 
might be turned with its centre held fixed*. But “such a 
circumstance not having yet been observed f,” he excludes the 
consideration of the structure which would lead to it from his 
researches, and confines himself m his theory of magnetic in- 
duction to the case of matter, consisting either of spherical 
magnetic elements, or of non-symmetrically disposed elements 
of any forms. It is easy to conceive the modification which he 
would have introduced into his formulge to make them applic- 
able to a crystalline structure such as he describes; but, so 
far as I am aware, no writer has hitherto attempted to make 
this extension of Poisson’s mathematical theory of magnetic 
induction. Now, however, when a recent discovery of Pliicker’s 
has established the very circumstance, the observation of which 
was wanting to induce Poisson to enter upon a full treatment 
of the subject, the importance of Avorking out a mathematical 


* [“The substance of a homogeneous solid is called isotropic when a spheri* 
“cal portion of it tested by any physical agency exhibits no difference in 
“ quality however it is turned. Or, which amounts to the same, a cubical 
“ portion cut from any position in an isotropic body exhibits the same qualities 
“ relatively to each pair of parallel faces. Or two equal and similar portions 
“ cut from aiuj positions in the body not subject to the condition of parallelism 
“ (§ 675) are undistinguishable from one another. A substance which is not 
“isotropic but exhibits differences of quality m different directions is called 
“ asolotropic. ” — Thompson and Tait’s Natural Philosophy y § 676.] 

t “ M5moire sur le Magn5tisme en Mouvement ” {M^m. de Vlnstitut, 1823, 
vol. VI. Paris, 1827.) For quotations from this and the two preceding memoirs 
of Poisson, showing his theoretical anticipation of the discovery of magne- 
ciystallic action, see the Appendix to this article. 
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theory of magnetic induction is obvious. On the other hand, 
in the present state of science, no theory founded on Poisson s 
hypothesis of “two magnetic fluids” moveable in the “mag- 
netic elements ” could be satisfactory, as it is generally admitted 
that the truth of any such hypothesis is extremely improbahle. 
Hence it is at present desirable that a complete theory of mag- 
netic induction in crystalline or non-crystalline matter should 
be Established independently of any hypothesis of magnetic 
fluids, and, if possible, upon a purely experimental foundation. 
With this object, I have endeavoured to detach the hypothesis 
of magnetic fluids from Poisson’s theory, and to substitute 
elementary principles deducible from it as the foundation of a 
mathematical theory identical with Poisson’s in all substantial 
conclusions. In the present communication I shall state these 
piinciples, and point out what modifications of them may bo 
requued by a more complete experimental investigation of tlie 
subject than has yet been made; and, adopting them tcm- 
poiarily as axioms of magnetic induction, I shall give an 
account of some impoitant practical conclusions deduced from 
them, by mathematical reasoning which I propose to publish 
on a future occasion. 

Some explanations and definitions arc prefixed to show the 
signification in which' certain extremely convenient terms and 
expressions, occasionally employed by Faraday and other writeis, 
will be used in what follows. 

605. Definition. — The force at any point due to a magnet is 
the force which it would exert on the north pole of an infinitely 
thin, uniformly and longitudinally magnetized bar of unit 
strength placed at that point*, if it experienced no inductive 
action from the latter magnet. 

Definition. — The total magnetic force at any point is the force 

* “If two infinitely thin bars be equally, and each uniformly and longi- 
tudinally, magnetized, and if, when an end of one is placed at a unit of dis- 
tance from an end of the other, the mutual force between these ends is unity, 
the magnetic strength of each is unity.” (Philosophical Magazine, Oct. 1850, 
pp. 241, 242.) The definition of magnetic force in the text will agree pre- 
cisely with the definition of “magnetic force in absolute measure” adopted 
by the Eoyal Society, in its “Instructions for making observations on 
terrestnal nmgnetism,” if, in the definition of a unit bar, the unit of length 
understood be one foot, and the unit of force, a force which, if acting on 
a giain of matter, would in one second of time generate one foot per second 
of velocity. (See Admiralty Manual of Scientific Inquiry, pp. 16, 83, 37.) 
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which the north pole of a unit bar-magnet would experience 
from all magnets which exert any sensible action on it, if it 
produced no inductive action on any magnet or other body. 
Or, 

The total magnetic force at any point is the quotient obtained 
by dividing the force experienced by either pole, placed at that 
point, of an infinitely thin bar, uniformly and longitudinally 
magnetized to a finite degree of intensity, by the infinitely 
small numerical measure of the magnetic strength of the bar ; 
and its direction is that of the force experienced by the north 
pole of the bar. 

Definition. — Any space at every point of which there is a 
finite magnetic force is called “a field of magnetic force;” or, 
magnetic being understood, simply “a field of force;” or, some- 
times, “a magnetic field.” 

Definition. — A “line of force” is a line drawn through a mag- 
netic field in the direction of the force at each point through 
which it passes ; or a line touched at each point of itself by the 
(Inection of the magnetic force. 

Definition. — A “uniform field of magnetic force” is a space 
throughout which the lines of force are parallel straight lines, 
and the intensity of the force is uniform. 

Definition. — A substance magnetized so that the intensity 
and direction of magnetization at each point (§ 462) are repre- 
sented by the diagonal of a parallelogram, of which the sides 
represent the intensities and directions at the same point in 
two other distributions, is said to possess a distribution of 
magnetism which is the resultant of these two superimposed, 
one on the other. 

It is demonstrated by Poisson, that the force at any point 
due to a resultant distribution of magnetism is the resultant of 

It may be remarked, that this unit of force will be the fraction - of the 

9 

weight, in any locality, of one grain of matter, if g denote the velocity 
acquired in one second by a falling body m that locality ; and that it is 

therefore very nearly of the weight, in any part of Great Britain or 

Ireland, of a grain. [Additioiiy May 30, 1872. —The units of mass and length 
now adopted are the gramme and the centimetre. As 32-2 feet is equal to 
OSl’G centimetres, we may take 982 as the number of absolute kinetic units 
of force, in the apparent force of gravity on one gramme of matter in these 
latitudes.] 
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thel forces that would be produced at the same point if the 
com|>onent distributions existed separately. 

606. Axioms of Magnetic Force. 

I. All mechanical action which a magnet experiences in 
virtue of its magnetism is due to other magnets *. 

II. The action between any two magnets is mutual. 

III. The whole action experienced by any magnet is the 
mechanical resultant of the actions which it would experience 
from all the magnets in its neighbourhood, if each acted on it 
as if the others were removed, the distributions of magnetism 
in the two remaining unaltered. 

607. Laws of Magnetic Induction according to Poisson’s Theory 

I. When a given body, susceptible of inductive magnetization 
(whether it be ferromagnetic or diamagnetic), is placed in the 
neighbourhood of a magnet, it becomes magnetized in a manner 
dependent solely on the field of force which it is made to occupy. 

II. Superposition of Magnetic Inductions. — Different magnets 
placed simultaneously in the neighbourhood of an inductively 
magnetizable (ferromagnetic or diamagnetic) body induce in it 
a distribution of magnetism which is the resultant of the 
different distributions that would be induced by the separate 
influences of the different magnets, each in its own position, 
with the others removed. 

608. The first of these two propositions merely implies that 
any magnet, whether an electro-magnet, or a magnet consisting of 
magnetized substance, which produces at each point of a certain 
space the same force ” as another magnet of any kind, would 
produce the same inductive effect on a magnetizable substance 
occupying that space. Everything that is known of inductive 
action is consistent with it; and it is, I believe, universally 
admitted as an axiomatic principle. 

609. The second proposition, which asserts the mutual inde- 
pendence of superimposed magnetic inductions, is equivalent to 
an assertion that, if the force at every point of a magnetic field 
be altered in a certain ratio, the magnetization of a substance 
placed in it will be altered proportionately. This is undoubtedly 

* This principle appears, from his discovery that the phienomena of terres- 
trial magnetism are produced by the earth acting as a great magnet, to have 
been first recognised % Gilbert. 
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not a principle of universal application. It is not applicable 
to steel, nor to the substances of which natural magnets are 
composed; nor, in general, to substances possessing in any 
degree that property of resisting magnetization or demagnetiza- 
tion, called by Poisson “ coercive force,’’ in virtue of which they 
can permanently retain magnetism. Neither is it, as Joule’s 
experiments, and the more recent experiments of Gartenhauser 
and Muller demonstrate, applicable to soft iion, except as an 
approximate law of the magnetization when the magnetizing 
force does not exceed certain limits of intensity. But, that it 
is very approximately, if not rigorously, fulfilled in the magneti- 
zation of all homogeneous substances of very feeble inductive 
capacity, and destitute of “coercive force” (as all known diamag- 
netics and all ferromagnetics which contain no iron or nickel, 
or only very small proportions in chemical combination, appear 
to be), is, I think, extremely probable. The foundation of a 
complete theory of magnetic induction requires an experimental 
investigation of tlie laws according to which the “coercive 
force ” acts m various substances, and of the variation of induc- 
tive capacity produced in soft iron, and it may be in other sub- 
stances, by actual magnetization. The following conclusions, 
being mathematical deductions from the laws stated above, are 
liable to modification, according to the deviations from those 
laws which actual experiments may point out : — 

610, 1. The determination of the conditions of magnetic 

induction in a body of any kind in any circumstances may be 
made to depend on a knowledge of the state of magnetization 
induced in a homogeneous sphere of the same substance, placed 
in a uniform field of magnetic force. 

2. A homogeneous sphere of any substance placed in a 
uniform field of force becomes uniformly magnetized in parallel 
lines with an intensity which is independent of the radius of 
the sphere. 

[To prove this, imagine a uniformly magnetized sphere of 
substance having infinite “coercive power.” Let a spherical 
portion be removed from its interior. The resultant force 
at any point in the hollow will be (§§ 479, 473) that due 
to “ imaginary magnetic matter ” or free polarity, as it may be 
properly called, on the outer and inner spherical surface bound- 
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ing the magnetized matter which is left. The surface density 
of the polarity at any point of either surface will be equal to 
i cos 6, if i denote the intensity of the magnetization and 6 the 
angle between the direction of magnetization and the radius 
through the point considered. The distribution on one alone of 
the spherical surfaces, according to a very elementary result of 
spherical analysis stated above in afoot-note on § 479 (and proved 
in the appended foot-note*), is parallel to the direction of mag- 


* To find the resultant due to one such distribution of matter on a spheri- 
cal surface, imagine first a solid material globe of uniform volume-density p 
throughout. By Newton’s theorems for the attraction of a uniform spheri- 
cal mass, acting according to his law of the inverse square of the dis- 
tance, the resultant force at any point within the substance will be towaids 

the centre, and equal to multiplied by the distance of the attracted point 
from the centre of the globe. Consider now two equal globes, one of uni- 



form positive matter and the other of uniform negative matter of the same 
density, the former repelling and the latter attracting a unit of positive 
matter (as in the electric and magnetic applications of the Newtonian law). 
Let them be placed with their centres C and C', at any distance apart less 
than the sum of their radii, and first imagine their materials to co-exist in 
the space common to the two spherical volumes, each acting as if the other 
were away. The resultant force at any point P within this space will be 

found by compounding a force equal to CP with a force CP, in 

o o 

the direction from P towards C', and therefore, according to the parallelo- 
gram of forces, will be in the direction PD parallel to CC, and will be equal 

to ~ CC. This (as the positive and negative matters in the space common 

to the two spheres neutraliTie one another) is therefore the resultant force at 
P, due to uniform distribution of positive and negative matter in the two 
meniscuses formed by the non-coincident portions of the two spheres. Now 
let CC' become infinitely small, and p infinitely large, and denote by * the 
product pCC', which we may suppose to have any value we please. The two 
meniscuses become a continuous superficial distribution of matter over a 
single spherical surface, having for surface-density i cos $, at any point where 
the inclination of the normal to the diameter through CC is $. The re- 

iiri 

sultant force is parallel to this diameter and of constant value equal to -g- 
throughout the entire spherical space. 

A similar investigation gives the resultant magnetic force at any pmnt in 
the mtenor of a umformly magnetized ellipsoid; but m this case it is con- 
venient to consider components of magnetization and of force in the direc- 
tions of the three principal axes. Thus if a, y be the components oi 
magnetization, and t, Z the components of the magnetic force according 
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netization, and equal to 


47re\ 


and therefore the two balance one 


another for every point within the supposed hollow space. 
The resultant force is therefore zero throughout this space. 
Replacing now the magnetized material in the hollow space, let 
the uniformly magnetized hollow sphere be placed in a uniform 
field of force, and instead of “coercive power/’ let its substance 
be endowed with such inductive susceptibility in each part 
of it, that by induction it shall remain uniformly magnetized. 
The magnetizing force actually experienced by any spherical 
portion of it is the same as if the surrounding substance were 
removed. Hence different equal spherical portions of the 
whole require equal inductive susceptibilities to keep them 
equally magnetized; and as we may suppose these spherical 
portions to be as small as we please, it follows that the induc- 
tive susceptibility must be equal throughout, and that if the 
substance be seolotropic its quality must be throughout similarly 
related to the force of the field. Conversely, the inductive 
magnetization experienced by a globe of homogeneous substance 
devoid of “coercive power” when placed in a uniform field of 
force, must be uniform and in parallel lines ] 

3. If the sphere be of isotropic substance, the lines of its 


to the polar definition, we find 
__47r^a 


where ^23, -JC denote the three elliptic integrals which appear in (6) of 
§ 23, above, each with the factor >/(l - e^) \/(l - e'^) retained. These expres- 
sions depend only on the jiroportions of the axes, and therefore the resultant 
force 18 zero m the hollow space left, when from a uniformly magnetized 
ellipsoid any similar ellipsoidal poition with principal axes in the same direc- 
tions IS removed. Hence the demonstration of the text proves that an 
ellipsoid of homogeneous substance, susceptible of magnetic induction, becomes 
uniformly magnetized when placed in a uniform field of force. An obvious 
extension of § 626, below, gives the following equations for determining 
«) jS, 7 , the components of the magnetization, in terms of F, G, H, the com- 
ponents of the force of the field, /t, the principal susceptibilities, and 

(h w, n), (r, w', n'), {l"y m'\ n") the three principal inductive axes, all 
specified with reference to the directions of the three principal axes of figure 


+ Va + ^1-f-^- w'jS + w '7 =jj.' {FI' + G7n' +Hn') 

4- 4 fi"^ n"y-ix" {FI" Om" + Hn"), 
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raag^etization are in the same direction as the lines of force 
in die field into which it is introduced, and the intensity of 
magbetization is equal to the product of a constant (which may 
be called the inductive capacity of the substance) into the inten- 
sity of the magnetizing force. 

[For obvious reasons I now prefer a different definition of 
inductive quality ; and for the sake of brevity I prefer the one 
word susceptibility to the two inductive capacity.” Instead 
of the preceding definition, therefore, I shall henceforth adopt 
the following : — 

Definitim 1 . — The magnetic susceptibility of an isotropic sub- 
stance is the intensity of magnetization acquired by an infinitely 
thin bar of it placed lengthwise in a uniform field of unit mag- 
netic force. And I add ; — 

Definition 2 . — The magnetic susceptibility, in any direction of 
an ceolotropic substance is the longitudinal component intensity of 
magnetization experienced by an infinitely thin bar cut from the 
substance in that direction, and placed lengthwise in a uniform 
field of unit forcei] 

4. If the sphere be of crystalline substance, the lines of its 
magnetization may not in general be in the same direction as 
the lines of force of the field into which it is introduced ; and 
they are not so if the sphere, when free to turn round its centre, 
is observed to be not in equilibrium. 

611. Definition. — A principal axis of magnetic induction of a 
substance is a line in it, such that a spherical portion when in- 
troduced, with that line parallel to the lines of force, into a 
uniform magnetic field, becomes magnetized in the direction of 
those lines. 

Definition. — A principal inductive capacity of a substance, or 
the inductive capacity of a substance in the direction of a principal 
axis, is the coefficient by which the intensity of the magnetiz- 
ing force must be multiplied to obtain the intensity of mag- 
netization when a spherical portion is introduced into a uniform 
magnetic field, with a principal axis parallel to the lines of 
force. 

612. 5. Any substance has through every point of it^ three 
principal axes at right angles to one another ; and if the indue- 
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tive capacities with reference to three such axes be different, no 
other line through the same point is a principal axis*. 

6. If the inductive capacities with reference to two principal 
axes through any point of a homogeneous substance be equal, 
every line in the plane of these two, or parallel to it, is a prin- 
cipal axis, and the inductive capacities with reference to all 
these principal axes are equal 

7. If the inductive capacities with reference to three principal 
axes through any point of a substance be equal, every line 
through the substance is a principal axis, and the inductive 
capacities with reference to all directions are equal ; or the 
substance is destitute of inagnecrystallic properties. 

613. 8. A spherical portion of any homogeneous substance, 
supported in a uniform magnetic field in such a manner that it 
can turn freely in any manner round its centre which is immove- 
able, cannot be in equilibrium unless a principal axis be in the 
direction of the lines of force. If the three principal inductive 
capacities be unequal, the body will be in stable equilibrium 
with the principal axis of greatest inductive capacity, or in un- 
stable equilibrium with either of the two other principal axes, in 
the direction of the lines of force. If the two less principal in- 
ductive capacities be equal to one another, the body will be in 
stablet^ equilibrium with the principal axis of greatest inductive 
capacity in the direction of the lines of force, or in unstable 
equilibrium with the same axis perpendicular to the lines of 
force. If the two greater principal inductive capacities be equal 
to one another, the body will be in stable]; equilibrium with the 
plane of the corresponding principal axes parallel to the lines 
of force, or in unstable equilibrium with that plane perpen- 
dicular to the lines of force. 


* Such, it may be expected, will be the magnetic cmcumstances in the case 
of any transparent substance which belongs to the optical class of “ biaxal 
crystals j” and its three principal axes of magnetic induction will be the 
three rectangular axes deduced by Sir David Brewster from the “optic axes,” 
and known in the undulatory theory as the principal axes of elasticity of the 
medium in which the undulations are propagated. 

t “ In one respect the equilibrium might be said to be neutral rather than 
stable, since every position into which the body may be turned round the 
stable axis is g position of equihbrium. 

+ In two respects the equilibrium might be said to be neutral ; since every 
position into which thd body may be turned round the direction of the lines 
of force is a position of equilibnnm, and every position into which it may be 
turned m the plane of the stable principal axes is a position of equilibrium. 
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614. 9. If a spherical portion, of volume (t, of a substance of 
which the three principal inductive capacities are Ay B, and C, 
be held in a uniform magnetic field where the intensity of the 
force in absolute measure is R, with the three principal axes of in- 
duction inclined to the direction of the force, at angles of which 
the cosines are respectively I, m, w, it will receive a state of 
magnetization which is the resultant of three states of uniform 
magnetization ; one of intensity A . Rl, in the direction of the 
first principal axis; a second of intensity B. Rm, in the direction 
of the second principal axis ; and a third, of intensity C . Rn, in 
the direction of the third principal axis; and it will experience 
a turning action, of which the mechanical definition is a couple, 
of moment 

0 - . iJ’ . (mV {B - Cf + n’P {G-Ay + Pni‘ {A - By] K . .(1), 
in a plane of which the direction cosines* with reference to the 
three principal axes are respectively 

mn {B — C) nl (G—A) Im {A - B) 

1 ) ’ 5 ^ 

where D denotes the square root of the sum of the squares of 
the numerators of those three fractions, or the third factor of 
the preceding expression. 

615. 10. If the sphere be infinitely small, and if it be put into 
a uniform or non-uniform field of foice, the entire action which 
it experiences, whether directive tendency or tendency to move 
from one part of the field to another, is defined by the following 
proposition : — 

The quantity of mechanical work which is required to bring 
the body from a position where the intensity of the force is R, 
and its direction cosines with reference to the three principal 
inductive axes I, m, n, to a position where the intensity of the 
force is E, and its direction cosines with reference to the three 
principal inductive axes in their new positions I'y n, is 
equal to 

y [{Al’^ + Bm'^ + Cn^) E ^ - + Bm^ + Cn^) B^\ (S). 

11. If .4 = 5 = (7, this expression becomes simply 
{E^-R^), and the proposition is equivalent to the mathe- 

* Or the cosines of the inclinations of a perpendicular to the plane, to the 
three axes. 
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matical expression of Faraday's law regarding the tendency to 
places of stronger or of weaker force, of ferromagnetic or dia- 
magnetic non-crystalline substances, on which some remarks 
[reprinted, §§ 647 — 668 below] are published in the Philoso- 
phical Magazine for October 1850. 

616. 12. If, without moving its -centre, the ball be turned so 
that its three principal axes shall successively be in the direction 
of the lines of force (the field being non-uniform, but the body 
infinitely small), it will in each position experience a force in the 
line of most rapid variation of the “force of the field but the 
magnitude of the force will in general differ»in the three posi- 
tions, being proportional to A, B, and C respectively*. If 


* Thus a ball cut out of a crystal of pure calcareous spar, which tends to 
turn with its optic axis perpendicular to the lines of force, and which tends 
as a whole from places of stronger towards places of weaker force, would 
experience this latter tendency less strongly when the optic axis is perpen- 
dicular to the lines of force than when it is parallel to them , since, accord- 
ing to § 612 of the text, the crystal must have greatest inductive capacity or 
(the language in the text being strictly algebraic when negative quantities 
are concerned) least capacity for diamagnetic induction perpendicular to the 
optic axis I am not aware that this particular conclusion has been verified 
by any experimenter ; but I am informed (Oct 25, 1850) by Mr Faraday, 
that he finds a piece of crystalline bismuth to experience a different “ repul- 
sion” according as it is held with its magnecrystallic axis along or perpen- 
dicular to the lines of force in a non-uniform field, the repulsion being less 
m the former case than in the latter, which agrees perfectly with the conclu- 
sions of the text, since, as a ball of bismuth would tend to place its magne- 
crystallic axis along the lines of force, that axis must, according to § 612, be 
the principal axis of greatest inductive capacity, or, bismuth being diamag- 
netic, the axis of least diamagnetic capacity. 

It IS right to add, that what, according to the theory explained in the 
text, must be the correct explanation of the peculiar phsenomena of magnetic 
induction depending on magnecrystallic properties, was clearly stated in the 
form of a conjecture by Faraday in his 22d Series (2588) in the following 
terms’ — “ Or we might suppose that the crystal is a little more apt for mag- 
“netie induction, or a little less apt for diamagnetic induction, in the direc- 
“tion of the magnecrystallic axis than in other directions. But, if so, it 
“ should surely show * * * in the case of diamagnetic bodies, as bismuth, a 
“difference in the degree of repulsion when presented with the magne- 
“ crystallic axis parallel and perpendicular to the lines of magnetic force 
“(2552); which it does not do.” (Read before the Royal Society, December 7, 
1848.) The failure of the first experiment (2552) to detect this difference of 
action need not be wondered at, when we consider how minute it must probably 
be, and the conjecture, apparently abandoned at the time by the author for 
want of experimental support, may be considered as fully established by his own 
®^°®®^uent experimental researches. 

[The following appeared in the Philosophical Magazine for 1851, second half- 
year, under the title “Magnecrystallic Property of Calcareous Spar”; — 

Extract from letter to the Editors. 

^lasgow College, Nov. 7, 1851.— * * * * In the passage, as originally 
published (line 4 from beginning of foot-note), the word “ more” occurred in the 
place of “less.” The mistake was pointed out to me last April by Professor 
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edch of these quantities be positive, the force on the ball in 
each position will be in the direction in which the force of the 
field increases ; if any one of these quantities be negative, the 
force on the ball when the corresponding principal axis is in the 
direction of the lines of force, will be in the contrary direction 
or that in which the force 0 / the field decreases most rapidly. 

617. 13. If A, B, and Che all positive, the body is called ferro- 
magnetic ; if they be all negative, it is called diamagnetic. No 
substance has as yet been found to have some of the quantities 
A, B, G positive, and others negative. 

618. 14. If the inductive capacities be very small, all the pre- 
ceding conclusions will be applicable to the actions experienced 
by bodies in air (ferromagnetic), or in any magnetizable fluid 
of either ferromagnetic or diamagnetic inductive capacity, pio- 
vided, instead of the absolute inductive capacities of the sub- 
stance in each case, we use for A, B, and C, or for the 
“ principal inductive capacities ” in the verbal enunciations, 
the excesses of the absolute principal inductive capacities of 
the substance, above the inductive capacity of the fluid. 

619. Curious experiments might be made by means of a vary- 
ing field of force occupied by a magnetizable fluid, and a ball of 
crystalline substance allowed to move freely in the line of most 
rapid variation of the force If the inductive capacity (whether 
positive or negative) of the fluid be intermediate between the 


Stokes, and I immediately requested you to correct it, which you accordingly did 
by an intimation in the “ Errata ” When the perplexity occasioned by the 
mistake is removed, it is obvious to any one reading the passage carefully, that 
the mistake itself was only a slip of the pen, as at^the conclusion of the sentence 
it 18 asserted that a crystal of pure calcareous spar must have the ^Heast capacity 
for diamagnetic induction, perpendicular to the optic axis ” 

This conclusion is verified by Dr Tyndall, who describes experiments, in a 
paper published in your September Number, by which it appears that the dia- 
magnetic inductive capacity of calcareous spar in a direction parallel to the 
optic axis 18 to its diamagnetic inductive capacity perpendicular to the optic axis 
as 57 to 51.— I remain, gentlemen, your obedient servant, 

William Thomson. 

[We have also received a communication on this subject from Mr Tyndall, 
who in reference to a note received by him from Prof. Thomson, wntes as 
follows.— “I have only to say that the facts are precisel,y what they are here 
“ stated to be. Previous to writing the remarks in question, I looked to the 
“ Errata, but not it seems with sufficient attention, for Professor Thomson’s cor- 
“ rection escaped me. Not only do our results agree in principle, but the saih 
“ substance and form of substance which Professor Thomson had referred to m 
“ illustration of his theory was unwittingly examined by me in Berhn, and t 
“exact result which he had theoretically predicted arrived at by way 01 expo 
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greatest and the least of the absolute principal inductive capa- 
cities of the substances, the ball will be urged from places of 
weaker towards places of stronger force when its axis of 
greatest inductive capacity is placed along the lines of force, 
and in the contrary direction when the axis of least inductive 
capacity is placed in the same direction. 

It would be easy to adjust the strength of a solution of sul- 
phate of iron so as to satisfy this condition for a ferromagnetic 
crystalline substance; but there might be great difficulty in 
demonstrating by experiment the existence of the forces, on 
account of their feebleness. 

Appendix. 

Quotations from Poisson regarding Magnecrystallic Action. 

620 . la forme des dldmens pourra aussi influer 

“ sur cette intensity ; et cette influence aura cela de particulier, 

“ qu elle ne sera pas la m^me en des sens diffdrens. Supposons, 

“ par exemple, que les dldmens magndtiques sont des ellipsoides 
“dont les axes ont la m^me direction dans toute I’dtendue 
“d'un m^me corps, et que ce corps est une sphke aimantde par 
“influence, dans laquelle la force coercitive est nulle; les 
“attractions ou repulsions quelle exeicera au-dehors serofit 
“diffdrentes dans le sens des axes de ses e'ldmens et dans tout 
“autre sens ; en sorte que, si Ton fait tourner cette sphere sur 
“elle-meme, son action sur un meme point changera, en gdneral, 

“ en grandeur et en direction : mais, si les dldmens magadtiques 
“sont des spheres de diamdtres dgaux ou indgaux, ou bien s’ils 
“s’dcartent de la forme sphdrique, mais qu’ils soient disposds 
“sans aucune rdgularitd dans Fintdrieur d un corps aimantd par 
“influence, leurs formes n’influeront plus sur les rdsultats qui 
“ddpendront seulement de lasomme de leurs volumes, comparde 
“au volume entier de ce corps* et qui seront alors les memes en 
“ tout sens. Ce dernier cas est celui du fer forgd, et sans doute 
“aussi des autres corps non cristallisds dans lesquels on a 
“ observd le magndtisme : mais il serait curieux de chercher si 

premier cas n’aurait pas lieu lorsque ces substances sont 


[This error was corrected by Poisson himself in a subsequent memoir.] 

31—2 
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^ cristallisdes ; on pourrait 8*en assurer par Texp^rience, soit en 
approchant un cristal d’une aiguille aimantde, librement sus- 
'^pendue, soit en faisant osciller de petites aiguilles tailMes 
** dans des cristaux en toute sorte de sens et soumises k Taction 
** d’un trbs fort aimant.” — Pp. 258, 259, Mimoire sur la ThMe 
du MagnMsme, par M. Poisson. Lu a TAcaddmie des Sciences 
le 2 Fdvrier, 1824. M^m. delTnst. 3821-22. Paris, 1826. 

“ la forme des dMmens et leurs positions par rapport 

aux plans fixes des coordonndes a?, y, z, peuvent influer sur 
‘'T^tat magn^tique de A, et sur les attractions ou repulsions 
“ qu’il exerce au debors. II pourrait m^me arriver que cette 
" influence ne ffit pas la meme en tout sens, en sorte que, si A 
"dtait une sphbre homogbne, et qu’on fit tourner ce corps sans 
“ deplacer son centre et sans rien changer aux forces exterienres 
“ ou ^ la fonction F, les actions magnetiques de A changeraient 
“neanmoins en grandeur et en direction. Ce cas singulicr, 
“que nous avons dej5/ indique'dans le preambiile de ce Memoiie, 

“ ne s’etant pas encore presentd h Tobservation, nous Texclurons 
“ de nos recherches, quant a present, et nous allons, en consti- 
“quence, determiner les relations qui doivent exister entre a', 

** fi', y*, et les quantites a^, %f, pour qiTil n'ait pas lieu.” 

— Ibid, p. 278, 

m 

621. The following explanation may serve to give an idea of 
Poisson’s mode of treating the subject of the last quotation, and 
to show the relation it bears to the theory of which an outline 
has been given above. 

A sphere of any homogeneous magnetizable substance being 
placed in a uniform field of force, intensity E, let the direction 
of the force make angles whose cosines are I, m, n with three 
rectangular axes fixed relatively to the substance ; and let a, 
y be the components of the induced magnetization. Poisson 
deduces, from his hypothesis of magnetic fluids, equationsj 

* Component intensities of magnetization. 

t Components of the magnetizing force. , . 

X The products of the fost members of Poisson’s three equations in p 
of his first Mimoire^ into k, the ratio of the sum of the volumes of the magneti 
elements to the whole volume of the body, are respectively equal to the thre 
components of the intensity of magnetization (a, 7); and \i A, B, etc , 

taken to denote the values of the products of h into Poisson’s coefficients r, v. 
ptn . resnectively, the equations in the text ooineide with those of Poisson, 
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which are equivalent to the following t — 

a.=^{Al -vBm AG"n)R\ 

^^{A^'UBm ■hG'n)R\ (4), 

7 ={A'l -tB"m+Gn)R] 


where A, B, etc., are coefficients depending solely on the nature 
of the substance. These equations are deducible from the 
axioms and the h}?pothetical principle of the superposition of 
magnetic inductions, stated above, without the necessity of 
referring at all to the hypothesis of “fluids.’’ All that remains 
of Poisson’s theory is confined to the case of non -crystalline 
matter, with reference to which it is proved that A, B, and G 
must be equal to one another, and that each of the other six 
coefficients must vanish; and there is nothing to indicate the 
possibility of establishing any relations among the nine co- 
efficients which must hold for matter in general. I have found 
that the following relations, reducing the number of independent 
coefficients from nine to six, must be fulfilled, whatever be the 
nature of the substance: — 

B" = G\ r = A"=:B' (5), 

the demonstration [added below, § 622] being founded on no 
uncertain or special hypothesis, but on the principle that a 
sphere of matter of any kind, placed m a uniform field of force, 
and made to turn round an axis fixed perpendicular to the lines 
of force, cannot be an inexhaustible source of mechanical effect. 
All the conclusions with reference to magnecrystallic action enun- 
ciated in the preceding abstract are founded on these relations. 

[622. Demonstration: January 1872. — Because the field of 
force is uniform the dynamical action experienced by the mag- 
netized sphere if of unit volume consists simply of a couple 
(§ 499) whose components are 

{^n — ym) R, {yl — an) R, (am — /SI) R (6), 

expressions which show that the axis of the resultant couple is 
perpendicular to (/, m, n). Now remembering that the axes of 
eo-ordinates are fixed relatively to the substance, suppose it to 
be turned, carrying OY and OZ with it round the axis OX, 
through an infinitesimal angle d(l>; and let (f) denote the angle 
between the plane YOX and the plane of OX and (I, m, n). 
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Tile work done by the magnetized substance during this motion 

will be (?wfy -- nfi) Bd<l> (7), 

which, if we put I — cos 6, m = sin 6 cos <f), n- sin 6 sin cf), and 
use (4), becomes 

{sin ^ cos d (A' cos 0 - A" sin <f>) + sin® 6 [((7 - B) sm 0 cos 0 + B" cos® (p 

- (7'sin®0]} (8) 

Integrating this expression from ^ == 0 to <^ = 27 r, we find 
Esm^e(B"~C')7r, 

* for the integral amount of work done during a revolution round 
OX. But this must be zero, for avoidance of the “ perpetual 
motion*,” since the body is brought back to its primitive position 
and physical condition at the end of the motion; and therefore 
B" — O'. Similarly, by turning the body once round the axis 
OF, we prove that 0"= A', and by turning it round OZ we 
prove that A' = B'. Thus are established the three relations 
between the co- efficients expressed by equations (5) above. 

623. To find a symmetrical expression for the work done in 
any infinitesimal rotation, remark that when I is constant we 
have 




dm _ dn 
n m ‘ 

Hence (my — n^) d(f> = ydn + jSdm. 

Hence by (7) and corresponding expressions for the work done 
in infinitesimal rotations, round 0 F and OZ^ we find for the 
whole work, dQ, done by any infinitesimal rotation whatever 

dQ~R (adl + /3dn + ydm) (9). 

Using in this for a, y, their expressions by (4), as linear 
functions of 1, m, n, and looking to the relations (5) established 
between the coefficients, we see that dQ is a complete differ- 
ential of a quadratic function of I, m, ?^, as if these were three 
independent variables ; and therefore by integration 

$ = J -f- Bm^ + Cn^ -f 2amn -1- 2bnl + 2clm) . .(10), 
where a, b, c denote respectively the value of either members of 
the three equations (5). Hence by differentiation and compari- 
son with (4), 

3 = W. ( 11 ), 


and 


Bd/ ’ ^~Bdm‘ ^ Rdn 

Q~ l(alA- -^-yn) R 


. ( 12 ). 


See below, § 670, footnote. 
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This is necessarily equal to the exhaustion of energy (Thomson 
and Tait’s Natural Philosophy, § 549) in letting the globule 
come from any place of zero magnetic force, into its actual 
position in the supposed magnetic field. Compare § 732, and 
§ 722 (70) bis, and § 503 (2). 

624. The elementary theory of the transformation of quad- 
ratic functions shows how, when A, B, 0, a, h, c are known for 
any one set of three rectangular axes in the substance, we cam 
find determinately by aid of the solution of a cubic equation, a 
set of three rectangular axes such that if we take them for axes 
of X, Y, Z, the coefficients of mn, nl, Im will vanish In the 
transformed quadratic function, and we should have simply 


' + (13), 

and a — AIR, = BmR, y = CnR (14). 

Hence the propositions of §§’612, 613, 614.] 


XXXI. Magnetic Permeability, and Analogues in Electrostatic 
Induction, Conduction of Heat, and Fluid Motion. 

Maich 1872. 

625. Supposing the coefficients A, B, C, and a, b, c of 
§§ 621 — 624, (5) and (10), to be known for a particular set 
of axes in a substance susceptible of magnetic induction, let it 
be required to find its susceptibility for magnetization m any 
given direction. Let a sphere of the substance be placed in a 
uniform field of force having components F, G, H parallel to 
the axes of co-ordinates. By § 623 (11) we have for the com- 
ponents of magnetization 

a^AF-\-cG + hH\ 

P = cF BG + aH \ (1); 

y^bF+aG+GH] 

and denoting by i the intensity of the resultant magnetization, 
and I, m, n its direction-cosines, 

7=V(a^ + /3» + 7^) (2), 

t = -7, m-~, n — ~ (3). 

i i* i 

Conceive now an infinitely thin bar of the substance, of any 
length along the lines of magnetization, to be removed. The 
iiiagnetic force in the hollow space will be compounded of the 
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f 

of the field {F, Q, H) and the force due to the free surface- 
pollurity of the sphere; and therefore (§ 610, 2 , foot-note) if we 
denote by X, F, Xits components, we have 

X==^F-~, ...{i). 

o o o 

It is this which is the magnetizing force actually experienced 
by the bar in its position as part of the sphere. The magnet- 
ization induced by it is of intensity + + and is in 

the direction of the bar's length. Hence the magnetic suscep- 
tibility of the substance in the direction (3) of this bar is 

+ ^ 

To find the magnetic susceptibility in any direction {I, m, n) 
explicitly in terms of I, m, n and the co-efficients J, B, C, a, b, c, 
all that is necessary is to eliminate a, /5, 7 , X, F, Z, F, G, H 
from (5) by means of the nine equations ( 1 ), (3), (4) The 
algebraic process required involves only the solution of the 
thiee linear equations ( 1 ) for X, G, H. The simplified solution 
given in the following section may be regarded as algebraically 
equivalent to an expression of the preceding direct solution in 
terms of symmetrical functions of the roots of a cubic equation, 

626. To simplify let the axes of co-ordinates be chosen in 
the direction of the three principal axes (§ 611) of magnetic 
susceptibility. This makes a~0, 6 = 0 , c = 0, and we have 
a = ^X, = 7 = (6), 

Z= F, Y=(i- G, Z= ) H (7). 

Hence by (5), (3), and ( 2 ) we have, for the magnetic suscepti- 
bility in the direction I, m, n, 


^ A B ^ ia\ 

where ‘'=— 

^■“3“ 3 3 

627. The coefficients denoted in (9) by X, g, v are the three 
principal magnetic susceptibilities, as we see ^ by considering 
the cases in which (Z, w, n) coincides with the axes of co- 
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ordinates. By equations (9), conversely, for the inductive mag- 
netization of a sphere when its principal susceptibilities X, v 
are given, we find 








47r ’ 

1 + y^ 


a= 


- 47r 


.( 10 ). 


628. In the exposition of Faraday’s great electro -static 
discovery, given above (§§ 36 — 50), I pointed out a perfectly 
close analogy between the mathematical theories of the electro- 
polar induction which he found to be experienced by insulators 
m a field of electric force, of the inductive magnetization of 
ferromagnetics, air, and diamagnetics, and of the conduction 
of heat through. a heterogeneous solid. This volume will end 
with a fourth analogy (§§ 751 — 763, below), in which it will 
be shown that precisely the same laws and mathematical ex- 
pressions are applicable to the flow of a frictionless incom- 
pressible liquid, through a porous solid of infinitely fine texture, 
when the motion of the liquid is throughout irrotational (or 
such as may be produced from rest by any motion given to the 
boundary of the liquid). The singular combination of mathe- 
matical acuteness, with experimental research and profound 
physical speculation, which Faraday, though not a “mathe- 
matician,” presented, is remaikably illustrated by his use of 
the expression, conducting power of a magnetic medium for lines 
of force, referred to in the foot-note to § 44, above. The ana- 
logue corresponding to conducting power of a solid for heat, or, 
as it is shortly called, “thermal conductivity,” is, in electro- 
static induction, the “specific inductive capacity” of the 
di-electric; in magnetism it is not what has hitherto been 
called magnetic inductive capacity, — a quality which is negative 
in diamagnetics, but it is Faraday’s “conducting power for 
lines of force;” and in hydrokinetics it is (§ 753, below) flux 
per unit area, per unit intensity of energy. The common word 
“permeability” seems well adapted to express the specific 
quality in each of the four analogous subjects. Adopting it 
we have thermal permeability, a synonym for thermal con- 
ductivity; permeability for lines of electric force, a synonym 
for the electro-static inductive capacity of an insulator; mag- 
netic permeability, a synonym for conducting power for lines 



of n^ignetic force; and hydrokinetic permeability, a name for 
tho ipecific quality of a porous solid, according to which, when 
placed in a moving frictionless liquid, it modifies the flow. 

629, To find the relation between what has been called above 
magnetic susceptibility and magnetic permeability, consider a 
body with no intrinsic magnetization (§ 698, below) surrounded 
by air in a magnetic field. Let A be any infinitesimal area of 
its surface cutting perpendicularly one of the three principal 
inductive axes of the substance in its neighbourhood. Let ^ 
be the normal component of the magnetization induced in the 
substance infinitely near A ; and let If, N' be the values of 
the normal component force at external and internal points 
infinitely near A, the latter according to the polar definition 
(§ 517, Postscript). We have [§ 473 (1), and § 7] 


W' = W-47r^ (11). 

Let now p be the magnetic susceptibility in the direction of the 
normal, so that (§610, 8, definition 2) we have 

(12). 


Eliminating ^ from this by (11), we have N' ^N-iirpN', 

and therefore N ^ 

j^=l + 47r/^ (13). 

Hence (compare § 44, above) 1 + ^rrp is the magnetic permea- 
bility of the substance in the direction of its principal axis 
perpendicular to A. Thus we see that if p, p, p" denote the 
three principal magnetic susceptibilities of a substance, and 
tar, tsr', its principal magnetic permeabilities, we have 

OT = 1 -f 47r/4, tar' = 1 4- 4iTrp, tsr" = 1 -f ^irp!' (14). 

630. Experiment has hitherto given but little accurate know- 
ledge of the magnetic susceptibilities of different substances. 
Comparisons of the susceptibilities of diamagnetics and feeble 
ferromagnetics with one another and with that of iron have 
been attempted ; but the only determination in absolute measure 
hitherto made or even attempted is that of Thalen* for iron. 
He found the magnetic susceptibilities of different specimens 
to be very different. The greatest susceptibility which he found 

* “Eecherches eur les propri^t^s magn^tiques du fer.'’ Par T. B. Th^°‘ 
Extrait des actes de la Soci^t6 BoyaJe des Sciences d’Upsal. S^rie ui. 
iv. Upsal, 1861. 
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was in some specimens of the best soft iron, and amounted to 
about 45. “ Coercive force,” the laws of which are at present 
wholly unknown, exists to a great degree in all varieties of 
iron and steel, including the softest iron ; and varies very much 
in the same specimen with its state of temper. It complicates 
excessively every investigation regarding the inductive quali- 
ties of iron and steel. On the other hand (and particularly 
now that the British Association has given to experimenters 
standards of electric resistance in absolute electro-magnetic 
measure* and important contributions towards the general 
practice of the absolute system) it is a very easy thing to 
measure, with some degree of accuracy, the absolute value of 
the inductive quality of substances destitute of coercive force. 
(All fluids are necessarily so ; and, as stated in § 609, it is pro- 
bable that all diamagnetics, and all homogeneous substances 
of feeble ferromagnetic quality, are nearly so.) As yet no such 
measurement has been made, but it is to be hoped that before 
long some experimenter will take up the subject. 

631. Thaldn’s number, 45,giyes, according to (14), l-f47rx 45, 
or about 566 for the permeability of the best soft iron. It has 
been stated that the inductive susceptibility of cobalt is greater 
than that of soft iron, but this seems to be by no means certain; 
and I believe it is certain that all other substances hitherto 
experimented on are less susceptible than iron. The permea- 
bilities of all ferromagnetics exceed unity, but only by very 
small fractions, except the few so-called magnetic metals, or 
substances containing them in large proportion. It is also 
remarkable that no substance has been discovered for which 
the permeability falls short of unity by more than a very 
minute fraction, as is shown by the extreme feebleness of the 
forces due to diamagnetic induction in all cases which have 
been hitherto observed. If we knew something instead of 
nothing of the molecular theory of magnetic induction, we 
should probably see that the permeability of every substance 
must be positive. 

* British Association Committee on Electric Measurement, appointed first 
in the year 1860, and reappointed after that from year to year. A reprint 
of its successive Reports collected is being made by the Committee, with 
permission of the Council of the British Association, and will soon be ready 
for publication in a separate form, [Published m 1873 by E, and E, N. Spon, 
bondon, under the title of “ Reports of Electrical Standards,’^ edited by Prof. 

F. Jenkin. RR S.. LL.D.l 
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Diagrams of Lines of Force; to illustrate Magnetic 
Permeohility. [May 29, 1872.] 

632, The differential equation for lines of force in void space 
resulting from the Newtonian law is always integrable when 
the distribution is symmetrical round an axis, as was first 
shown in an article “On the Equations of Motion of Heat 
referred to Curvilinear Co-ordinates” in the Cambridge Mathe- 
matical Journal, Nov. 1843 [Art. ix. of my “Keprint of Mathe- 
matical and Physical Papers,” Vol. I. University Press, Cam- 
bridge, 1882.] thus : — In the case of symmetry round an axis, 
take for co-ordinates x along the axis of symmetry, and y per- 
pendicular to it in any plane through it. Laplace and Poisson’s 
equation becomes 

d^V PV IdV , 

■ + = ~ V* 


dP df 


Therefore through void space. 


ydy 


^ PV 

dx^ dy’^ ^ y dy 


,.(1). 


The differential equation of the lines of force is 


dy dx 


This, in virtue of (1), is rendered integrable by the factor y, and 
therefore the integral equation of the lines of force is 


where 


k 


For example let 


dV 


V= 


= const., j 


-2/^4) = f} 

(2). 

_ & 




so that the distribution of force is that of a uniform field, of 
intensity F, disturbed by the presence of an infinitesimal 
magnet, of magnetic moment fi, placed with its magnetic axis 
parallel to the lines of the undisturbed force. We find 




H'V 

(is' + y')S 




which, if we put 


gives 


^ = a', and ^ = 6*. 


• W; 
•( 6 ). 
•( 6 ); 


-t „ 
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On account of the double sign of the radical in (6) we may, 
without loss of generality, suppose a always positive ; and the 
branches of the curves corresponding to negative values of the 
radical will then correspond to the case in which the magnet 
is placed in the position in which, if it were rigidly magnetized, 
and free to turn, its equilibrium would be unstable. In these 
branches, which for brevity will be called exflected, 'if is every- 
where greater than while in the branches corresponding to 
a magnet placed in position of stable equilibrium, which will 
be called inflected, 'f is everywhere less than V. Of the 


Eadius of Circle = a. 
Y 



r 


Fig. 1. 

annexed woodcuts* fig. 1 represents the entire series of both 
sets of branches for all positive values of F'] fig. 2 the whole 
series of inflected branches ; fig. 3 the whole series of exflected 
branches; and figs. 4, 5, 6, 7 selections from the two sets to 
illustrate inductive influences of spherical bodies of various 
qualities, placed in a uniform current of incompressible friction- 
less liquid, or in uniform fields of electric or magnetic force. 

* From photographs of large-scale diagrams calculated from equation (7), 
and drawn for the Natural Philosophy Class in the University of Glasgow 
about twenty-three years ago by Mr. D. Macfarlane, to illustrate fluid motion 
^nd tbe allied subjiBcts of physical mathematics, 
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The |wo double points shown in figs. 1, 2, and 4 correspond to 

6=l‘6x« 

« 1‘4 „ 

«1-2m 

«=l-0 „ 

=» '8,, 

= 6 
= 4 
= -2 
«a 0 
« - 2 , 

“ 4 , 

“ 6, 

= 8, 

= 10 , 

= 12 , 

= 14 „ 
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Fig. 4 represents the lines of electric force in the neighbour- 
hood of an uncharged insulated metal globe placed in a uniform 
field of electric force. It also represents (§ 631) without sensible 
distinction the lines of magnetic force in the neighbourhood of 
a globe of soft iron in a uniform magnetic field. Fig 6 repre- 
sents the stream lines of a frictionless incompressible liquid 
passing a fixed spherical obstacle. 


633. To investigate the relation of the lines of force in the 
neighbourhood of a solid globe of any ferromagnetic or dia- 
magnetic homogeneous material destitute of intrinsic magnet- 
ism, put into a uniform magnetic field, with one of the three 
principal axes (§ 611) if the substance be not isotropic, placed 
parallel to the lines of force : — Let -cr be the permeability of the 
substance (§ 629) and r the radius of the globe. The induced 
magnetization being (§ 610) uniform, and parallel to the lines 
of force of the field, its action through external space will 
(§ 610, foot-note) be the same as that of an infinitely small 
magnet at its centre. Hence, using the notation of (5) in (3), 
and instead of admitting the negative sign for the radical, 
taking the proper diamagnetic formula by itself, we have 


“n (ferromagnetic) 

— aJ'x ) , „ . . 

~ n (diamagnetic) 

for the potential in external space due to the magnetism of the 
globe and the uniform force of the field. Throughout the in- 
ternal space the force is (§ 610, foot-note) uniform, and its 
potential must be of the form Ox, Choosing C so that at the 
surface of the sphere (radius r) the external and internal poten- 
tials shall be equal, we find 


(external) 




(internal) 


7= - 2 j X (ferromagnetic) 

7= ~ -f- 2 ] a?... (diamagnetic) 

^ \r / ) 


..(9). 


From this and (8) we find, for the force at any point in the 
T j 32 



(external) 
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axis of ^ 

F {l (ferromagnetic) 

X = F (diamagnetic) 

i pj . . . . ..(ferromagnetic) 

: X i pj (diamagnetic) 


[xxxir. 


.( 10 ); 


and 


(internal) 


...( 11 ). 


For points in the axis of x infinitely near one another x — r, 
and (§ 629) we have 

X (external) _ 

X (internal) 

Hence, by (10) and (11), 


2 1 + - 


2 ~- 


(ferromagnetic) 


2 1 




■ 


-r 


. (diamagnetic) 


.( 12 ), 


or (resolving for r) 

»• = «^ (ferromagnetic) 

(diamagnetic) 

For great values of ot we have 

approximately . . . 


.(1.3). 


1 + 


.(14). 


^^2 

Hence for such values of ot as those discovered in soft iron by 
Thaldn (§ 631 above) the value of r would be only greater by 
about ^ part than that shown in fig. 4. The circles shown 
in figs. 5 and 7 were described with radii chosen at random. 
By measuring them in proportion to a in each case, I fiad 
the permeabilities of the inductively magnetized globes, whose 
influence on the lines of magnetic force is represented in those 
diagrams, to be respectively 2*8 and *48. 



XXXIII.] Attrmtim of Ferrmagneik^. 499 

XXX Ilf. On the Forces experienced hy Small Spheres mAer 
Magnetic Influence; and on some of the Phenomena pre- 
sented hy Diamagnetic Substances. 

[From the Cambridge and Dublin Mathematical Jownal, May 1847.] 

634. The circumstance that a magnet* attracts small pieces 
of iron, is the phenomenon of magnetism which was first ob- 
served ; and an analogous action, presented by rubbed amber, 
first drew attention to the phenomena of electricity. Now it 
has since been discovered that no mutual attraction or repulsion 
between two bodies can result from magnetism in one, unless 
the other be also magnetized, and that no electric force can 
exist unless each body be electrically excited. Hence it ap- 
pears that the forces originally observed are the consequences 
of a temporary magnetic or electric state induced in a neutral 
body, when placed in the neighbourhood of a magnet or of an 
electrified body. 

In the following paper the law of such phenomena with 
reference to magnetism f is considered. It is easily shown 
however that, by taking f = 1 in the formulae obtained below, 
the corresponding results for small insulated conductors, elec- 
trified by influence, may be obtained, although the physical 
problems are entirely distinct. 

635. We may commence by considering the case of a small 
sphere of soft iron, or of any other substance susceptible of 
magnetic induction; and it is easily shown that the formulae 
expressing the results may be applied to the case of a small 
cube by merely altering the value of a certain coefficient ; and 
m general to the case of a small portion of matter of any 
form, such that in whatever way it be turned, the resultant 
axis of magnetization, for the whole mass, shall coincide with 
the direction of the magnetizing force. 


* Originally a piece of magnetic iron-ore or loadstone. The term may now 
be applied to any mass possessing permanent magnetism, and may even be 
extended to a galvanic wire of any form. 

t This has not been made the subject of a special investigation by any 
writer, so far as I am aware, although the nature of the result, in the case 
of magnetism, appears to be entirely understood by Mr Faraday. Thus, 
from § 2418 of his Experimental Researches [quoted below, in the text (§ 64^)] 
we might infer that a small sphere or cube of soft iron would in some cases be 
“urged along, and in others obliquely or directly across the lines of magnetic 
force;” and that all the phenomena would resolve themselves into this, that 
Buch a portion of matter, when under magnetic action, tends to move from 
places of weaker to places of stronger force, 


32-2 
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^ t86. It is well known [and proved in § 609 above] that if 
a imall homogeneous sphere of soft iron, or of any other 
substance susceptible of magnetic induction, be placed in the 
ne^hbourhood of a magnet, it will become uniformly magnet- 
ized, throughout its mass, with an intensity numerically ex- 
pressed by multiplying the magnetizing force, by a coefficient 
independent of the dimensions of the sphere. Thus if R denote 
the resultant force of the magnet, or the force that it would 
exert upon an imaginary unit of magnetism, at the position 
occupied by the sphere, of which we suppose the dimensions 
to be so small that R has sensibly the same value and direction 
throughout; and if k be the intensity of the induced magnetism; 
we have 

m- 

where i is a proper fraction (nearly equal to unity for soft iron) 
depending on the capacity of the substance for magnetic in- 
duction. 

637. If the force R were rigorously constant in magnitude 
and direction throughout the whole space 8 occupied by the 
sphere, then there would be no resulting force tending to move 
the sphere ; as, for example, we may conceive it to be, without 
committing an appreciable error, in the case of a ball of iron of 
any ordinary dimensions magnetized by the terrestrial force. 
In the investigation which follows we shall therefore have to 
consider the small variation of R through the space 8, but 
although considering the effect of this small variation in caus- 
ing a moving force upon the magnetized sphere, we may neglect 
the deviation from rigorous uniformity of magnetization which 
it will produce. 

688. Let X, Y,Z be the components of R at the point {so,y,z), 
which may be taken as the centre of the small sphere. At any 
point {x -f-/), (y g), {z -I- h), in the sphere, we shall have, for 
the components of the resultant force due to the magnet, 

^AY.dY , dY. 
y dZ . dZ dZ , 

Z+-T-f+—9 + j:h. 
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By consideriDg the efifects of these forces upon the elements (as 
for instance thin bars, in the direction of magnetization) into 
which the magnetized sphere may be supposed to be divided, it 
is easily shown [§ 500 above], as has also been done by Poisson, 
that the components of the resulting force on the sphere are 
given by the equations 





dX 


' dx 

7 . 

<^y 

, K(T .m-\- -Y- 
az 

.Ko-.n, 

G-^ 

dJ 

1 . dY 

dY 


dx ' 

dy 

/CO* . 777 + -T- . 

dz 

KG . 77 , 

ir= 

_dZ 

, dZ 

dZ 


dx ‘ 

K(T . t+-T- . 

dy 

/fcr . W + -7- , 

dz 

KG .n^ 


where cr is the ’Volume of the sphere, and I, m, n the cosines 
of the angles made by the direction of magnetization with the 
axes. Now since this direction is that of the force E, we have 
j X Y Z 
^~R‘ '^~R’ ”~R' 


Hence, since y—i.K we have 
47r 


rr 3/ 


dX^ „dX\-\ 
~dy'^^ dz) 


3i (ydY ^ydY^„dY 
^ Si / ydZ ^dZ ydZ\ 


G 


.( 2 ). 


639. Now if R be due to any magnet, or to a closed galvanic 
current, Xdx 4* Ydy + Zdz is necessarily a complete differential, 
and therefore we have 

dY_dZ dZ_dX dX_^dfY 

dz dy' dx dz * dy dx ^ 

Modifying the second members of (2) by means of these equa- 
tions, we find 


F-. 

Si 

( ^dX rrdY r^dZ\ 

Si 
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dR' 
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"47r°' 
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...( 4 ). 
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Frdin we deduce 

Fdx+Ody-¥Hdz=^^c.RdR = d{^^(T.B?y. .{5), 

Which expresses fully the result of equations (4). 

640. The interpretation of this result shows that a sphere of 
soft iron is urged in the direction in which the magnetizing 
force increases most rapidly; the components of the force in 
different directions being expressible by the differential coeffi- 
3 

cients of the function Thus in some cases it may 

actually be urged across the direction of the magnetizing force. 
For instance, if a ball of soft iron be placed symmetrically with 
respect to the two poles of a horse-shoe magnet, and at some 
distance from the line joining them, it will be urged towards this 
line in a direction perpendicular to it, although the magnetizing 
force is parallel to it ; or if the magnetizing force be due to a 
straight galvanic wire, a ball of soft iron will be attracted to- 
wards the wire, although the force on an imaginary magnetic 
point is perpendicular to a plane through it and the wire. 

641. The positions of equilibrium of a small sphere acted 
upon by the magnetic forces alone, will be points in the neigh- 
bourhood of which is stationary in value, or points where 
d (W) ~ 0. This condition is satisfied by either R~0, or 
dR—0. Hence the sphere will be in equilibrium at points 
where the resultant magnetizing force vanishes ; where it is a 
maximum or minimum , or where it is stationary in value. 

642. A position of stable equilibrium will be such that R^ 
diminishes in every direction from it ; and hence, if there be 
any point, external to the magnet, at which the resultant force 
has a maximum value, it would be a position of stable equi- 
librium for a small ball of soft iron, and any other position of 
equilibrium is essentially unstable. 

643. According to Mr Faraday’s recent researches, it ap- 
pears that there are a great many substances susceptible of 
magnetic induction, of such a kind that for them the value of 
the coefficient i is negative. These he calls diamagnetic sub- 
stances, and, in describing the remarkable results to which 
his experiments conducted him with reference to induction 
in diamagnetic matter, he says : “ all the phenomena resolve 
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themselves into this, that a portion of such matter, when under 
magnetic action, tends to move from stronger to weaker places 
or points of force*.” This is entirely in accordance with the 
result obtained above ; and it appears that the law of all the 
phenomena of induction discovered by Faraday with reference 
to diamagnetics may be expressed in the same terms as in the 
case of ordinary magnetic induction, by merely supposing the 
coefficient i to have a negative value f. 

644. In the case of a diamagnetic sphere, the consideration 
of the stability or instability of equilibrium in different posi- 
tions, is extremely interesting. Thus, at a point where is 
a minimum, a small sphere of diamagnetic matter will be in 
stable equilibrium ; and this is actually the case at any point 
for which the force vanishes ; even if we take into account the 
weight of the sphere, it is readily shown that stable positions 
of equilibrium may exist Thus a hollow cylindrical bar- 
magnet (if sufficiently powerful), held with its axis vertical, 
would support a small diamagnetic sphere in a position of 
stable equilibrium at a point in the axis, a little below the 
lower end of the magnet For, considering different points in 
the axis, we perceive that there is one below the lower end (at 


a distance if* radius of the cylinder, be very great 

compared with its thickne’ss, and very small compared with its 
length, and if the distribution of magnetism be uniform) at 
which the resultant force is a maximum. If, on moving a 
small diamagnetic sphere upwards from this position, we arrive 
at a point where the force urging it upwards is greater than the 
weight, and then let it move freely from rest, it will oscillate 
about a position of stable equilibrium. It will probably be 


impossible ever to observe this phenomenon, on account of the 
difficulty of getting a magnet strong enough, and a diamagnetic 
substance sufficiently light, as the forces manifested in all cases of 
diamagnetic induction hitherto examined are excessively feeble. 


^ Experimental Researches, § 2418, 

t The law of induction m a mass of any form, whether of magnetic or 
diamagnetic matter, may be stated as follows:— Let R be the magnetic 
force upon a point within an infinitely small spherical surface, described 
round a point P in the mass, resulting from the magnetism of all the matter 
external to this surface. The intensity of the magnetism at P is equal to 
and its direction is that of the resultant force R. 
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f 04f5. A very curious phenomenon might readily be observed, 
according to the results given above, by placing two bar-mag- 
nets, with similar poles, in the neighbourhood of a ball of soft 
iron allowed to move in a horizontal straight line (or suspended 
in such a manner that any motion which can take place is in 
a circle of considerable radius). Thus if a pole, S, of a bar- 
magnet which we may regard for simplicity as very long and 
thin, be held in the neighbourhood, the ball will be drawn 
towards the point A, in which a perpendicular from S meets 
the line of motion, and A will therefore be a position of stable 
equilibrium. If now a pole S', of an equally powerful magnet, 
be presented and held at an equal distance in SA produced, A 
will become an unstable position; and if the ball be placed in 


SA 

its line of motion, at any distance from A less than will 


be repelled from A, although either magnet alone would cause 
it to move towards this point. 


646. The result obtained above affords the true explanation 
of the phenomenon observed by Faraday, that a thin bar or 
needle of a diamagnetic substance, when suspended between 
the poles of a magnet, assumes a position across the line join- 
ing them. For such a needle has no tendency to arrange itself 
across the lines of magnetic force ; but, as will be shown [§ 684, 
below] in a future paper, if it be very small compared with the 
dimensions and distance of the magnet (as is the case, for instance, 
with a bar of any ordinary dimensions, subject only to the earth’s 
influence), the direction it will assume, when allowed to turn 
freely about its centre of gravity, will be that of the lines of 
force, whether the material of which it consists be diamagnetic, 
or magnetic matter such as soft iron : but Faraday’s result is 
due to the rapid decrease of magnetic intensity round the poles 
of the magnet, and to the length of the needle, which is con- 
siderable compared with the distance between the poles of 
the magnet ; and is thus explained by the discoverer himself. 
(§ 2269 of his Experimental Researches.) *‘The cause of the 
“ pointing of the bar, or any oblong arrangement of the heavy 
glass is now evident. It is merely a result of the tendency of 
the particles to move outwards, or into the positions of weakest 
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“magtietic action*. The joint exertion of the action of all the 
“ partides brings the mass into the position which, by experiment, 
“ is found to belong to it.” 

St Peter’s College, May 18, 1847. 

XXXiy, Kemarks on the Forces experienced by Inductively 
Magnetized Ferromagnetic or Diamagnetic Non-Crystalline 
Substances. 

[From the Philosophical Magazine, October 1850.] 

The remarkable law laid down by Faraday in [§ 2418 of his 
Experimental Researches])!!^ Memoir on the Magnetic Condition 
of all Matter [Transactions Royal Society, 1846, p. 21, or Phil. 
Mag. Vol. XXVIU., 1846], that a small portion of diamagnetic 
matter placed in the neighbourhood of a magnet experiences a 
jjressure urging it from places of stronger towards places of weaker 
force, is a simple conclusion, derived from the mathematical 
solution of the problem of determining the action experienced by 
a small sphere of matter magnetized inductively, and acted 
upon in virtue of its induced magnetism. Without entering 
upon the analytical investigation, which will be found in [§§ 634 
—646 above] a paper ^‘On the Forces experienced by small 
Spheres under Magnetic Influence ; and on some of the Phe- 
nomena presented by Diamagnetic Substances f,” I shall, in the 
present communication, state and explain briefly the result, and 
point out some remarkable inferences which may be drawn from it. 

647. Let P be any point in the neighbourhood of a magnet, 
and let P' be a point at an infinitely small distance, which 
may be denoted by a, from P. Let R denote the force which 
a “unit north pole]:” if placed at P would experience, or, as 
it is called, “the resultant magnetic force at Pf and let R' 

* The extreme feebleness of the diamagnetic action on account of which 
any small sphere or cube of the matter will experience very nearly the same 
force as if all the rest were removed, seems fully to justify this explanation, 
t Cambridge and Dublin Mathematical Journal, May 1847. 
t That IS, the end of an infinitely thin uniformly and longitudinally 
magnetized bar of “unit strength” which is repelled on the whole from the 
north by the magnetism of the earth, “unit strength” being defined by the 
following statement 

If two infinitely thin bars be equally, and each uniformly and longitu- 
dinally, magnetized, and if, when an end of one is placed at a unit (an 
inch, for example) of distance from an end of the other, the mutual force 
between these ends is unity; the magnetic strength of each is unity. The 
force B, defined in the text, is of course equal and opposite to the force 
that Q “unit south pole” would experience if placed at P. 
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the same with reference to F. Theu, if a small sphere 
of any kind of non-crystalline homogeneous matter, naturally 
unihagnetic, but susceptible of magnetization by influence, be 
placed at P, it will experience a force of which the component 
along PP' is 





where cr denotes the volume of the sphere, and A a coefficient 
depending on the nature of the substance. This coefficient, A 
[agreeing with the A, B, or 0 of §§ 614—618 applied to an 

3 

isotropic substance] has a value a little less than — for soft 

iron, and it has very small positive values for all ferromagnetic 
substances containing little or no iron. 


648. If it be true, as I think it must be, that the forces 
experienced by diamagnetic substances are occasioned by the 
influencing magnet magnetizing them inductively*, and acting 
upon them when so magnetized, according to the established 
laws of the mutual action of two magnets, the preceding result 
will hold for all non -crystalline matter; and to apply A to 
a diamagnetic substance it will be only necessary to give it a 
negative value. [From § 630, § 628 (14), and § 627 we see that 

g 

the extreme negative value conceivably admissible is 

Thus for every substance, whether ferromagnetic or diamag- 
3 3 

netic, A is between + and — ^ .] 

47r Stt 

640. To interpret the result of § 647, we may remark, that by 
the elementary principles of the differential calculus as applied 
to the variation of a quantity depending on the position of a point 


* The most natural explanation of the phenomena which he had dis- 
covered is suggested by Faraday m his onginal paper on the subject, and 
it is confirmed by the researches of subseqent experimenters, especially those 
of Beieh and Weber,- who have made experiments to show that a diamagnetic 
substance, under the influence of two magnets, will act upon one in virtue 
of the magnetization which it experiences from the other. The extreme 
feebleness of the polarity induced in diamagnetic substances is proved^ by 
Faraday in a senes of experiments forming the subject of his last commumca- 
tion to the Royal Society; in which an attempt is made, by very dehoate 
means, to test the induced current in a helix due to magnetization or 
demagnetization of a diamagnetic substance which it surrounds, biit only 
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in space, it may be shown that the fraction — - - is greater 

when the point P' is chosen in a certain determinate direction 
from F than in any other ; that it is of equal absolute value, 
but negative, if P' be chosen in the opposite direction ; and 
that it vanishes if P' be in a plane through P at right angles 
to the line of those two directions. Hence it follows that the 
resultant force upon the small sphere is along that line, in one 
direction or the other, according as A is positive or negative, 
and accordingly we draw the following conclusions : — 

(1) A small ferromagnetic sphere in the neighbourhood of 
a magnet, will experience a force urging it in that dwection in 
which the “ magnetic force increases most rapidly. 

(2) A small diamagnetic sphere, in the neighbourhood of a 
magnet, will experience a force urging it in that direction in 
which the magnetic force decreases most rapidly 

(.3) The absolute magnitude of the force in any case in 
which the distribution of magnetic force in the neighbourhood 
of the magnet is known, is the value which the expression in 
IV - 

§ 647 obtains, when we give — - — the value found by means 

of the differential calculus, for a point P' at an infinitely small 
distance PP' in the direction of the most rapid variation of the 
magnetic force from P, the actual position of the ball. 

650. It is deserving of special remark, that the direction of 
the force experienced by the ball has no relation to the direction 
of the lines of magnetic force through the position in which it 
IS placed. The mathematical investigation thus affords full con- 
firmation and explanation of the very remarkable observation 
made by Faraday (§ 2418 of his Experimental Researches), that 
a small sphere or cube of inductively magnetized substance is in 
some cases '' urged along, and in others obliquely or directly 
across the Lines of magnetic force.” It is in fact very easy to 
imagine, or actually to construct, arrangements in which the re- 
sultant force experienced by a ball of soft iron, or of some 
diamagnetic substance, is perpendicular to the lines of the 
magnetizing force. For instance, if a ball of soft iron be placed 
symmetrically with respect to the two poles of a horse-shoe 
magnet, and at some distance from the line joining them, it will 
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be purged towards this line, in a direction perpendicular to it, 
and consequently perpendicular to the lines of magnetizing 
foree in the space in which it is situated ; and a ball of bis- 
muth, or of any other diamagnetic substance, similarly situated, 
would experience a force in the contrary direction. Or again, 
if a ball of any substance be placed in the neighbourhood of 
a long straight galvanic wire, it will be urged towards or from 
the wire (according as the substance is ferromagnetic or dia- 
magnetic) in a line at right angles to it, and consequently 
cutting perpendicularly the lines of force, which are circles 
with their centres in the wire and in planes perpendicular 
to it. 

651. The preceding conclusions enable us to define clearly 
the sense in which the terms “attraction” and “repulsion” 
may be applied to the action exerted by a magnet on a ferro- 
magnetic and a diamagnetic body respectively. A small sphere 
of ferromagnetic substance, placed in the neighbourhood of 
a magnet, experiences in general, a force ; but the term attrac- 
tion, according to its derivation, means a force towards; and 
if we apply it in any case, we must be able to supply an ob- 
ject for the preposition. Now, in this case the force is towards 
places of stronger “magnetic force;” and hence the action 
experienced by a ferromagnetic ball may be called an attrac- 
tion if we understand towards places of stronger force. Places 
of stronger force are generally nearer the magnet than places 
of weaker force, and hence Small pieces of soft iron are 
generally urged, on the whole, towards a magnet (in conse- 
quence of which no doubt the term “attraction” came originally 
to be applied) : but, as will be seen below, this is by no means 
universally the case; balls of soft iron being, in some cases, 
actually repelled from the influencing magnet; and the term 
“attraction” can only be universally used with reference to 
ferromagnetic substances, on the understanding that it is 
towards places of stronger force. The term “repulsion,” the 
reverse of “ attraction,” may, according to the same principles, 
be applied universally to indicate the force with which a small 
diamagnetic sphere is urged towards places of weaker force, or 
repelled from places of stronger force. 

652. The following passage, containing a statement oT prin- 
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ciples on some of which Faraday himself lays much stress, but 
which have not, I think, been sufficiently attended to by 
subsequent experimenters, is quoted from the article in the 
MatheMatical Journal already referred to. [Here comes quota- 
tion of § 646 above.] 

653. It may be added to this, that the tendency of a bar, 
whether of ferromagnetic or of diamagnetic substance, in a uni- 
form field of magnetic force, to take the direction of the lines 
of force, depends on the effect of the mutual action of the parts 
in altering the general magnetization of the bar, and is con- 
sequently so excessively feeble for any known diamagnetic 
substance that the most delicate experiments would in all pro- 
bability fail to render it sensible*. 

654. Faraday’s law, stated at the commencement of these 
remarks, may be illustrated by some very curious although 
extremely simple experiments, which I shall now describe 
briefly f. 

655. The special apparatus required is merely a long light 
arm (I have used one about four feet in length ; but a much 
shorter rod, if suspended by a finer or by a longer torsion- 
thread, would have answered equally well) suspended from a 
“ torsion-head ” by means of a very fine wire, or thread of un- 
spun silk fibres attached to it near its middle; and a case 
round it adapted to prevent currents of air from disturbing its 
equilibrium, but allowing it sufficient angular motion in a 
horizontal plane. A small ball of soft iron is attached to one 
end of the arm (or hung from it by a fine thread, which, for 
the sake of stability in many of the experiments, as for instance, 
experiments 2 and 3 described below, must not be too long), 
and a counterbalance is adjusted near the other end so as to 
make the arm horizontal. If only a small angular motion 
be allowed to the arm, the path of the ball will be sensibly 
straight, and we may consider that, by the arrangement which 

* A very brief communication on this subject was laid before the British 
Association at the meeting of 1848, and is published in the Beport for that 
year, under the title “ On the Equilibrium of Magnetic or Diamagnetic Bodies of 
any form, under ie Influence of Terrestrial Magnetic Force.’' [Art. xxxiv. Vol. i. 
of my Eeprint of Mathematical and Physical Papers, University Press. 1882.] 
t These experiments were shown, in illustration of lectures oh ma^etism 
m the Natural Philosophy Class in the University of Glasgow, during the 
Session 1848-49,. 
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hat been described, the ball is allowed to move with great 
freedom in a straight line, but .prevented from all other motion. 

656. In making the experiments described below, it is con- 
venient to have two stops so arranged that the motion of the 
arm may be kept within any desired limits, and manageable 
in such a way, that by means of them the arm may be rapidly 
brought to rest in any position. In general, before com- 
mencing an experiment, the arm ought to be brought to rest 
near one end of its course, and kept pressing very slightly 
upon one of the stops by the torsion of the wire, which may 
be suitably adjusted by the torsion-head, and the other stop 
ought to be pushed away, so as to leave the arm free to move 
in one direction, 

657. Experiment 1. — Place a common bar-magnet with either 
pole, the south, for instance, near the ball of soft iron in its 
line of motion, but on that side towards which it is prevented 
from moving by the stop. Taking another bar-magnet of 
considerably greater strength than the former, bring its north 
pole gradually near the fixed south pole of the other, in the 
continuation of the line of motion of the iron ball. When 
this north pole reaches a certain position, the arm will cease 
to press on the stop, and if we push the north pole a little 
nearer still, the arm will altogether leave the stop and take a 
position of equilibrium, in which, after it is steadied (as may 
easily be done by means of the stops), it will remain stable, 
although the stops be removed entirely. If, by means of one 
of the stops, the ball be pushed to any distance farther from 
the magnets than this position of stable equilibrium, it will 
return towards it when left free. If it be drawn a little nearer 
by means of the other stop, and, when left for a few seconds, 
it be found to continue pressing upon the stop, then, when 
the stop is removed, the ball will return to that position of 
stable equilibrium. If, however, it be very slowly drawn still 
nearer the magnets, when it reaches a certain position it will 
cease to press on the stop; and if after this it experience the 
slightest agitation, or if it be drawn any nearer, it will leave 
the stop and move up till it strikes the nearer magnet, in con- 
tact with which it will almost immediately come to rest. It 
thus appears that there is a position of unstable equilibrium 
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for the l)all between tbe former stable position and the nearer 
magnet. It is easy to arrange the torsion-head so that the 
torsion of the suspending-thread or wire may have as little 
effect as we please, by finding, by successive trials, either of 
tbese positions of equilibrium, subject to the condition that, 
when the magnets are removed, the torsion would not sensibly 
disturb the arm from the position so found. 

658. After the explanations which have been given above, it 
is scarcely necessary to point out that the position of unstable 
equilibrium, determined in this experiment, is a point where 
the magnetizing force due to the south pgle is destroyed by 
that of the more distant but more powerful north pole; and 
that the position of stable equilibrium is one where the excess 
of the magnetizing force due to the north pole, above that 
which is due to the less powerful south pole, has a maximum 
value with reference to points in the continuation, through the 
less powerful pole, of tlie line joining the two poles. If the 
poles were mathematical points, and the bars so long that their 
remote ends could produce no sensible action on the ball, the 
position of unstable equilibrium would of course be such that 
its distances from the two poles would he directly as the square 
roots of the strengths of the magnets; and, by the solution of a 
most simple maximum problem,” it may be shown that the 
stable position would be such that its distances from the poles 
would he directly as the cube roots of the strengths. 

659. Experiment 2, — Place two equal bar-magnets symmetri- 
cally with Teference to the line of motion, with similar poles 
at equal distances on two sides, in a perpendicular to this line, 
and, to make the best arrangement, let the lengths of the 
magnets be in the continuations of the lines joining their poles. 
Operating by means of the stops, in a manner similar to that 
described for the preceding experiment, it is readily ascer- 
tained that there are two positions of stable equilibrium for 
the ball at equal distances on two sides of the line joining the 
poles, and that the middle point of this line is a position of 
unstable equilibrium. 

660. Here, again, the explanation is obvious. The positions 
of stable equilibrium being such that, with reference to points 
in the line of motion of the ball, the magnetizing force due 
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toithe two similar poles may be a maximum, are readily found 

to be at distances on the two sides of the line joining the 

poles (the length of this line being denoted by a), if these be 
mathematical points, and if the lengths of the bars be so great 
that the distant poles produce no sensible effects. 

661. Experiment 3. — Hold a common horse-shoe magnet with 
the line joining its poles perpendicular to the line of motion 
of the ball, and, by a suitable management of the stops and 
of the torsion- head, the existence of a force urging the ball 
perpendicularly across the “ lines of force ” towards the middle 
point of the line joining the poles, may be easily made 
manifest. 

662. Experiments on diamagnetic substances, and on ferro- 
magnetic substances of feeble inductive capacity, — The pheno- 
mena discovered by Faraday relative to the action of magnets 
on substances not previously known to be susceptible of mag- 
netic influence may be exhibited with great ease by means of 
the apparatus described above. Small balls of the substances 
to be experimented upon may be hung from one end of the 
balance (the ball of soft iron being of course removed) by fine 
threads of suflScient length to allow the arm, which may be of 
any substance containing no iron, to be out of reach of any 
sensible influence from the magnet employed. There is in these 
cases no difficulty, regarding the length of the suspending- thread, 
of the kind noticed above [§ 655] with reference to soft iron, 
as the magnetic forces experienced are never strong enough 
to produce lateral instability (that is, a want of stability in the 
line of motion), even with the lightest of the substances ex- 
perimented on, unless the suspending thread be far longer 
than is necessary. In the experiments I have made, the 
threads bearing the small balls have not been more than 
four or five inches long. The diameters of the balls have 
been from a quarter of an inch to an inch, or an inch and 
a half. Instead of simple bar- magnets of steel, which are 
not powerful enough to be convenient for these experiments, 

I have used a bar electro -magnet of very moderate power, 
consisting of a helix and soft iron core. This core is a cylin- 
der of about an inch in diameter and a foot and o, hali* long, 
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with round ends (nearly hemispherical), which, when the core 
is in its central position, extend about an inch beyond the 
helix on each side. By these means the repulsion of balls of 
diamagnetic substance, and the attraction of very feebly ferro- 
magnetic substances, may be shown with great facility. 

6G3. For example, I may mention that I have hung a small 
apple, whole, by a thread three or four inches long, and 
putting it at first at rest, pressing slightly (in virtue of torsion 
produced by the torsion -head mentioned above, § 656) upon 
one end of the soft iron core pieviously to the excitement of 
the electro-magnet, I have found that as soon as the galvanic 
current is produced, the apple is repelled away ; and, by push- 
ing forward the soft iron core, I have chased it across the field 
through a space of four or five inches. 

664. I have also used the same apparatus to show that a body 
which is feebly attracted in air is repelled when immersed 
below the surface of a sufficiently strong solution of sulphate 
of iron in a small trough, so arranged that when, by the force 
of torsion, the body immersed in the liquid is made to 
press on a side of the trough, the electro -magnet may be 
placed with one end of its core pressing on the outside of the 
trough, close to the point where it is pressed upon by the 
body within. Using small glass balls (which, when empty, 
exhibit no sensible effects of the influence of the magnet), the 
magnetic conditions of different liquids filling them may be 
easily tested. Faraday’s beautiful experiments on the relative 
magnetic capacities of solutions of sulphate of iron of different 
strengths, or rather, other experiments to illustrate the same 
principles, may be performed in an extremely convenient 
manner, by filling a glass ball of this kind with a solution, 
hanging it from one end of the arm, and, by a suitable ad- 
justinent of the weight at the other, immersing it below the 
surface of another solution contained in the trough. I have 
found that whenever the difference of the strengths of the two 
solutions was considerable, the ball immersed was attracted 
or repelled by the external magnet, according as the solution 
contained in the ball was stronger or weaker than the solution 

surrounding it. 
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On the Stability of small Inductively Magnetized Bodies in 
Positions of Equilihnum. 

665. In the paper [§§ 634... 646 above] published in the 
Cambridge and Dublin Mathematical Journal (refen’ed to above), 
I pointed out that a small ball of either ferromagnetic or dia- 
magnetic substance placed in the. neighbourhood of a magnet, and 
not acted upon by any non-magnetic force, is in equilibrium if dt 
be in a situation where the resultant force” (that which was 
denoted by B) is either a maximum or minimum, or ‘'stationary” 
in value ; that a diamagnetic ball is in stable equilibrium if, and 
not in stable equilibrium unless, it be situated where the force R 
is a minimum in absolute value; and that “if there be any 
“ point external to the magnet, at which the resultant force has 
“ a maximum value, it would be a position of stable equilibrium 
“ for a small bar of soft iron, and any other position is essen- 
“ tially unstable.” Shortly after the publication of that paper, 
I succeeded in proving that the resultant force cannot be an 
absolute maximum at any point external to a magnet, and 
consequently that no position of stable equilibrium for a ferro- 
magnetic ball, perfectly free from all constraint, can exist. I 
have very recently found that there may be points where the 
resultant force is an absolute minimum without being zero; 
and therefore there may be positions of stable equilibrium 
for a diamagnetic ball not included in the case of the force 
vanishing, noticed in the previous paper. That case, however, 
affords the simplest illustration that can be given of that most 
extraordinary fact, that a solid body may be repelled by a 
magnet, or magnets, into a position of stable equilibrium. If, 
for instance, we take the arrangement (described for Exp, 2, 

§ 659 above) of two bar-magnets, fixed with similar poles near 
one another, we have obviously between these poles a point where 
the resultant force vanishes, and towards which consequently 
a small diamagnetic ball placed anywhere sufificiently near it 
would be repelled. It is easily shown that, actudly under 
the action of gravity, a ball of diamagnetic substance would 
be in stable equilibrium a little below this position, without 
any external support or constraint whatever, if only the 
magnets were strong enough. It is, howevIV, extremely im- 
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probaWe that any attempt to realize this by experiment will 
succeed, since, even in the most favourable cases, no diamag- 
netic repulsion upon a solid has yet been obtained which at 
all approaches in magnitude to the weight of the body. Still 
we must consider that a true theoretical solution of the cele- 
brated physical problem* suggested by ‘‘Mahomet’s coffin” 
has been obtained, which is not the least curious among the 
remarkable consequences of Faraday’s magnetic discoveries. 

On the relations of Ferromagnetic and Diamagnetic 
Magnetization to the Magnetizing Force. 

666. In the mathematical investigation by which the result 
stated above was obtained, it is assumed that the magnetization 
of the substance of the ball in each case is proportional to the 
magnetizing force (although this assumption may of course be 
avoided by merely supposing fi to have a value varying with 
the force, which will not affect either the investigation or the 
form of the result). It appeals to me very probable that this 
assumption is correct for all known diamagnetic substances, and 
for homogeneous feebly ferromagnetic substances; since [§ 606, 
Axiom IL] it is equivalent to an assumption that inductive mag- 
netization of a substance does not impair or in any way alter 
its susceptibility for fresh magnetization by means of another 
magnet brought into its neighboiiihood. This opinion cannot, 
however, at present be regarded but as a mere conjecture, 
being as yet unsupported by experiment. It is indeed directly 
opposed to the following conclusion to which M. Plucker arrives, 
from some of his experimental researches. — “J’ai ddduit de 
‘^la cette loi g^ndrale, savoir. que le diamagnetisme d^croit 
“ plus vite que le magndtisme quand la force de I’aimant dimi- 
“nue, ou quand la distance des poles augmentef:” but many 

* It is, I believe, often thought that this problem is solved in the experi- 
ment in which a needle is attracted into a galvanic hehx held with its 
axis vertical, but I have convinced myself that the needle always touches 
somewhere on tlie sides of the tube (if there be one round it) or on the 
Wire of the helix, and I have also ascertained that, when a powerful helix is 
used with, in place of the needle, a tin-plate [iron] cylinder, even if it be very 
httle less in diameter than the inner cylindrical surface of the helix, there 
18 never stable equilibrium without contact between them. The phasnomenon 
uf a solid body, hovering freely in the air, in stable ^ equilibrium, without 
miy external support or constraint, has never, I am convinced, been witnessed 
8^8 the result of any electric or magnetic experiment, 
t Quoted from a paper m the French Anmles de Chimie et dt Physique, 

38—2 
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of ^he curious phaenomena from which M. Plucker was led 
to this conclusion, and which he adduces in confirmation of 
it, do not appear to me to support it, but rather to be con- 
nected with the peculiar magneto-inductive properties of crys- 
talline or quasi-crystalline structure which he discovered 
subsequently*; and with respect to those which appear at 
first sight really to support it, I have conjectured that they 
may admit of explanation solely on the principle expressed in 
Faraday’s law, quoted at the commencement of these remarks. 
Thus, the experiments upon a watch-glass containing mercury, 
placed at different distances from a magnet, which show 
that the resultant force experienced by the watch-glass, in 
virtue of its own magnetization as a ferromagnetic substance, 
and the contrary magnetization of the diamagnetic mercury, 
is sometimes increased by removing the whole to a slightly 
greater distance from the magnet, do not prove that when the 
magnetizing force is diminished the induced magnetization of 
the mercury is diminished by a greater fraction of its former 
amount than that of the watch-glass, but are most probably 
to be explained by the circumstance that the “ field of force ” 
occupied by the mercury and watch-glass when removed a 
very short distance, is such that the mean value of the differ- 
ential coefficient of the square of the force, with reference to 
co-ordinates parallel to the direction of motion of the watch- 
glass, is greater than the mean value of the same function, 
through the field occupied when the watch-glass is in contact 
with the magnet. It is of course impossible to give more than 
a general explanation such as this without some specific know- 
ledge of the distribution of magnetic force in the neighbour- 
hood of the actual magnet employed ; but the phaenomena 
described by M. Plucker in this case are undoubtedly' of a 
kind that might be anticipated if a vertical bar-magnet be 


June 1850, bearing the title, “Sur le Magn6tisme et le Diamagn^tisme : 
par M. Plucker.” This paper appears to be a r4sum4 of the author’s ex- 
perimental researches and discoveries regarding magnetic induction, of 
which detailed accounts have been published in various communications to 
Poggendorff’s Annalen in the course of the last two years. 

* This connexion is recognised by the discoverer himself, as is shown by 
the statement he makes at the commencement of § 4 of the paper already 
referred to. Yet he mentions his experiments on cylinders of charcoal as 
the foundation on which he establishes, as a general law, the conclusion 
Woted in the text. 
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used, especially if the upper pole, over which the watch-glass 
is suspended, be flat. An electro-magnet with, for core, a 
hollow cylinder of soft iron open at the ends, would even repel 
a small ferromagnetic body capable of moving along the axis, 
in some positions, and attract it a little further off, since there 
would be variations of force in this case precisely similar to 
those explained with reference to points in the line of motion 
of the ball in Experiment 2, § 659 above. 

667. The most striking experiments adduced by M. Plucker 
to support his hypothesis, that ‘‘ diamagnetism increases more 
rapidly than magnetism” when the magnetizing force is in- 
creased, are those in which the force experienced by a small 
inductively magnetized body m a constant position is tested 
for different strengths of the same electro-magnet, produced by 
using a greater or less number of cells in the exciting battery. 
At the recent Meeting of the British Association m Edin- 
burgh, I ventured to suggest that a change in the distribution 
of magnetic force in the neighbourhood of the magnet, accom- 
panying an increase or diminution in the strength of the gal- 
vanic current, might have contributed to produce some of the 
singular phcenomena which had been observed; and that there 
is some considerable change in the distribution of force in the 
neighbourhood of an electro-magnet with a soft iron core in a 
state of intense magnetization ivhen, for instance, the strength 
of the current is doubled, seems extremely probable when we con- 
sider that a piece of soft iron in a state of intense magnetiza- 
tion cannot be expected to be as open to fresh magnetization as 
it would be if not magnetized in the frst instance"^. On the 
same occasion I remarked, that some experiments made by 
Mr Joule in connexion with his researches on changes of 
dimensions produced in iron bars by magnetic influence, ap- 
peared to indicate diminished inductive capacities in states of 
intense inductive magnetization f. At that time I was not 
aware of the recent experimental researches of Gartenhauser 
and Muller on the magnetization of soft iron ; but I have 
since met with a number of Poggendorffs Annalen (1850, 

* [Embodied in Art. xxx, (§§ 604—624) above.] 

t Phil Mag. 1847, vol. xxx. pp. 76, 225. Also Sturgeon’s Annals, Aug. 1840. 
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th« former of these by describing a circle of the same size as 
thAt shown in it, and drawing, on a smaller scale, as much of the 
curves as lies without this circle) was shown as representing the 
disturbed lines of magnetic force about balls of ferromagnetic 
substance of different inductive capacities, placed in a uniform 
magnetic field [one of these is shown in fig. 5 of § 632] ; and 
another series, similarly derived from the latter (that is, the 
one representing the lines of fluid motion about a spherical 
obstacle), was shown as representing the disturbance caused 
by the presence of diamagnetic balls of different inductive 
capacities in a uniform magnetic field [one of these is shown in 
fig. 7 of § 632]. These two series of diagrams are also accurate 
representations of the lines of motion of heat in a large homo- 
geneous solid having heat uniformly conducted across it, dis- 
turbed by spherical spaces occupied by solid matter of greater 
or less conducting power than the matter round them; the 
two principal diagrams from which they are derived being the 
corresponding representations for the cases of spherical spaces 
occupied respectively by matter of infinitely great and infinitely 
small conductivity. The author called attention to the remark- 
able resemblance which these diagrams bore to those which 
Mr Faraday had shown recently at the Royal Institution to 
illustrate his views regarding the action of ferromagnetics and 
diamagnetics in influencing the field of force in which they 
are placed; and justified and illustrated the expression “con- 
ducting power for the lines of force,” by referring to rigorous 
mathematical analogies presented by the theory of heat. 

On the Equilibrium of elongated Masses of Ferromagnetic Sub- 
stance in uniform and vaiied Fields of Force. 

The fact, first discovered experimentally by Gilbert, that a 
bar of soft iron, held by its centre of gravity in a uniform 
magnetic field, settles with its length parallel to the lines of 
force, is not explained correctly when it is said to be merely due 
to the property of magnetic induction in virtue of which the 
bar of soft iron becomes temporarily a magnet like a permanent 
magnet in its position of stable equilibrium. For exactly the 
same statement would be applicable to a row of soft iron balls 
rigidly connected by a non-magnetic frame; yet such an arrange- 
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ment would not experience any directional tendency (since no 
one of the balls in it would experience either a resultant force or 
a resultant couple from the force of the field), unless in virtue 
of changes in the states of magnetization of the balls induced 
by their mutual actions. Hence the mutual action of the parts 
of a row of balls, and as is easily shown, of a row of cubes, or 
of a bar of any kind, must be taken into account before a true 
theory of their directional tendencies can be obtained. The 
author of this communication, by elementary mechanical reason- 
ing founded on what is known with certainty regarding magnetic 
induction and magnetic action generally, shows that an elongated 
mass, in a uniform magnetic field, tends to place its length 
parallel to the lines of force, whether its inductive capacity be 
ferromagnetic or diamagnetic, provided it be non- crystalline, be- 
cause if ferromagnetic it becomes more, or if diamagnetic, less 
intensely magnetized, if placed in such a position, than if placed 
with its length across the lines of force. But for all substances, 
whether ferromagnetic or diamagnetic, possessing so little capacity 
for induction as any of the known diamagnetics, this tendency, 
depending as it does on the mutual action of the parts of the 
elongated mass is, and probably will always remain, utterly 
imperceptible in experiment. All directional tendencies in 
bars of diamagnetic substance which have yet been, and pro- 
bably all which can ever be discovered by experiment, are due 
either to some magn e-cry stallic property of their substances, or 
to the tendency of their ends or other moveable from places 
of stronger towards places of weaker force, in varied magnetic 
fields, or to these two causes combined, and in no respect to the 
inductive effects of the mutual influence of their paits. To 
consider the effects of a want of uniformity of the force, in a 
vaiied field, on the equilibrium of a ferromagnetic bar, the 
author quoted Faraday’s admirable statement of the law regard- 
ing the tendency of a ball or cube of diamagnetic substance*, 
and referred to former papers [Arts, xxxiil. and xxxiv. above 
(§§ 634 — 668 )], in which he had proved that, when applied to 
non-crystalline substances generally, with the proper modifica- 

* [See Faraday’s “Memoir on the Magnetic Condition of all Matter,” Trans- 
actions of the Royal Society, 1846, page 21; or, Phibsophcal Magazine, Vol. 
xxvm. 1846.] 
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Mo. 3, published last April) containing an account of these 
researches* which completely confirms the second part of 
the conjecture I had thrown out. Whether or not, how- 
ever, the change in the distribution of force is of such a kind 
as to account for the phaenomena by which M. Plucker sup- 
ports the conclusion 'which has been quoted, it is impossible 
to pronounce without a complete knowledge of the circum- 
stances. An experimentum crucis might be made by means of 
an electro-magnet without a soft iron core. 


668, In one respect M Plucker’s views receive a remark- 
able confirmation by Joule and by Gartenhauser and Muller’s 
experiments, if it be true that a homogeneous diamagnetic 
substance is inductively magnetizable to an extent precisely 
proportional to the magnetizing force, or deviating less from 
this proportionality than the magnetization of soft jron. For 
if a complex body were made up consisting of a diamag- 
netic substance (either solid or in powder) and an extremely 
small quantity of soft iron m very fine powder or filings, 
spread uniformly through it ; a small ball of this body would, 
when acted upon by a feeble magnetizing force, become on the 
whole magnetized like a ferromagnetic, and would be urged 
from places of weaker towards places of stronger force. If now 
the magnetizing force were gradually increased, the “ resultant 
magnetic moment ” of the complex body would at first in- 
crease, then, after attaining a maximum value, decrease to 
zero, after which it would become ‘^negative,"' or the ball 
would be on the whole magnetized like a diamagnetic, and 
would be urged from places of stronger towards places of 
weaker force. Such, if I mistake not, is the bearing which 
M^Plucker expects of any complex solid consisting of a 
suitable mixture of ferromagnetic and diamagnetic substances ; 
but mere experiments on soft iron, such as those of Joule and 
of Gartenhauser and Muller, do not render it probable that 
a homogeneous feebly ferromagnetic substance, containing 
no iron, or only a very small quantity and that chemically 
combined, should have its capacity for fresh magnetization 


* “Ueber die Magnetisirung von Eisenstaben dnreh den Gulvaniflcben 
Strom; von J. Muller. ” 
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dimimshed by the slight magnetization which the strongest 
magJietizing force that could be applied would produce*. 

BfW, Oarb Loch, Aug. 21, 1850. 

XXXV. Absteacts of two Communications 

[From the Report of British Association for Belfast, 1852.] 

On certain Magnetic Carves ; with applications to Problems in 

the Theories of Heat Electricity, and Fluid Motion, 

669. A method [§ 632 above], which had been given by the 
author in the Cambridge Mathematical Journal, Yol. IV., Nov. 
1843f, for integrating the differential equations of the lines of 
force in any case of symmetry about an axis, is applied in this 
communication to the case of an infinitely small magnet placed 
with its axis direct or reverse along the lines of force of a uni- 
form magnetic field. Diagrams [§ 632 above] containing the 
curves drawn accurately, according to calculations founded on the 
result of this investigation (corresponding to series of ten or twelve 
different values given to the constant of integration), were ex- 
hibited to the Section. Certain parts of these curves were 
shown in a separate diagram [§ 632, fig. 4], as constituting 
precisely the series of lines of electric force about an insulated 
spherical conductor under the influence of a distant electrified 
body; and the other parts, in a separate diagram [fig. 6], as 
constituting the lines of motion of a fluid mass in the neigh- 
bourhood of a fixed spherical solid, at considerable distances 
from which the fluid is moving uniformly in parallel lines so 
slowly as to cause no eddies round the obstacle. The circle 
representing the section of the spherical conductor, in the 
former of these diagrams, cuts the entire series of curves at 
right angles, with the exception of one curve, which it cuts 
through a double point at an a%le of 45® to each branch. The 
circle representing the section of the spherical obstacle in the 
latter diagram, along with two infinite double branches consist- 
ing of the axial diameter produced externally in each direction, 
constitutes the limiting curve of the series shown, and is not 
intersected by any of them. A series of diagrams (deduced from 

* [Tile last sentence of this article is cancelled from the repnnt (July 6, 1872).] 
t [Note of Feb. 22, 1884. Now republished, constituting Art. ix. of my “Ee- 
print of Mathematical and Physical Papers,” Vol. 1 . 1882. W. T.] 
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tl|0 former of these by describing a circle of the same size as 
timt shown in it, and drawing, on a smaller scale, as much of the 
curves as lies without this circle) was shown as representing the 
disturbed lines of magnetic force about balls of ferromagnetic 
substance of different inductive capacities, placed in a uniform 
magnetic field [one of these is shown in fig. 5 of § 632] ; and 
another series, similarly derived from the latter (that is, the 
one representing the lines of fluid motion about a spherical 
obstacle), was shown as representing the disturbance caused 
by the presence of diamagnetic balls of different inductive 
capacities in a uniform magnetic field [one of thcvse is shown in 
fig. 7 of § 632]. These two series of diagrams are also accurate 
representations of the lines of motion of heat in a large homo- 
geneous solid having heat uniformly conducted across it, dis- 
turbed by spherical spaces occupied by solid matter of greater 
or less conducting power than the matter round them; the 
two principal diagrams from which they are derived being the 
corresponding representations for the cases of spherical spaces 
occupied respectively by matter of infinitely great and infinitely 
small conductivity. The author called attention to the remark- 
able resemblance which these diagrams bore to those which 
Mr Faraday had shown recently at the Koyal Institution to 
illustrate his views regarding the action of ferromagnetics and 
diamagnetics in influencing the field of force in which they 
are placed; and justified and illustrated the expression ‘'con- 
ducting power for the lines of force,’’ by referring to rigorous 
mathematical analogies presented by the theory of heat. 

On the Equilibrium of elongated Masses of Ferromagnetic Sub- 
stance in uniform and varied Fields of Force. 

The fact, first discovered experimentally by Gilbert, that a 
bar of soft iron, held by its centre of gravity in a uniform 
magnetic field, settles with its length parallel to the lines of 
force, is not explained correctly when it is said to be merely due 
to the property of magnetic induction in virtue of which the 
bar of soft iron becomes temporarily a magnet like a permanent 
magnet in its position of stable equilibrium. For exactly the 
sam^ statement would be applicable to a row of soft iron balls 
rigidly connected by a non-magnetic frame; yet such an arrange- 
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ment would not experience any directional tendency (since no 
one of the balls in it would experience either a resultant force or 
a resultant couple from the force of the field), unless in virtue 
of changes in the states of magnetization of the balls induced 
by their mutual actions. Hence the mutual action of the parts 
of a row of balls, and as is easily shown, of a row of cubes, or 
of a bar of any kind, must be taken into account before a true 
theory of their directional tendencies can be obtained. The 
author of this communication, by elementary mechanical reason- 
ing founded on what is known with certainty regarding magnetic 
induction and magnetic action generally, shows that an elongated 
mass, in a uniform magnetic field, tends to place its length 
parallel to the lines of force, whether its inductive capacity be 
ferromagnetic or diamagnetic, provided it be non- crystalline, be- 
cause if ferromagnetic it becomes more, or if diamagnetic, less 
intensely magnetized, if placed in such a position, than if placed 
with its length across the lines of force. But for all substances, 
whether ferromagnetic or diamagnetic, possessing so little capacity 
for induction as any of the known diamagnetics, this tendency, 
depending as it does on the mutual action of the parts of the 
elongated mas>, is, and piobably will always remain, utterly 
imperceptible in experiment. All directional tendencies in 
bais of diamagnetic substance which have yet been, and pro- 
bably all which can ever be discovered by experiment, aie due 
cither to some magn e-cry stallic propeity of their substances, or 
to the tendency of their ends or other moveable ipants, from places 
of stronger towards places of lueaker force, in varied magnetic 
fields, or to these two causes combined, and in no respect to the 
inductive effects of the mutual influence of their paits. To 
consider the eftects of a want of uniformity of the force, in a 
varied field, on the equilibrium of a ferromagnetic bar, the 
author quoted Faraday’s admirable statement of the law regard- 
ing the tendency of a ball or cube of diamagnetic substance*, 
and referred to former papers [Arts, xxxiii. and xxxiv. above 
(§§ 634 -— 668 )], in which he had proved that, when applied to 
non-crystalline substances generally, with the proper modifica- 

* [See Faraday’s “ Memoir on the Magnetic Condition of all Matter,” Trans- 
actions of the Royal Society, 1846, page 21; or, Philosophical Magazine, Vol. 
xxvm. 1846.] 
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tifE for the ease of ferronoagfietics, it expresses with admirable 
simplicity the result of a mathematical investigation involving 
Bome of the most remarkable principles in the theory of attrac- 
tion. From this it was shown, that if we conceive a ferromagnetic 
mass to be divided into very small cubes, each of these parts 
would, of itself, tend towards places of stronger force, and there- 
fore that the bearing of the whole mass in a varied field will be 
produced partly by this tendency and partly by the tendency de- 
pending on the mutual inductive influence which alone exists 
when the field is unifoim. The author then proceeded to illus- 
trate these theoretical views by a series of experiments. In some 
of them a steel bar-magnet was used, and small soft iron wiics, 
fixed in various positions on light wooden arms, were shown to be 
sometimes urged on the whole from places of stronger to places 
of weaker force by their tendency to get into positions with their 
lengths along the lines of force. In others, a ring electro-magnet, 
consisting of insulated copper wire, rolled fifty times round as 
closely as possible to the ciicu inference of a circle of about 25 
centimetres diameter, fixed in a vertical plane at right angles to 
the magnetic meridian, was used, and a single cube of soft iron, 
placed in an excentric position on a long narrow pasteboard tray 
centrally suspended in the field of force by unspun silk, was 
attracted into the plane of the ring ; but a row of three or four 
cubes placed touching one another in a line through the axis 
of suspension, settled as far from the plane as possible, in viitue 
of the tendency of an elongated mass to get its length along the 
lines of foice. Two cubes placed in contact are found to be 
in stable equilibrium in the plane of the ring, or in oblique 
positions, or as far from the ring as possible, according to the 
greater or less distances at which they are placed in the tray, 
from the point of suspension. A number of equal and similar 
bars of a composition of wax and soft iron filings of difiereiit 
ferromagnetic strengths, suspended successively with their 
middle points in the centre of the magnet, settled in various 
positions. Those of them which were of greatest ferromagnetic 
capacity settled perpendicular to the plane of the ring or along 
the lines of force ; others, with a smaller proportion of iron fil- 
ings, had positions of stable equilibrium both in the plane of 
the ring d^xi^ perpendicular to it; and others, with a still smaller 
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proportion of iron filings, had their sole positions of stable 
equilibrium in the plane of the ring. The last-mentioned ex- 
periments illustrated very curiously the diminished proportion 
borne by the effects of mutual influence of the parts to those of 
a non- uniformity in the field of force, in similar bodies of 
smaller ferromagnetic capacity. [Compare last two sentences 
of § 670 below.] 

XXXYI. Remarques sur les oscillations d'aiguilles non cristal- 
Its^es de faible pouvoir inductif paramagndtiques ou dia~ 
magne'tiques, et sur d'autres pMnomenes magnetiques pro- 
duits par des co7'ps cristallises ou non cristallises 
[I'Vom the ‘ Comptes Bendus' of the Fiench Academy^ 1854, first half-year ] 

“ Glasgow, le 22 mars 1854, 

670. J ai 111 aujourd'hui, dans les Comptes Rendus du 25 avril 
dc I’annee dernibro, un Extrait de trois Memoires de M. Mat- 
teuccr relatifs au magndtisme, qiu renferment uii grand nombre 
dbbservations intdressantes. J’y trouve la remarque que des 
aiguilles prismatiques de bismuth non cristallise oscillent entre 
les poles d’un aimant dans des temps egaux, lors meme que leurs 
poids sont differents, qiiand leurs longueurs sont les inemes. J^ai 
cu la pensde que la proposition serait encore vraie, lors meme que 
cette dernidre condition ne serait point remplie, ou du moins en 
y substituant cette autre condition moins absolue : les longueurs 
des diffSrentes aiguilles 7ie doivent point depasser une petite 
fraction de la distance comprise entre les deux pSles de U aimant. 

“II me siiffit, pour prouver cette proposition, de reraonter 
a la raison donnde des I’origine par M. Faraday de Taction 
eprouvde par une aiguille de bismuth non cristallisd placde 
entre les deux poles d’un aimant ; savoir que cette action est la 
rdsultante des tendances qu’dprouvent toutes les particules de 
Taiguille a se transporter des points oii la force magndtique est 
la plus intense vers ceux ou elle est la plus faible; j applique ici 
la thdorie mathdmatique, prdsentde pour la premiere fois dans le 
J ournal de MatMmatiques de Cambridge et de Dublin 


* Des forces qui agiesent sur de petites spheres Boumises d des influences 
magnetiques j aper^u de queiques ph6nom^nes pr^sentds par les substances 
diamagn^tiques. 

Cambridge and Dublin MathematicalJournal; mai 1847 [§§ 634 .646 above], 
Voyez aussi un article du Philosophical Magazine^ octobre 1850, intitule; 
“Kemarques sur les forces qui agissent sur les substances ferromagn^tiquea 
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est en eflfet d^montr^, dans cette investigation mathdma- 
tique, qu’en ddsignant par fi un coefficient exprimant le pouvoir 
inductif de la substance (ce coefficient, positif pour les substances 
ferromagndtiques ou paramagndtiques, et ndgatif pour les sub- 
stances diamagndtiques, exprime parfaitement la difference de 
propridtds, ddcouveite par M. Faraday, et qui a servi de base i la 
division de tons les corps en deux classes, corps paramagndtiques 
et corps diamagndtiques) ; par a le volume dune particule du 
corps; par B la rdsultante des forces magndtiques qui s’exercent au 
point (^, y, z) du champ magndtique dans lequel il est placd, c’est- 
^-dire la force qui agirait sur un pole magndtique dgal ^ Tunite, 
ou sur Tunite de magnetisme boreal, ou de matihe magn^tique 
imaginaire, ou de fluide magnStiqiie qui se trouverait en ce point. 
La force k laquelle sera effectivement soumise cette particule 
magndtisde par induction sera la rdsultante des trois forces 
JT, F, F donndes par les trois Equations [§ 039 (5) above} 


X = iga- 


d(R^) 




d{BY) 


Z.= 


, d{R^) 


dx ’ " dy 

‘^Supposons que Forigine 0 des coordonnees soit placde an 
centre de la ligne qui joint les deux poles de Taimant, et que 
Taxe des coordonndes X'OX coincide avec cet axe da champ 
magnetique: la valeur de Bd sera un minimum au point 0 rela- 
tivement aux divers points de la ligne X'OX, et un maximum 
relativement aux points d’un plan Equatorial qui lui serait per- 
pendiculaire. On a, d’aprbs cela, pour des points places a une 
distance infiniment petite du point 0, 

= (7/; 

Bq reprEsente la valeur de B au point 0, et A, B, G sont trois 
quantitEs positives. 

‘'Supposons maintenant qu’un petit corps (de volume a, 
de masse m, de pouvoir inductif y) soit fixE ^ FextrEmitE d’un 
bras rectiligne infiniment lEger OM (de longueur a), qui puisse 
se mouvoir librement et uniquement autour de Faxe OZ, c'est- 
^-dire dans le plan F OX, et constitue ainsi ce qu’on nomme un 
pendule magniiique simple; FEquation de son mouvement sera 


m 


d^aO) 

df 


= F cos ^ - X sin 6, 


ou diamagndtiques non cristallisdes magndtisdes par induction” [§§ 647... 668 
above]. 



XXXVI.] Oscillations of Inductively Magnetized Needles. 625 


$ reprdsentant Tangle MOX. Les expressions pr^c^dentes 
nous donnent 

X = fia-Ax et F= “ fiaBy, 
et comme on a gdomdtriquement 

a; = a cos y = a sin 6, 

Tdquation du mouvement devient 

d^d U(T . . . /I /I 

sin 0 cos 6. 

dt m ^ ' 

Comme Tdquation est ind^pendante de a, nous en concluons 
qiie : le mouvement angulaire est independant du rayon dm cercle 
dans lequel il seffectue, ou que les oscillations de diffSrents pen- 
dides (ddfinis comme nous Tavons fait) autoiir du centre du 
champ magnetique sont isochrones, lien que leurs longueurs soient 
diffe'rentes. 

“La demi-pdriode d’une oscillation infiniment petite est 
— / 

OU, SI p reprdsente la densitd du corps, 


'^V g{A+B)' 

(II est evident que les oscillations d’un pendule niagndtique 
infiniment petit autour dun point qiu ne possMe aucune pro- 
pridtd de maximum ou de minimum magndtique, se feront dans 
des temps proportionnels aux racines carries des longueurs, et 
suivront ainsi les memes lois que le pendule ordinaire, simple 
ou composd ) 

“Ces conclusions sont applicables aux oscillations dun 
petit corps d’une nature quelconque non cristallisd. Si p est 
positif, c’est-^-dire si le corps est paramagnStique, les posi- 
tions d’dquilibre stable correspondront a ^ = 0 ou 6 = 7r, c’est- 
^-dire se trouveront sur Taxe. Si au contraire, p est ndgatif, 
c’est4-dire si la mati^re est diamagndtique, les positions 
d’dquilibre stable r^pondront ^ ^ = Jtt et ^ = f tt, et se trouveront 
dans le plan perpendiculaire h> Taxe, dans le plan Squatorial du 
champ magndtique. 

“Si Ton assemble une sdrie de particules le long de la 
ligne OM, et si le pouvoir inductif, paramagndtique ou dia- 
magndtique, est assez faible pour qu’elles n’exercent point une 
influence sensible les unes sur les autres, chacune d’elles sera 
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iafllfeenc^e comme si elle dtaitJaoMe. Mais il a M d^montr^ 
qu# si elles sont formdes de la m^me substance, leur mouve- 
mdat angulaire sera le m§me si on les ddrange de leur position 
d’dquilibre de la meme quantity angulaire, et qu’elles ne soient 
pas unies Tune k I’autre par un lien rigide Nous en concluons 
que les oscillations d’une aiguille (c’est-^-dire d’une barre dont 
la longueur est un multiple trbs-dlevd des dimensions latdrales) 
d’une substance paramagndtique ou diamagndtique non cristal- 
lisde, autour d’un point fixe placd au centre du champ magndtiqiie, 
sont inddpendantes de sa masse et de sa longueur, et que la 


demi-pdriode d’une petite oscillation est dgale a '^ \/ 

“II est clair que les oscillations d’une barre cristallisde 
ou non, seront inddpendantes des dimensions latdrales, pourvii 
que celles-ci soient trbs faibles comparativement k sa longueur, 
et qu’il n’y ait point d’influence inductive sensible exercde entre 
ses diverses parties, et, par consequent, que diverses aiguilles 
prismatiques de la mdme longueur (meme si cette longueur est 
assez grande pour que les considdrations prdcddentes soient 
inapplicables), et d’une substance semblable et disposde sembla- 
blement, soit qu’elle soit ou non cnstallisde, oscilleront dans le 
mdme temps, quel que soit leur poids. Ce n’est qu’^ des dif- 
ferences dans I’arrangement cristallin scmblables a celles sni 
lesquelles M. Matteucci a portd Fattention, et non pas ^ des 
differences de poids, qu’il faut attribuer les variations qu’il a 
observdes dans les pdriodes d’oscillations do diverses aiguilles 
cristallisdes de mdme longueur. 

“Les limites de la longueur d’une aiguille non cristalline 
oscillant autour du centre d’un champ magnetique en degA des- 
quelles on pent appliquer les re'sUltats prdcddents avec uno 
suffisante approximation, dependent des dimensions et de la 
forme de Faimant, et en particulier de la disposition de ses 
p61es. On pent observer qu’une aiguille paramagn^tiqne d’unc 
trop grande longueur oscillera certainement plus rapidement 
que la thdorie ne Findique, et qu’une aiguille diamagndtique 
oscillera probablement d’autant plus lentement que sa longueur 
sera plus grande, si sa longueur est telle que les Equations pr^- 
cddentes ne puissent repr^senter ses mouvements avec ime 
rigueur suffisante. 
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“La determination des mouvements de barres cristallines 
ou de masses d'une forme quelconque, dans les circonstances 
indiqudes par M. Matteucci, pent s effectuer sans difficultd en 
appliqnant la thdorie de Find action magndtique dans les corps 
cristallins, dont les developpements mathematiques ont dtd 
soumis, en 1850; h, TAssociation britannique, a Edimbonrg, et 
qiii a ete pablide depuis dans le Philosophical Magazine. On 
trouvera dans ce Me'moire*, et dans ceux qae j’ai citds plus 
haut, la preuve que les pbdnomenes de direction que prdsente 
le bismuth Cristallisd placd entre les poles d’un aimant, et 
observes par M. Matteucci, trouvent leur parfaite explication 
dans la tendance que possbdent les moldcules h. se porter des 
points ou I’lntensite magndtique est la plus grande vers ceux od 
elle est la plus faible; corabinde avec la tendance directrice qui 
ddpend de ce dernier dldment, et qui, ainsi que I’indique la 
thdorie, rdsulte dune indgalitd du pouvoir inductif dans les 
cliverses directions d’un cristal. 

“Jai lieu d’espdrer que les raisonnements et les dd- 
veloppements contenus dans ces Mdmoires paraitront suffisants 
pour m autoriser h exprimer une opinion contraire ^ celle que 
M. Matteucci a avancde relativement aux phdnomdnes remar- 
quables qu’il a observds. 

“Puisque j’ai occasion de parler du passage {Comptes 
Rendus, t. XXXVI p 743) ob M. Matteucci attribue a M. 
Tyndall la ddconverte d’une indgalitd dans la repulsion diamag- 
ndtique prdsentde par les cristaux, suivant la position de I’axe 
du cristal, je crois ndcessaire de faire remarquer que cette 
importante ddcouverte est due h M. Faraday. M. Tyndall en 
rendant compte de ses reclierches sur ce sujet (Philosophical 
Magazine, septembre 1851), cite les travaux antdrieurs de M. 
Faraday (Royal Society, novembre 1850). Dans le paragraphe 
2839 de ce Mdmoire, M. Faraday dnonce cette loi comme une 
conjecture en Tannde 1848 (§ 2588); mais, faute d’expdriences 
suffisantes, il ne s y appesantit point : il revient sur ce sujet, k 
propos du bismuth cristallisd, dans le paragraphe 2839 de ce 
Mdmoire, et rdussit ensuite k verifier ses precisions par Tex- 
pdrience (§ 2841). Plus tard, au sujet du spath calcaire 

* Sur la th^orie de I’induction magn6tique dans les substances cristallis^ea 
6t non cristaUis^es. Philosophical Magazine , mars 1851 [§§ 647 ..668 above]. 



5^ A Mathmatical Theory of Magnetism. [xxxvi. 

(§^842), il dit notamment que si Taxe optique est dJahord placS 
p<$raUUement d Vaxe magn4tique, puis perpendiculairement d cet 
aM, le corps sera plus diamagndtique dans la premiere position 
que dans la seconds, et indique les ddfauts de sa disposition par 
suite desquels il ne peut verifier cette proposition. M. Tyndall, 
en disposant I'expdrience avec plus de precautions, rdussit ^ en 
donner la demonstration experimentale Dans la communica- 
tion ^ I’Association britannique que j’ai citee plus haut, j ai 
fait remarquer moi-meme, d^s le mois d'aoflt 1850, qu’il doit 
exister des differences dans les pouvoirs inductifs des corps 
cristallins suivant les diverses directions, et que c’etait 15- la 
seule explication possible des phenombnes de direction cristallo- 
magnetique ddcouverts par Plucker et Faraday, et dans cettc 
occasion je donnai les rdsultats particuliers au bismuth et an 
spath calcaire que I’experience a confirmes depuis. C’est 
Poisson, le premier, qui a prdvu les phenomenes cristallomag- 
netiques, dus ^ une difference dans les pouvoirs inductifs dans 
les differentes directions dun corps cristallise; mais il ne 
chercha point a verifier la theorie qu’il emit alors, parce qu’d 
ne connaissait point de corps auxquels elle pht etre applicable. 
Les experiences actuelles de M Pliickcr et de M. Faraday out 
ete suggdrdes par le Mdinoire que lut Poisson, a I’AcademiG, 
le 2 fevrier 1842. 

'‘Quand le pouvoir inductif des substances est tel, que 
les diverses parties exercent une action magnetique mutuelle 
les unes sur les autres, on ne peut plus supposer, comme nous 
I’avons fait, que I’aimant agit sur chaque particule comme 
si elle dtait isolee. Le fer doux offre I’exemple d’une sub- 
stance pareille (le coefficient p n’est, pour ce corps, qu’un pen 

infdrieur k ; cette influence mutuelle est ici la cause de 

phdnomenes trbs-remarquables, surtout quandon fait les observa- 
tions sur des masses allongdes. La Note ci-aprhs se rapporte a 
cette partie du sujet et aux experiences dont elle a dtd I’objet 
J’ajouterai ici la description d’une experience analogue h celle 
que fit M. Matteucci avec des cubes de bismuth cristallise, fixes 
au bout d’une aiguille de sulfate de chaux dont les clivages plans 
etaient perpendiculaires k la longueur ; dans la position d’dqui- 
libre stable, ces cubes etaient aussi rapprocMs que possible des 
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p61es de Taimant. Fixez deux fines aiguilles de fer doux aux deux 
bouts d’une tige droite en bois (ou toute autre substance non sen- 
siblement magndtique) et perpendiculairement k cette tige, sus- 
pendue par un fil au centre du champ magndtique, entre les deux 
poles, et dquilibrde de manibre k ce que le plan des aiguilles de 
fer soit horizontal. Si la tige en bois n’est pas trop longue, elle se 
placera perpendiculairement ^ la ligne des poles, c'est-^-dire que 
les aiguilles de fer doux, pour ^tre en ^quilibre stable, devront 
etre aussi loin que possible des p61es de Taimant. Cette experience 
peut etre faite avec faciUtd, au moyen dun simple aimant d’acier 
en fer ^ cheval. Le rdsiiltat observd est dfi a la tendance qu’a 
chacime des deux aiguilles de fer doux, en vertu des actions 
mutuelles de ses diffdrentes parties, k se placer parallblement 
a la direction des forces. Le rdsultat de M. Matteucci doit etre 
attribud k la tendance que possbde chaque cube de bismuth, en 
vertu de sa structure cristalline, a placer son plan de clivage 
perpendiculairement a la direction de la force.’’ 


Note . — De Vequilihre des masses allongees de substances ferromagne- 
tiques dans des champs de force magnUique constants et variable. 

Le fait, decouvert d’abord experimentalement par Gilbert, qu’une 
barre de fer doux, fix^e k son centre de gravity dans un champ mag- 
n^tique iiniforme, se place parallMement k la direction des forces, n’est 
pas suffisamment expliqu^ quand on Tattribue uniquement k la vertu 
inductive que possMe le fer doux de se transformer momentan^ment en 
un aimant semblable k un aimant permanent dans sa position d’^qui^ 
libre stable. Car la meme explication devrait s’appliquer ^ une rang^e 
de spheres de fer doux assemblies k I’aide de joints non magnetiques ; 
cependant un tel assemblage ne presenterait point de phinornine de 
direction (puisqu’aucune des spheres partiellesnerecevrait Taction d’une 
force ou d’un couple risultant magnitiques) k moins que les spheres 
n’agisisent les unes sur les autres, et qu’il ne se produise ainsi des 
changements dans leur itat magnitique. II faut done admettre qu’il 
s’opire des actions mutuelles dans les diffirentes parties d’une rangie 
de spheres ou de cubes, ou simplement dans uno barre, si Ton veut 
arriver k la vraie thiorie des phinomines de direction. 

L’auteur de cette communication, k Taide de raisonnements de mican- 
ique ilimentaire fondes sur les principes les mieux itablis de Tinduction 
niagnitique et de Taction magnitique en geniral, fait voir qu’une masse 
allongie, ferromagnitique ou diamagnetique, placie dans un champ 
ttiagnitique uniforms, tend se placer parallilement ^ la direction dea 
forces, pourvu qu’elle ne soit point cristallisie : en effet, quand die est 
fen'omagnitiqu©,dle est moins facilementmagnitisie, quand on la place, 
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ilaia U position oi-dessus, que dans la position perpendiculaire ; le con- 
trtire a lieu quand elle est diamagn^tique. 

iilais pour toutes les substances, des deux classes, qui possMent un 
aussi faible pouvoir inductif que certains corps diamagn^tiques connus, 
cette tendance qui r^sulte d’actions mutuelles int^rieures ne peut ^tre 
y^rifi^e par I’^xperience. Toutes les tendances directrices des barres 
diamagn^tiques qui ont ^t^ jusqu’ici, et sans doute toutes celles qui 
seront encore d^couvertes par experience, sout dues soit k quelque pro- 
pri6t^ oristallomagn^tique, soit k la tendance des extremit^s ou des 
autres portions mobiles ^ changer de place, de mani^re k ce que les 
molecules occupent les positions d’intensit^ magn^tique minimum, ou 
a ces deux causes reimies, plutot qu’aux elfets inductifs mutuels. En 
6tudiant les elfets d’une force magnetique variable sur les positions 
d'6quilibre d’une barre ferromagn^tique, fauteur cite I’admirable ex- 
plication donnee par Faraday, de la loi relative aux tendances direc 
trices d’une sphere ou d’un cube diamagn^tiques, et rappelle que 
prec^demment il a fait voir, qu’appliquee aux substances non cristal- 
lisees eu general, avec lea modifications convenables dans le cas ou ellcs 
sont ferromagn^tiques, cette loi exprime avec une admirable simplicit(^ 
les results ts d’un travail mathematique cornprenant quelques-uns des 
principes les plus remarquables d’une th^orie de Tattraction. 

D’apr6s cette loi, on voit qu’en supposant une masse ferro magnetique 
divis^e en cubes tr^s-petits, cliacune de ces parties tendrait d’elle-memo 
vers la position d’intensitl maximum, et qu’ainsi la position de la masse 
enti^re, dans le cas d’une force magnetique variable, serait due on 
partie k cette ten(^ance et en partie aux actions int^rieures mutuelles 
qui agissent seules, quand la force eat constante. L’auteur a cherche 
verifier, par I’experience, ces vues th^riques II a employe un barreau 
d’acier formant aimant et des fils minces de fer doux, fix^s dans diverses 
positions sur une tige en bois ; la tige en bois se pla^ait de fa 9 on que 
les fils de fer ayant leur direction parall^Ie k celle de la force, les mole- 
cules fussent dans les positions d’intensit6 minimum. Dans une autre 
experience, un anneau electromagn^tique, form4 de fils de cuivre isolls 
roul^s cinquante fois autour d’un cercle d’un diam^tre ^gal k 25 centi- 
metres, ^tait fixe dans un plan vertical perpendiculairement au m^iidien 
magnetique ; un simple cube de fer doux, plac^ excentriquement sur 
un plateau de carton mince suspendu k son centre par un fil de soie 
naturel dans le plan de la force, ^tait attire dans le plan de I’anneau, 
mais une suite de trois k quatre cubes places au contact k la suite les 
uns des autres en ligne droite le long de I’axe de suspension, se pla^ait 
aussi loin du plan que possible en vertu de la tendance d’une masse 
allong^e, placer sa plus grande dimension parall^lement la direction 
de la force. Deux cubes places au contact ^taient en ^quilibre 
stable dans le plan de I’anneau ou dans une position oblique, ou 
aussi loin que possible de I’anneau, suivant la distance variable 
k laquelle on les pla^ait sur le plateau au point de suspension. Des 
barres 6gales et semblables, form^es par un melange de oire et de 
limaille de fer doux et de puissances diamagn^tiques diflfiSrentes, susjpen- 
diies successivement par leur point milieu, se fixaient dans des positions 
diverses : celles qui poss^daient le plus grand pouvoir feri*omagn^tique 
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se pla^ent pei'pendiculairement au plan de Tanneau qu dans la direc- 
tion des forces ; les autres, celles qui contenaient moins de fer, avaient 
leur position d’^quilibre k la fois dans le plan de I’anneau et perpen- 
diculairement k ce plan; et celles qui en contenaient encore moins, 
^taient en ^quilibre nniqnement dans le plan de I’anneau. 

Ces derni^res experiences font voir d’une fatjon tres-remarquable la 
part qu’il faut faire, dans cet ordre de phenomenes, aux actions 
mutuelles interieures, et en m^me temps k la variation de la force 
[compare original, being last sentence of § 669]. Des melanges de 
sable et de limaille de fer doux, plaees dans des tubes de verre, feraient 
le m^me effet que les barreaux dont nous venons de parler et vaudraient 
peut-6tre mieux dans certains cas. 


XXXVII. Elementary Demonstrations of Propositions in the 
Theory of Magnetic Force. 

[From the Philosophical Magazine, April 1865 ] 

671. Bef. 1. The lines of force due to any magnet or electro- 
magnet, or combination of magnets of any kind, are the lines 
that would be traced by placing the centre of gravity of a very 
small steel needle, perfectly free to turn about this point, in 
any position in their neighbourhood, and then carrying it 
always in the direction pointed by the magnetic axis of the 
needle. 

Remark. Except in the case of symmetrical magnets, the 
lines of force will generally be lines of double curvature. 

Bef 2. The lines of component force in any plane are the 
lines traced by placing the centre of a steel needle any- 
where in this plane, and carrying it always in this plane in 
the nearest direction to that pointed by its magnetic axis ; that 
is, the direction of the orthogonal projection of the magnetic 
axis on the plane; or the direction that the steel needle would 
point with its magnetic axis if placed with it in the plane, and 
left free to turn about an axis through its centre of gravity 
perpendicular to the plane. 

672. Prop. I. If the line of component magnetic force through 
any point in a plane be curved at this point, the force will vary 
in a line perpendicular to the lino of force in its plane, increasing 
in the direction towards the centre of curvature. 

Let EABF (Fig. 1) be a line of component force in the plane 

34—2 
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of fee diagram, and let GODS be another near it, each and all 
be^een them being curved in the same direction, the arrow 
heitd on each indicating the way a north pole would be urged. 
Let A (7, BJD be lines drawn perpendicular to all the lines of 
component force between these two. Because of the curvature 
of these lines, the lines .4(7 and BD (whether straight or curved) 
must be so inclined to one another that the portion CD cut off 
from the last shall be less than the portion AB cut off from 
the first. Let a north pole of an infinitely thin, uniformly and 
longitudinally magnetized bar, of which the south pole is at a 
great distance from the magnets, be carried from D to G along 
the line of component force through these points, from G to A 
perpendicular to all the lines of force traversed, from A to B 
again along a line of force, and lastly, from B to D perpendi- 
cular to the lines of force. Work must be spent on it in 
carrying it from I) to G, and work is gained in passing it from 
A to B. Then, because no work is either gained or spent in 
carrying it from C to .4 or from B to D, the work gained in 
moving along AB cannot exceed the work spent in the first part 
of the motion, or else we should have [compare § 622 above] a 
perpetual development of energy from no source*, by simply let- 
ting the cycle of motion be repeated over and over again : and the 

* [Note added March 26, 1855.]— It might be objected, that perhaps the 
magnet, in the motion earned on as desenbed, would absorb heat, and convert 
it into mechanical effect, and therefore that there would be no absurdity in 
admitting the hypothesis of a continued development of energy. This ob- 
jection, -which has occurred to me since the present paper was written, is 
perfectly valid against the reason assigned in the text for rejecting that 
hypothesis; but the second law of the dynamical theory of heat (the principle 
discovered by Carnot, and introduced by Clausius and myself into the dy- 
namical theory, of which, after Joule’s law, it completes the foundation) 
shows the true reason for rejecting it, and establishes the validity of the 
remainder of the reasoning in the text. In fact, the only absurdity that 
would be involved in admitting the hypothesis that there is either more or 
less work spent in one part of the motion than lost m the other, would be 
the supposition that a thermo-dynamic engine could absorb heat from matter 
in its neighbourhood, and either convert it wholly into mechanical effect, or 
conv^ a part into mechanical effect and emit the remainder into a body at a 
higher temperature than that from which the supply is drawn. The inves- 
tigation of a new branch of thermo-dynamics, which I intend shortly to 
communicate to the Boyal Society of Edinburgh, shows that the magnet (n 
of magnetized steel) does really experience a cooling effect when its pole is 
carried from A io B, and would experience a heating effect if carried hi ^be 
.reyeiBe direction. [See Art. xLvin., part vii. of my “ Beprint of Mathematical 
- aod Physical Papers,” (Vol, i., page 291)]. But the same investigation also shows 
that the magnet must absorb just as much heat to keep up its temperature dunng 
the motion of its pole with the force along AB, as it must emit to keep from 
rising in temperature when itapole is carried against the force, along DC, 
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work spent along DC cannot exceed that gained from A to B, or 
else we might have a perpetual development of energy from no 



source, merely by reversing the motion described, and so repeat- 
ing. The work spent and gained in the motions along DC and 
.irrespectively must therefore be exactly equal. Hence the 
mean intensity of the force along OD, which is the shorter of the 
two paths, must exceed the mean intensity of the force along 
the other; and therefore the intensity of the force increases 
from P in the perpendicular direction towards which the 
concavity of the line through it is turned. 

673. Prop. II. The augmentation of the component force in 
any plane at an infinitely small distance from any point, towards 
the centre of curvature of the line of the component force 
through it, bears to the whole intensity at this point the ratio 
of the infinitely small distance considered, to the radius of 
curvature. 

If, in the diagram for the preceding proposition, we suppose 
AB and CD to be infinitely near one another, and each in- 
finitely short, they will be infinitely nearly arcs of circles with 
infinitely nearly equal radii. Hence the difference of their 
lengths must bear to either of them the ratio of the distance 
between them to the radius of curvature. But the mean 
intensities along these lines must, according to the preceding 
demonstration, be inversely as their lengths, and hence the 
excess of the mean intensity in CD above the mean intensity 
in. A B must bear to the latter the ratio of the excess of the 
length of AB above that of CD to the latter length ; that is, as 
has been shown, the ratio of the distance between AB and CD 
to the radius of curvature. 

674. Prop All, The total intensity does not vary from any 
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point in a magnetic field to a point infinitely near it in a direc- 
ti<k perpendicular to the plane of curvature of the line of force 
through it. 

675, Prop. IV. The total intensity increases from any point 
to a point infinitely near it in a direction towards the centre of 
curvature of the line of force through it, by an amount which 
bears to the total intensity itself, the ratio of the distance be- 
tween these two points to the radius of curvature. 

These two propositions follow from the two that precede 
them by obvious geometrical considerations. 

They are equivalent to asserting, that if X, Y, Z denote the 
components, parallel to fixed rectangular axes, of the force 
at any point whose co-ordinates are {x, y, z), the expression 
Xdx + Ydy + Zdz must be the differontial of a function of 
three independent variables. 


Emmination of the Action experienced by an infinitely thin 
uniformly and longitudinally Magnetized Ba7\ placed in 
a non-uniform Field of Force, with its length direct along a 
Line of Force. 

670. Let SNhe the magnetized bar, and 8T, NT straight 
lines touching the line of force in which, by hypothesis, its ex- 
tremities lie, and P a point on it, midway between them. The 
lesultant force on the bar will be the resultant of two forces 
pulling its ends in the lines ST, NT, If these two forces were 
equal (as they would be if the intensity of the field did not 
vary at all along a line of force, as for instance when the lines 
of force are concentric circles, as they are when simply due to 
a current of electricity passing along a straight conductor; or 
if P were in a situation between two dissimilar poles symme- 
trically placed on each side of it), the resultant force would 
clearly bisect the angle between the lines TS, TN, and would 
therefore' be perpendicular to the bar and to the lines of force 
in the direction towards which they are curved ; that is (Prop. 
IV.), would be frbm places of weaker to places of stronger 
force, perpendicularly across the lines of force. On the other 
hand, if the line of force through P has no curvature at this 
point, or ho sensible curvature as far from it as .V and S, the 
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lines NT and ST' will be in the same straight line, and the 
resultant force on the bar -will be simply the excess of the 
force on one end above that on the other acting in the direc- 
tion of the greater ; and since in this case (Prop. IV.) there is 
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no variation of the intensity of the force in the field in a 
direction perpendicular to the lines of force, the resultant force 
experienced by the bar is still simply in the direction in which 
the intensity of the field increases, this being now a direc- 
tion coincident with a line of force. Lastly, if the intensity 
increases most rapidly in an oblique diiection in the field, from 
P in some direction between PS and PP', there must clearly 
be an augmentation (a “component” augmentation) from P 
towards P ' ; and therefore (Prop. IV ) the line through P must 
be curved, with its concavity towards P', and also a “com- 
ponent” augmentation from N towards S, and therefore the 
end S must experience a greater force than the end N. It 
follows that the magnet will experience a resultant force along 
some line in the angle SNP', that is, on the whole from places 
of weaker towards places of stronger force, obliquely across the 
lines of force. 

677. Prop, V. {Mechanical Lemnm ) — Two forces infinitely 
nearly equal to one another, acting tangentially in opposed direc- 
tions on the extremities of an infinitely small chord of a circle, 
are equivalent to two forces respectively along the chord and 
perpendicular to it through its point of bisection, of which the 
former is equal to the difference between the two given forces 
and acts on the side of the greater; and the latter, acting 
towards the centre of the circle, bears to either of the given 
forces the ratio of the length of the arc to the radius. 
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®ke truth of this propositi(^ is so obviolis a consequence of 

Ae parallelogram of forces,” that it is not necessary to give a 
formal demonstration of it here. 

678. jProp. VI. A very short, infinitely thin, uniformly and 
longitudinally magnetized needle, placed with its two ends in 
one line of force in any part of a magnetic field, experiences a 
force which is the resultant of a longitudinal force equal to the 
difference of the forces experienced by its ends, and another 
force perpendicular to it through its middle point equal to the 
difference between the force actually experienced by either end, 
and that which it would experience if removed, in the plane of 
cuiwature of the line of force, to a distance equal to the length 
of the needle, on one side or the other of its given position. 

NS being the bar as before, let I denote the intensity of the 
force in the field at the point occupied by N, I the intensity at 
S, J the intensity at P on the line of force midway between B 
and N and J' the intensity 
at a point P', at a distance 
PF equal to the length of 
the bar, in a direction per- 
pendicular to the line of 
force. Then if m denote 
the strength of magnetism 
of the bar, ml and w/' will 
be the forces on its two Fro. 3. 

extremities respectively. Hence by the mechanical lemma, 
the resultant of these forces will be the same as the resultant 
of a force acting along the bar in the direction SN, 

and a force perpendicular to it towards the centre of curvature, 
bearing the same ratio to either ml or mP, or to mJ (which 
is their mean, and is infinitely nearly equal to each of them), 
as NS to the radius of curvature, or (by Prop. II.) the ratio of 
the excess of the intensity at P' above that at P to the inten- 
sity at either, that is the ratio of eP - / to /, and therefore 
itself equal to m{J' - J). The bar therefore experiences a force 
the same as the resultant of m{I—I') acting along it from S 
towards N, and m{J' - J) perpendicularly across it towards F , 
through its middle point. 

679. Gor, The direction of the resultant foi^e on the bar is 
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that in which the total intensity of the field increases most 
rapidly; or, which is the same, it is perpendicular to the sur- 
face of no variation of the total intensity. 

Prop. VII. The resultant force on an infinitely small magnet 
of any kind placed in a magnetic field, with its magnetic axis 
along the lines of force, is in the line of most rapid variation 
of the total intensity of the field, and is equal to the magnetic 
moment of the magnet multiplied by the rate of variation of 
the total intensity per unit of distance ; being in the direction 
in which the force increases when the magnetic axis is “ direct,'’ 
(that is, in the position it would rest in if the magnet were free 
to turn about its centre of gravity). 

Cor. 1. The ^resultant force experienced by the magnet will 
be in the contrary direction, that is, the direction in which the 
total intensity of the field diminishes most rapidly, when it is 
held with its magnetic axis reverse along the lines of force of 
the field. 

680. Cor. 2. A ball of soft iron, or of any non-crystalline 
paramagnetic substance, held anyhow in a non-uniform magnetic 
field, or a ball or small fragment of any shape, of any kind of 
paramagnetic substance whether crystalline or not, left free to 
turn about its centre of gravity, will experience a resultant force 
m the direction in which the total intensity of the field increases 
most rapidly, and in magnitude equal to the magnetic moment 
of the magnetization induced in the mass multiplied by the 
rate of variation of the total intensity per unit distance in the 
line of greatest variation in the field. For such a body in such 
a position is known to be a magnet by induction, with its 
magnetic axis direct along the lines of force. 

681. Cor. 3. A ball of non-crystalline diamagnetic substance 
held anyhow in a magnetic field, or a small bar or fragment of 
any shape of any kind of diamagnetic substance, crystalline or 
non-crystalline, held by its centre of gravity, but left free to 
turn about this point, experiences the same resultant force as a 
small steel or other permanent magnet substituted for it, and 
held with its magnetic axis reverse along the lines of force. For 
Faraday has discovered, that a large class of natural substances 
in the stated conditions experience no other action than a 
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t^dency frm places of $trong^ towards places of weaker force, 
qmte irrespective of the directions the lines of force may have, 
he has called such substances diaraagnetics. 

682. Cor. 4, A diamagnetic, held by its centre of gravity but 
free to turn about this point, must react upon other magnets 
with the same forces as a steel or other magnet substituted in 
its place, and held with its magnetic axis reverse along the 
lines of force due to all the magnets in its neighbourhood. 

683. Cor. 5. Any one of a row of balls or cubes of diamag- 
netic substance held in a magnetic field with the line joining 
their centres along a line of force, is in a locality of less intense 
force than it would be if the others were removed ; but any one 
ball or cube of the row, if held with the line joining their centres 
perpendicularly across the line of force, is in a locality of more 
intense force than it would be if the others were removed. 

684. Cor. 6. When a row of balls or cubes, or a bar, of per- 
fectly non-crystalline diamagnetic substance, is held obliquely 
across the lines of force in a magnetic field, the magnetic axis of 
each ball or cube, or of every small part of the substance, is nearly 
in the direction of the lines of force, but slightly inclined from 
this direction towards the direction perpendicular to the length 
of the row or bar. Hence, since the magnetic axis of every 
part differs only a little from being exactly reverse along the 
lines of force, the direction of the resultant of the couples with 
which the magnets, to which the field is due, act on the parts 
of the row or bar must be such as to turn its length along the 
lines of force. 

685. Cor. 7. The positions of equilibrium of a row of balls or 
cubes rigidly connected, or of a bar of perfectly non-crystalline 
diamagnetic substance, free to move about its centre of gravity 
in a perfectly uniform field of force, are either with the length 
along or with the length perpendicularly across the lines of 
force; positions with the length along the lines of force are 
stable; positions with the length perpendicularly across the 
lines of force are unstable. 

686. Cor. 8. The mutual influence and its effects, referred to 
in Cors. 5, 6, 7, is so excessively minute, that it cannot possibly 
have been sensibly concerned in any phsenomena that have yet 
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been observed ; and it is probable that it may always remain 
insensible; even to experiments especially directed to test it. 
For the influence of the most powerful electro-magnets induces 
the peculiar magnetic condition of which diamagnetics are 
capable, to so slight a degree as to give rise to only very feeble, 
scarcely sensible, mutual force between the diamagnetic and the 
magnet ; and therefore the magnetizing influence of a neigh- 
bouring diamagnetic, which could scarcely, if at all, be observed 
on a piece of soft iron, must be insensibly small on another 
diamagnetic. 

687. Gor. 9. All phsenomena of motion that have been ob- 
served as produced in a diamagnetic body of any form or sub- 
stance by the action of fixed magnets or electro-magnets, are 
due to the resultant of forces urging all parts of it, and couples 
tending to turn them; the force and couple acting on each 
small part being sensibly the same as it would be if all the 
other parts were removed. 

C 88 . Cor, 10. The deflecting power (observed and measured 
by Weber) with which a bar of non-crystalline bismuth, placed 
vertically as core in a cylinder electro-magnet (a helix conveying 
an electric current), urges a magnetized needle on a level with 
either of its ends, is the reaction of a tendency of all parts of the 
bar itself from places of stronger towards places of weaker force 
in its actual field. 


The preceding investigation, leading to Props. VI. and VII., 
IS the same (only expressed in non-analytical language) as one 
which was first published in the Cambridge and Dublin Mathe- 
matical Journal, May 1846 [§§ 638 — 640 above]. The chief 
conclusions now drawn from it, with particulars not repeated, 
were stated in a paper entitled “ Remarks on the Forces experi- 
enced by inductively magnetized Ferromagnetic or Diamagnetic 
Substances,” in the Philosophical Magazine for October 1850 
[Article XXXIV. above]. 


Glasgow College, March 15, 1855. 



A MathmdHcai tTheor^ bf Magnetim. [xxxviii. 

XXXVIII. CORRESPONDiINCE WITH PROFESSOR TtNDALI, 

Letter to Professor Tyridall on the Magnetic Medium^ and on 
, the Effects of Compression. 

[From the Philosophical Magazine, April 1855.] 

[Editorial.] — The following letter was received a few days 
ago. It was not written for publication, but the subject to 
which it refers being of general interest at present, I ven- 
tured to suggest to Professor Thomson the desirableness of 
having the letter printed. This he at once agreed to. With the 
exception of a paragraph relating to matters of a purely private 
nature, the letter appears as I received it. 

John Tyndall. 

March 24, 1855. 

2 College, Glasgow, March 12, 1855. 

689. My dear Sir, — Allow me to thank you for the abstract 
of your letter on magnetism, and the copy of your letter to Mr 
Faraday, which I have recently received from you, and have 
read with much interest. I am still strongly disposed to believe 
in the magnetic character of the medium occupying space, and 
I am not sure but that your last argument in favour of the 
reverse bodily polarity of diamagnetics may be turned to 
support the theory of universally direct polarity. There is no 
doubt but that the medium occupying interplanetary space, 
and the best approximations to vacuum which we can make, 
have perfectly decided mechanical qualities, and among others, 
that of being able to transmit mechanical energy in enormous 
quantities (a platinum wire, for instance, kept incandescent by 
a galvanic current in the receiver of an air-pump, emits to the 
glass and external bodies the whole mechanical value of the 
energy of current spent in overcoming its galvanic resistance). 
Some of these properties differ but little from those of air or 
oxygen at an ordinary barometric pressure. Why not, then, 
the magnetic property? (of which we know so little that we 
have no right to pronounce a negative). Displace the inter- 
planetary medium by oxygen, and you have a slight increase 
of magnetic polarity in the locality with a drawing in of the 
lines of force. Displace it with a piece of bismuth or a piece 
of wood, and a slight decrease of magnetic polarity through the 
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locality takes place, accompanied by a pushing out of the lines 
of force. A state of strain by compression may enhance, in 
the direction of the strain, that quality of the substance by 
which it lessens the magnetizability of the space from which it 
displaces air or “ether;” just as a similar state may enhance, 
in the direction of compression, the augmenting power of a 
paramagnetic substance. 

690, By the bye, a long time ago (rather more than a year 
after the Edinburgh meeting of the British Association) I re- 
peated with much pleasure some of your compression experi- 
ments, and found a piece of fresh bread instantly affected by 
pressure, so as always to turn the compressed line perpendicular 
to the lines of force, to whatever form the fragment was reduced. 
A very slight squeeze between the fingers was quite enough to 
produce this property, or again to alter it so as to make a new 
line of compression set equatorially. I repeated it a few days 
ago with the same results, and got a ball of bismuth, too, to 
act similarly. I remember formerly finding the bread attracted 
as a whole, instead of being repelled, as I expected from your 
results. I suppose, however, this must have resulted from 
some ferruginous impurities, which it may readily have got 
either in the course of the experiments with it, or in the baking. 

I mean to try this again*. 

691. I do not quite admit the argument you draw from your 
compression experiments regarding the effect of contiguity of 
particles, because in fact we know nothing of the actual state of 
the molecules of a strained solid. You have made out a most 
interesting fact regarding their magnetic bearings; but experi- 
ments are neither wanted, nor can be made, to show any 
sensible effect whatever of the mutual influence of a row of 
small pieces of bismuth placed near one another, or touching 
one another. It is perfectly easy to demonstrate that it must 
be such as to impair the “ diamagnetization ” of each piece 
when the line of the row is parallel to the lines of force, and to 
enhance it when that line is perpendicular to the lines of force, 
but in each case to so infinitesimally minute a degree, as to be 

* Prof. Thomson’s supposition is correct; pure bread is repelled by a 
magnetic pole, I may remark that I am at present engaged in the further 
examination of the influence of compression, and have already obtained 
numerous instruotivo results,— J. T. 
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^oUy inappreciable to the most refined tests that have ever 
been applied. For let the lines of force be parallel to the line 
shown in the figure, and act on a steel needle in the manner 
there represented. Then, whatever hypothesis be true for 
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diamagnetism, there is not a doubt but that each piece is acted 
on, and consequently reacts, precisely as a piece of steel very 
feebly magnetized, with its magnetic axis reverse to that of a 
steel needle free to turn, substituted for it, would do. Each 
piece of bismuth therefore acts as a little magnet, having its 
polarity as marked in the diagram, would do. Hence the 
magnetizing force by which the middle fragment is influenced 
is less than if the two others were away (this being such a 
force as would be produced by a north pole on the left-hand 
side of the diagram, and a south pole on the right). It is easily 
seen, similarly, that if the line joining the centres be perpen- 
dicular to the lines of force, the magnetizing force on the space 
occupied by the middle fragment is increased. Corresponding 
assertions are true for the terminal fragments, although the 
disturbing effect will be less on them in each case than in 
the middle one. Hence the dia- 
magnetization of each will be en- 
feebled in the former case and 
enhanced in the latter, by the pre- 
sence of the others. It follows, 
according to the principle of su- 
perposition of magnetizations, that if the line of the row be 
placed obliquely across the lines of force, the magnetic axis of 
each particle, instead of being exactly parallel to the lines of 
force, will be a little inclined to them, in the angle between 
their direction and the direction transverse to the bar. The 
magnets causing the force of the field must act on the little dia- 
magnets, each with its axis thus rendered somewhat oblique, so 
as to produce on it a statical couple (as shown by the arrow- 
heads), and the resultant of the couples thus acting on the frag- 
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ments will, when all these are placed on a frame, or rigidly 
connected, tend to turn the whole mass in such a direction as to 
place the length of the bar along the -lines of force. Still, I 
repeat, this action, although demonstrated with as much cer- 
tainty as the parallelogram of forces, is so excessively feeble as 
to be absolutely inappreciable. A fragment of bismuth, of any 
shape whatever, held in any position whatever in any kind of 
magnetic field, uniform or varying most intensely, only exhibits 
the resultant action of couples on all its small parts if crystal- 
line, and of forces acting always according to Faraday’s law on 
them if the field in which it is placed be non-uniform. Some 
phaenomena that have been observed are to be explained by the 
resultant of forces from places of stronger to places of weaker 
intensity in the field, others by the resultant of couples depend- 
ing on crystalline structure, and others by the resultant of such 
forces and couples co-existing; and none observed depend at 
all on any other cause. 

692. I gave a very brief summary of these views (which I 
had explained somewhat fully and illustrated by experiments 
on paramagnetics of sufficient inductive capacity to manifest 
the effects of mutual influence, at the meeting at Belfast) as an 
abstract of my communication, for publication in the Report of 
the Belfast meeting of the British Association, where you may 
see them [§ 669 above] stated, I hope intelligibly. The experi- 
ments on the paramagnetics are very easy, and certainly exhibit 
some very curious phaenomena, illustrative of the resultant 
effects due to the attractions experienced by the parts in virtue 
of a variation of the intensity of the field, and to the couples 
they experience when their axes are diverted from parallelism to 
the lines of force by mutual influence of the magnetized parts. 

693. I had no intention of entering on this long disquisition 
when I commenced, but merely wished to try and briefly point 
out, that the assertions I have made regarding mutual influence 
are demonstrable in every case without special experiment, are 
confirmed amply by experiment for paramagnetics, and are 
absolutely incontrovertible, as well as incapable of verification 
by experiment or observation on diamagnetics. — Believe me, 
yours very truly, William Thomson. 

Prof. Tyndall. 
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On Reciprocal Molecular Induction : Letter from Professor 
Tyndall to Professor W, Thomson, F.R.8. 

[From the Philosophical Magazine^ December 1855.] 

Koyal Institution, Nov. 26, 1855. 

>94. My DEAE Sir, — The communication from Professor 
Weber which appears in the present number of the Philoso- 
phical Magazine, has reminded me, almost too late, of your own 
interesting letter on the same subject published in the April 
number of this Journal. A desire to finish all I have to say 
upon this question at present induces me to make the following 
remarks, which, had it not been for the circumstance just 
alluded to, might have been indefinitely deferred. 

With reference to the mutual action of a row of bismuth par- 
ticles, you say that ''it is perfectly easy to demonstrate tliat 
“ it must be such as to impair the ' diamagnetization ’ when the 
" line of the row is parallel to the lines of force (the “ must,” 
you will remember, is put in italics by yourself). From this 
you infer, that in a uniform field of force a bar of bismuth 
would set its length along the lines of force. Further on it is 
stated that this action is “ demonstrated with as much certainty 
" as the parallelogram of forces;” and you conclude your letter 
by observing that " the assertions which I [yourself] have made 
"are demonstrable in every case without special experiment, ... 
"and are absolutely incontrovertible, as well as incapable of 
"verification by experiment or observation on diamagnetics.” 

Most of what I have to say upon this subject condenses 
itself into one question. 

Supposing a cylinder of bismuth to be placed within a helix, 
and surrounded by an electric current of sufficient intensity; 
can you say, with certamty, what the action of either end of 
that cylinder would be on an external fragment of bismuth 
presented to it ? 

If you can, I, for my part, shall rejoice to learn the process 
by which such certainty is attained ; but if you cannot, it will, 

I think, be evident to you that the verb " must ” is logically 
" defective.” 

W^e know that magnetized iron attracts iron : we know that 
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magnetized iron repels bismuth : this, so far as I can see, is 
your only experimental ground for assuming that magnetized 
hisrmth repels bismuth, and yet you affirm that an action 
deduced from this assumption " is demonstrated with as much 

certainty as the parallelogram of forces.” Do I not state the 
question fairly ? I can, at all events, answer for my earnest 
wish to do so. 

It is needless to remind one so well acquainted with the 
mental experience of the scientific inquirer, that the very letters 
which you attach to your sketch, page 291 [of Philosophical 
Magazine, § 691 above], may tempt us to an act of abstraction 
—a forgetfulness of a possible physical difference between the n 
of iron and the n of bismuth — which may lead us very wide of 
the truth. The very term “ pole ” often pledges us to a theoretic 
conception without our being conscious of it. You are also well 
aware of the danger of shutting the door against experimental 
inquiry on an unpromising subject ; and when you apparently 
do this in your concluding paragraph, I simply accept it as a 
strong way of expressing your personal conviction, that the action 
referred to is too feeble to be rendered sensible by experiment. — 
Believe me, dear Sir, most truly yours, John Tyndall. 


On the Reciprocal Action of Diamagnetic Particles: Letter from 
Professor Thomson to Professor Tyndall. 

[From the Philosophical Magazine, January 1856.] 

Glasgow College, Dec. 24, 1855. 

695. My dear Sir, — I have been prevented until to-day, by 
a pressure of business, from replying to the letter you addressed 
to me in the number of the Philosophical Magazine published at 
the beginning of this month. 

You ask me the question, “ Supposing a cylinder of bismuth 
“to be placed within a helix, and surrounded by an electric* 
“current of sufficient intensity; can you say, with certainty, 

“ what the action of either end of that cylinder would be on an 
“external fragment of bismuth presented to it 

6^6. In answer, I say that the fragment of bismuth will be re- 
pelled from either end of the bar provided the helix be infinitely 
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long, or long enough to exercise no sensible direct magnetic action 
in the locality of the bismuth fragment. I can only say this 
with the same kind of confidence that I can say the different 
parts of the earth’s atmosphere attract one another. The con- 
fidence amounts in my own mind to a feeling of certainty. In 
every case in which the forces experienced by a little magnetized 
steel needle held with its axis reverse along the lines of force, 
and a fragment of bismuth substituted for it in the same 
locality of a magnetic field, have been compared, they have 
been found to agree. In a vast variety of cases, a fragment of 
bismuth has been found to experience the opposite force to that 
experienced by a little ball of iron, that is, the same force as 
a little steel magnet held with its axis reverse to the lines of 
force; and in no case has a discrepance, or have any indica- 
tions of a discrepance, from 'this law been observed. I feel, 
therefore, in my own mind a certain conviction, that even when 
the action is so feeble that no force can be discovered at all on 
the bismuth by experimental tests, such in regard to sensi- 
bility as have been hitherto applied, the bismuth is really 
acted on by the same force as that which a little reverse magnet, 
if only feeble enough, would experience when substituted in 
its place. Now there is no doubt of the nature of the force 
experienced by the steel magnet, or by a little ball of soft iron, 
in the locality in which you put the fragment of bismuth. One 
end of a magnetized needle will be attracted, and the other end 
repelled by the neighbouring end of the bismuth bar; and the 
attraction or the repulsion will preponderate according as the 
attracted or the repelled part is nearer. There is then certainly 
repulsion when the steel magnet is held in the reverse direc- 
tion to that in which it would settle if balanced on its centre of 
gravity. In every case in which any magnetic force at all can 
be observed on a fragment of bismuth, it is such as the steel 
magnet thus held experiences. Therefore I say it is in this 
case repulsion. But it will be as much smaller in proportion 
to the force experienced by the steel magnet, as it would be if 
an iron wire were substituted for the bismuth core. Yet m 
this case the repulsion on the bismuth is very slight, barely 
sensible, or perhaps not at all sensible when the needle exhibits 
most energetic signs of the forces it experiences. You know 
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yourself, by your own experiments, how very small- is even the 
directive agency experienced by a steel magnet placed across 
the lines of force due to the bismuth core. You may judge 
how much less sensible would be the attraction or repulsion it 
would experience as a whole, if held along the lines of force ; 
and then think if the corresponding force experienced by a 
fragment of bismuth substituted for it, is likely to be verified 
by direct experiment or observation. I think you will admit 
that it is ''incapable of verification,” as well as "incontro- 
vertible ” by any collation of the results of experiments hitherto 
made on diamagnetics. As to the concluding paragraph of my 
letter which you quote, you do me justice when you say you 
accept it as an expression of my " personal conviction that the 
"action referred to is too feeble to be rendered sensible by 
" experiment.” I will not maintain its unqualified application 
to all that can possibly be done in future in the way of experi- 
mental research to test the mutual action of diamagnetics 
under magnetic influence. On the contrary, I admit that no 
real physical agency can be rightly said to be "incapable of 
" verification by experiment or observation ; ” and I will ask you 
to limit that expression to experiments and observations hitherto 
made, and to substitute for the concluding paragraph of my 
letter the following statement [§ 68G above], written for publi- 
cation three days later, and published in the same number of 
the Magazine as that to which you communicated my letter 
{PUL Mag., April 1855, p. 247). “The mutual influence” 
between rows of balls or cubes of bismuth in a magnetic field; 

" and its effects ” in giving a tendency to a bar of the substance 
to assume a position along the lines of force, " are so excessively 
“minute, that they cannot possibly have been sensibly con- 
“ cemed in any phsenomena that have yet been observed ; and 
“ it is probable that they may always remain insensible, even 
“to experiments especially directed to test them.” I remain, 
niy dear Sir, yours very truly, William Thomson. 

Dr Tyndall. 
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XXXIX. Inductive Susceptibility of a Polar Magnet 

[March 1872 , Not hitherto ]^uhluhed.'\ 

697. It is probable that every loadstone or steel magnet, or 
polar magnet of any kind, whatever degree of intrinsic mag- 
netization it may possess, has also a susceptibility for magnetic 
induction, according to which, under the influence of other 
magnets brought into its neighbourhood, it will experience 
inductive magnetization temporarily superimposed upon its in- 
trinsic magnetization. Hitherto experiment has given us little 
or no definite knowledge on this subject, or indeed generally 
on the relation between magnetic retentiveness and magnetic 
susceptibility. Waiting for more complete experimental in- 
vestigation of the magnetic properties of matter, I shall assume 
as a typical magnetic solid, a rigid body possessing any degree 
of intrinsic magnetization in any direction, with perfect re- 
tentiveness; and having inductive quality defined by three 
principal magnetic susceptibilities along three principal rect- 
angular axes of inductive capacity, in any given directions 
through it. The “ rigid polar magnets ” which we have hitherto 
considered are intrinsic magnets of zero susceptibility; and it 
now becomes necessary to define intrinsic magnetization for a 
substance of which the susceptibility is not zero. 

698. Def The intrinsic magnetization of a body is the re- 
sultant (§ 605) of the three intensities of magnetization found 
by cutting three infinitely thin bars from directions in it agree- 
ing with its principal inductive axes, and testing them in a 
uniform magnetic field of air by measuring the couples which 
they experience when held at right angles to the lines of force. 
Before going on with the general problem of magnetic induc- 
tion, we may consider the following particular case of it, merely 
as an illustration of this definition : — 

699. Problem , — A solid sphere of uniform material, having 
fjb, fjb, fjf' for its three principal magnetic susceptibilities, and 
possessing intrinsic magnetization of intensity i in the direc- 
tions specified with reference to the principal inductive axes 
by the direction -cosines, I, t, P, is placed in air with no dis- 
lindv in its neighbourhood : it is required to find its 
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actual magnetization. Let be the components 

of induced magnetization in the directions of the three principal 
axes ; the required magnetization will be the resultant of 

il-l fr-r (1); 

and therefore the problem is solved when f are deter- 
mined. From the footnote to § 609, it follows immediately that 
the resultant force at any point within the sphere has for its 
components, in the^ directions of the principal axes, 

- y (il - - y (il' - f). - y f') (2). 

Now — f, — f', — are the intensities of induced magnetiza- 
tion due separately to these three components of magnetizing 
force, and therefore (§610, Def. 2) 

f=/^y r = /^'y(»T-r), r=/'y(»^"-r')-(3). 


Solving these for f', we have 




3 


r= 


W.7 
3 ^ 


iTT/J," 


r=- 






1 + 


^TT/jL ’ 




1 + 


4f7rju,' ’ 




•( 4 ). 


3 " ' 3 * ' 3 

and therefore (components of the whole magnetization) 
il c-r il' 


1 + 


47r/x' 


.(5). 


XL. General Problem of Magnetic Induction. 

[March 1872 . Not hitherto published,] 

700. This problem is (§ 628) identical with the three general 
problems — electro-static induction through a heterogeneous in- 
sulating solid, — thermal or electric conduction through a hetero- 
geneous conducting solid, — and (proved below, §§ 751 759) 
the flow of a frictionless incompressible liquid through a hetero- 
geneous porous solid, 

701. Let all space be occupied with matter of given permea- 
bilities, txr, ut", along three principal inductive axes (I, m, n), 
(^VW, «'), (/", m", %"}, (§ 611 ) through any point («, y, ^). 
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there be intrinsic magnetization (a, 7 ) at (a?, z ) ; and 

let constant electric currents be maintained having u, v, w for 
components of intensity at {£c, y, z) \ subject to the condition 

(§640) + * + ^ = 0 ( 1 ), 

ax ay dz ^ ' 

Let f, 17 , f be the components of induced magnetization at 
(x, y, z)» Then w, tv', tv" (I, m, n), {l\ m\ n'), (1", m\ n"), 
a, Py % Uy V, Wy being given for every point {x, y, z)y it is re- 
quired to find r}y f. This is the general problem of magnetic 
induction. In it a, 7 are absolutely arbitrary functions of 
(Xy y, z ) ; their values being zero in any part of space destitute 
of intrinsic magnetization : and u, v, w are arbitrary functions 
of {xy y, z)y subject only to the condition ( 1 ) ; their values being 
zero throughout any portion of space through which there is no 
electric current. 


702. Let §y be the components of the resultant mag- 
netic force according to the polar definition 517, Postscript), 
calculated from the given intrinsic magnetization on the sup- 
position of no induced magnetism ; and F, G, H the components 
of the unambiguous resultant force (§ 551) calculated from the 
given electric currents. By § 545 and § 517 {m)y (n), and 
(A;), (1), we have 


dz P 


dy dz * dz 


dx 


= 0 , 


where 


— 4. 

^ dy dz) 


dx 

dy\ 


M = 0 

dy 


dH dG , 
d^-Tz=^^’ 


dy 

^ ^ 

dx dy dz 


....( 2 ), 


: ^TTVy 


dF dG , 
dx 


..( 3 ). 


dH_^_ 

dx dz dy 

Equations ( 2 ) suflSce to determine jp, ffi, from the data 
a, 7 , by expressing that they are the differential coeflScients 
of a function, and that that function is the potential of a distri- 

, . . , . (da dfi di\ 

Dution of imaginary magnetic matter having - 

for its density at (x, y, z)y which we denote by p. Similarly 
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equations (3) determine G, H by virtually expressing that 
they are the components of the resultant magnetic force due to 
the given distribution of electric currents {% v, w), and are 
therefore directly calculable from the data by the formulae 
(h) of § 517 with Ff G, //instead of X, Y, Z. 

703. Let now 

F^SyF, (4). 

The quantities F, G, H satisfy the equations 
dF dG dH ^ 

dH dG . dF dH , dG dF 

dy dz dz dx dx dy 

and these equations suffice to determine F, G, H fully, by 
virtually expressing that they are the sums of the two sets of 
components explicitly expressed in terms of the data, by the 
formulae refen^ed to in the preceding section. As we shall see 
immediately tliat He require from the data respecting intrinsic 
magnetization and electric currents nothing but the values 
of F, g, we may simply regard these quantities as express- 
ing the necessary data in this respect ; and it is important to 
remark that they are unconditionally arbitrary for every point 

y> ^). 



704. Let now the potential of the distribution of imaginary 
magnetic matter corresponding to the induced magnetism 
0 be denoted by that is to say, let be the function 
of (x, y, z) which through all space satisfies the equation 


dx^ df dz^ ^ \dx dy dz) 


( 6 ); 





We shall see immediately that our problem is reduced to the 
determination of the single function TF , and we shall have 
simple equations [§ 705 (10)] giving explicitly the required 


components of induced magnetization y, f, in terms of the 
differential coefficients of this function. 


705, Let /, F, I" denote the components of the resultant 
of£G,^,and^, the components of the resultant of 

along the principal inductive axes. We have 
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' r=r^+m'£+»'l, r=::rF-\^m'’QWH\ 

^|:x=ei+iT+rZ", 0=mI+mT+m'7, E^nl+rCV +n>T' I 

S=zaf+mg+n2, S'=r^+m'g+n'2J, ^'=V'M'^+n"Z{ 

+ I'Si' 4 1"&", g =s w5 + Z~n&+n’&'+ n'% ) 

The three principal magnetic susceptibilities (§ 629) being 

HT — 1 ■57—1 ‘ST^— 1 

477 ^ 477 ’ 477 ’ 


the component intensities of induced magnetization along the 
principal inductive axes (to be denoted, § 712 below, by 
% ^") are 


TO- — 1 


-d+Sb). 


Hence taking components along the axes of (cc, y, z), and multi- 
plying by 477 , we have 

477f=^(/+^)^ W{r^^’)v -Z-ae] 

47r7;='cr (J-f m’ + i!t" {F m'-O i(10). 

477?=®-(/-t-^)/i W{r+^')n' 


706. These three equations, together with the three equations 
by which % might, according to §§ 518, 482, 483, be 
expressed in terms of f, ?/, f, suffice to determine the six 
unknown quantities f, 77 , f, 3 f, jS; but, by ( 7 ) and ( 6 ) intro- 
ducing JT, we may eliminate those six unknown quantities, and 
obtain a single equation for the one unknown quantity 17, thus: 

d d 

— Taking ^ of the first of the three equations (10), ^ of the 

d 

second, and ^ of the third, adding and using ( 6 ) and (7), we find 

i(gr&? 4- za'S^'l' + d[vj^m+ gr^giW4- m’^V) 

dx dy dz 

l-ipll-'a'rV-w"rt) d{G--wIm~rc3^1'm!--w’'lV) ^ d{H - win - grV V - ( 

__ 4. __ 

Substituting in this for Sb" tbeir values by ( 8 ), then 

for 3 C, % by ( 7 ), and for /, F their values by ( 8 ), we 

have explicitly a linear differential equation of the second 
order with second member a known function of {so, y, 
determine the unknown function Jf» 
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707. The coefficients of ^ under the symbols 

Wz related in the ordinary symmetrical manner 
to the coefficients which appear in the quadratic function 
i [or (/Je + mi + nZ? + + m'i + n'Zf + + w"i + n"2)q (12) 

when expanded ; and it is unnecessary to write them out ex- 
plicitly. A similar remark is applicable to the coefficients of 
F, G, H under differentiation in the second member. Denot- 
ing (12) by ©, and the same function of F, G, H by Q, so that 
using again the notation of (8) for brevity, we have 

® = (13) 


and Q = ~ {uP + + ^"1"^ (14), 

— OTT 

we see at once that the differential equation (11) may be written 
short, thus — 

, fddQddQd dQ\ 

whore p + 

Equations (10), similarly written short, are as follows: — 



dQ d(Bt 
dQ d®, 
dQ d® 


-(E + X) 


19 47r^-'''‘ 


When, by the integration of (16), Hf is determined, equations 
(16) give explicitly t), f, the components of the required 


magnetization. 


708. I shall conclude with two slightly different demonstra- 
tions that, provided the permeabilities are everywhere positive, 
^ (§ 631) we believe they must be for every substance in 
nature, there is one, and only one, value of for every point 
y> d) if (15), with any given arbitrary function of (a?, y^.z) for 
Its second member, be satisfied for every point of space. The 
first demonstration, to which I now proceed, is the more con- 
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[XL. 


venient for the magnetic or (§ 700) electric subject which we 
have had hitherto under consideration ; the second will be 
added on account of convenience for the hydro-kinetic analogy. 

709. First demonstration of Determinacy and Singleness . — Let 
m; w be any three real quantities, arbitrary functions of 
(x, y, z). Consider the function 




and the triple integral 


aCO *00 fCO 

F= / 3^dxdydz. 

J —ccj — OO / —00 


.(18). 


(Compare §§ 503, 561, 206, 732, and 753—763). The function f 
is necessarily positive, except in the particular case of ^ = 3^, 
= 301', when it is zero. Eemembering that 

are linear functions of ~ , with given func- 

cix ay az 

tions of (x, y, z) for their coefficients, apply the calculus of 
variations to assign 17, so that E may be a minimum. Using 
for brevity the notation (7) of § 704, we have 

Hence, following the usual process of integration by parts, ac- 
cording to the calculus of variations, we find for the condition 
that E may be a minimum, 
d d^^ , d 


: q. -TL r -ir q. ^ ® = Q 

dxdX dyd^^dzdZ 


.(19). 


Now if we put 

3L=iW+mT+m'r, 

which imply that > . (20) 

and look to equations (18) and (8) of § 707, we see that ^ is the 
same quadratic function of X - i, |9 - jlK, 5S - i3, that (S 

is of 3E, %. Hence ^ y ^ linear functions of 

^ - JW, 5S - iS ; and if we denote by 3E the same 
quadratic function of %, JW, j® that ® is of X, & that is 
to say, if we put 




.( 21 ), 



Detetmimcy and Singleness proved. 
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we have 

® = /99X 

T^-dt d%* d§ d^ dm' d%~‘d% 

Hence (19) becomes 

dx d^ dy dz d% dx d% dy rfJUl dz * * "^ 
whichj expanded in terms of IT*, is a linear partial differential 
equation of the second order, with right-hand member a 
given function of (^, y, z). The fulfilment of this equation 
through all space is the sole condition which JT must fulfil to 
make E ^ minimum. Now it is possible to assign 17 so as to 
make E a minimum, and therefore there exists a function 17 
which satisfies equation (23) through all space. This is an 
obvious extension of Theorem 1, § 206. Demonstration 2 of 
§ 206 extended in an obvious manner proves that no function 
differing at any point from one function which satisfies (23) 
through all space, can satisfy (23) through all space. Hence 
the solution of this equation is determinate and free from all 
ambiguity or multiplicity of values. 

710. The extension of § 206, 2, gives the following useful 
theorems : — Let 17 be a function of {x, y, z) satisfying (23) 
through all space ; let A'F* be any function whatever of (x^ y, z ) ; 
let A^, AS>', ^(A) be the values of ft, ft', ft", E^ when 

Ai7 is substituted for F; and let E-\- I^E be the value of E 
when U + Kff islubstituted for 17. Then— 

Theorem L 

r r f”(?^^^yd:^(^ftAft+^'ft'Aft'+t^''ft''Aft'')=^ (24); 

j-ooj —coj —00 

proved by the ordinary integration by parts of § 199, (a), (5), 
as extended in § 206, Demonstrations 1 and 2, and now further 
extended. 

Theorem II A^= (A) (25). 

This very important theorem is an instant consequence of 
Theorem I. ' 

As E{IE) is necessarily positive, a function 17, which satisfies 
(23), has the unique characteristic that every function differing 
from it gives a larger value to E. 

711. The first member of (23) is identical with the first 
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men^ber of (15), We may make the second member of (23) 
equal to the second member of (15), by taking 

—,(/' + uT+bW+ittY), ] 
cr m I 

1 [ (26), 

-r+^(r+uY'+ W+YY') J 


where u, ti, tx> are any three quantities such that 

^ dto _ 

dxdyTz"^ 

This we see at once by remarking that 

47r ^ = 'uPSAl + etc. etc., 

dQ 

and 47r = 'srll + ■cr'I'l' + 'sr'TT, etc. etc., 

aJb 


.(27). 


(28); 


and taking account of (8) and (5). Hence §§ 709, 710, with the 
values (26) for 5Et, ?St', S", prove that there exists a function F 
satisfying the inductive equation (16) through all space; that 
this solution makes the triple integral -£^(18) a minimum ; that if 
F be a function satisfying (15), and AF any function whatever, 
F + AF substituted for F augments the value of E by the 
necessarily positive value of the triple integral found by substi- 
tuting AF for F ; and, therefore, that no function differing from 
one which satisfies (15) can also satisfy it. 

712. Preliminary to Second Demonstration of Determinacy and 
Singleness. — First, it will be convenient to put the inductive 
equations (11) and (16) into a different form, a form suitable to 
the uniform reckoning of “resultant magnetic force," accord- 
ing to the “electro-magnetic definition” (§ 517, Postscript). 
Eemembering (§§ 702, 704) that jf, ffi, and X, SS are the 
components of the resultant forces calculated separately, ac- 
cording to the polar definition, from the intrinsic and induced 
magnetizations respectively, we see [§517 (r)] that 
jF-fX-h47r(a + f), eS + ^ + 47r(0 + vh ?^ + iE + 47r(7+ 
are the components of the resultant force of intrinsic and in- 
duced magnetizations together, according to the electro-magnetic 
definition. To these we must add F, G, H U) find for the 
whole system (of inducing intrinsic magnetization and electric 
currents, and induced magnetization) the cotioponents of the 
resultant magnetic force, according to the electro-magnetic 
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definition. Calling these X, 7, Z, and taking advantage of the 
short notation (4), we have 

X=7+3f+47r(a+f), 7=g+^+47r(/3+7?), 7=^+5S+47r(7-f ?) (29). 
Take now components of forces and of magnetizations along the 
principal inductive axes. Thus we have 

^=/+^ + 4Tr(i+^), ;S'=7' + S'+47r(i'+n 5"=/" + g>"+47r(i"+ V') (30), 
where S=X li- Ym+Zn, etc , implying X=ShS'l'^S"r, etc. (31), 
etc., implying ql=AI-\-A7^-A”1'\ etc. (32), 
and ^ = fZ+??w + ?^,etc.,implyingf = etc. (83); 

and I T l'\ Jb; significance as that 

indicated in (8), § 705, above. Now by (9) we have 

47r^=(CT'-l)(r+S>'). 47r^'=(OT"-l)(/"+S>") (34). 
Hence eliminating from (30), 

^^^(j4.^)+47r^, ^'=OT'(J-S>>47rJ;>8'=ts-''(ri^'>47r^'' (35). 
Put now 

74 477^= a J' + 47r^'=0', r+4,r^=C"...(36), 


01+07 -i-C"r=F, Om+C'm'+0"m"=G, Cn+0n'+0"n"=E,) 
implying __ _ 

0=lF+mG+nE, G'=fF+mG+n'H, G"=-rF+mO+n''H] 
By (35) we have 

^J—G, = ^’'= 5 -(^"-( 38 ). 






[Compare (13) of § 707.] Substituting for S, S', 8" their values 
by (31), we have in Q a quadratic function of X, Y, Z (corre- 
sponding in the electro-magnetic formulae to the function ® 
of X, Z in the polar formulae). Now (39) becomes 
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jpminating % by the condition that + %dz 

is a complete differential, we have 


iff? i^ 

dy dZ dz dY 


“iir\dy 


dG^ d dQ 


dzP dz dX 


• ( 42 ), 


dx dZ iir\dz 

dx dY dy dZ ~ 4ir [dx dij ) ■ 

three linear partial differential equations in X, Y, Z, equivalent 
to two independent equations, because ^ of the first added to 


d 


^ of the second and ^ of the third constitutes an equation in 

which each member is identically zero. Also, by (29), (5), (7), 
and (6), we have dX , dY dZ „ . . 

(43J 


dx’^dy'^dz" 


These four, (42) and (43,) equivalent to three independent equa- 
tions, in which G, H are arbitrarily given functions of {x, y, z), 
determine fully and unambiguously the unknown X, Y, Z 
through all space, as will be proved immediately by the pro- 
mised fresh demonstration. But first it may be remarked that 
one obvious way of dealing with them leads us back to our former 
analysis, thus : — The three equations (42) simply express that 




dQ 

dZ' 




is a complete differential. Hence their most general integral is 


.dQ_j. d¥ 


, dQ ^ <W 
dY dy 




where Yf so far denotes an arbitrary function of {x, y, z). The 
first members here are merely short expressions for the linear 
functions of X, Y, Z which appear in (39) with 8, S', S" elimi- 
nated by (31). Solved for X, Y, Z, equations (44) give expres- 
sions which are the same as (29) > with f, tj, f eliminated by 
(10), and X, 5S by (7); and eliminating by them X, Y,Z 
from (43) we have an equation for JT identical with (11), which 
(§ 708) determines Yf unambiguously through all space. 

714. Second Proof of Determinateness and Singleness.— Yet 
X, K'f K" be any three arbitrarily given functions of (r, y, ^)) 
and put 




dxdydz (45) 


f r i[(My 

J-ooi- J-»87rL ^ 

[where the suffix is appended to distinguish from th6 ® of §§ 72 
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Consider the problem of finding Z, Y, Z so as to make a 
minimum, subject to (43). Denoting by \ an indeterminate 
multiplier, according to the ordinary method of the calculus of 
variations, make 


j j j dxdydz^— 


[S-K]^ (S'- KY , (^"- 


43J 


unconditionally a minimum. The resultant equations are 
dQ{S-K)^]^d\ dQjS-K) ^ 1 dx dQiS~K) 1 d\ _ 
dX 4iTrdx^ dY 4i7rdy' dZ 47r dz ^ 
where for a moment Q{S‘—K) denotes the function integrated 
in (45). If we eliminate the unknown quantity \ from these 
by differentiation, we have three linear partial differential 
equations of the second order, equivalent to two, which with 
(43) determine the unknown functions Z, F, Z. Considera- 
tions corresponding perfectly to those of §§ 206, 709, 710, show 
tliat these equations can be satisfied through all space by real 
finite functions Z, F, Z, and that they cannot be satisfied by 
any functions differing in any part of space from one set of 
three functions which satisfy them. We have also, of course, 
theorems precisely corresponding to Theorems I. and II., (24) 
and (25) of § 710. 

715. Now let = = (48). 

This, as is easily seen from (37) and (40), gives 


dQ{S-K)_ 


dX' 


2^- dQ{S~K) 
■47r ' ' dY 


_ * 7=7 


dQ{S-K) ^dQ 1^ 


-lf(49); 


dX ~dX dY ~dY^ix"' dZ ~ dZ 

and the equations obtained by eliminating \ from (47) become 
identical with (42). It is thus proved that equations (42) and 
(43) determine Z, F, Z unambiguously through all space. 
With the particular values of Z, K\ K” assumed in (48), we 
see by (38) that (45) becomes 

= f f ckdyd^(^^‘ + u’Sb'^ + ^"S>"%-(50); 

and therefore the problem of magnetic induction is reduced to 
making this configurational function a minimum, subject to the 

(43) of § 713 repeated. 


condition 


dx dy dz 


716. Going back to the first proof of determinacy and single- 
ness, and particularizing the values of S, ^ , 3^'^ of (26) by taking 
u = - (45ra H- jP), b = - (47rj3 + G), 


hj = - (47ry + Z) . . . (51) 
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w|icb in virtue of (5) satisfies (27), the sole condition obligatory 
OH' u, 6, to, we make the function ^ of (17) equal to 


Stt Vw 


cr' 


.(52), 


easily proved from (8), (32), (36), and (38). Thus we have 


p ^ r r r ,j ,7 

I / dxdyd!! _ + — + — 

OTT^ —00^ — 00 J —00 '®’ / 


•(S3), 


and the problem of magnetic induction is reduced to making 
this configurational function a minimum, subject to the con- 
dition that Xdx + -f is a complete differential, 8, S', S" 
being expressed by equations (38) and (8) in terms of % jg, 
the unknown quantities, and G, O', C" three arbitrarily given 
functions of w, y, z. 


717. A curious relation between the configurational functions 
(50) and (53) is proved thus:-— Attending to (7) and remember- 
ing that ® is a quadratic function of X, put 


dfffm ^(m\ 

Hdir die dy dz d%) 


for it in (50) and perform integrations by parts. We thus find 
or by (13) and (15) ^ 




dxdydz 


<rj: 


dxdydzVp'{5f))> 


Now taking (53) substitute in it, for S, S', S", their values 
by (38). We have immediately 


dxdydz[v!{SiH + t2r"(^"2+ C7'2)] 


ms _ 

+2J j j dxdydz 


. (56). 


For G, C'y G", taking their values by (36), and attending to 
(8), (28), and (32), we have 

vtSiC+ia'^X'+ t3r"‘6''(r = zvW'+4jr(Bi 


='^(*|+sS+2|)+4,(J.+g^+27). 
Putting in the second member for 3E, 5^ fhfeir ' values, 
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-f. etc., remembering that p = -g + | + |). and in- 
tegrating by parts as usual, we find 


dxdydz{mS&C+ m'&'C'-h 


fJX 




the last step being simply an introduction of the notation of 
(15). Using this in (56), attending to (55) and (50), and 
transposing, we find 

1 ftoo ^00 AOO 

j j dxdydz{iffCP + nT'C'^ + t;r"C’'^)...{5S). 


Compare § 569 (7), (8) ; § 717 (55), (58); § 731 (99), (100). 

718. The triple integral (58) denoted by E is of great import- 
ance, as being the expression for the whole kinetic energy in the 
hydro-kinetic analogue (Chapter XL below). On account of 
the correspondence by opposites, which I perceived some years 
ago (§§ 733 — 739, below) between the forces experienced by 
solids held at rest in a moving liquid, and the forces experienced 
by magnetized matter in the con’esponding cases of the magnetic 
analogue, I conclude that the diminution of the value of E 
produced by motion of any portion of matter, surrounded by 
space of uniform and isotropic permeability and not traversed 
by electric currents, is equal to the work required to effect the 
motion. Before proceeding to prove this proposition it is con- 
venient to notice that the triple integral may be put into 
several other forms, each having a characteristic quality suitable 
for a class of applications. 

719. These transformations will be simplified by, in the first 
place, substituting for electric currents, if there are any, distribu- 
tions of intrinsic magnetization giving the same contributions to 
the values of 8, 8\ ; which may be done in an infinite variety 

of ways, as we see by the following considerations ; — 

For every closed circuit substitute (§ 548) an open mag- 
liotic shell producing the same potential as the circuit through- 
out space, except the portion occupied by the magnetized 
substance of the shell. The resultant force of the shell, 

TP 36 



r^koned iii the magnetized substance according to the electro- 
nilBgnetic definition (§ 517, Postscript), will throughout space be 
th« same as that of the circuit. The values of 8,8' 8", will 
be everywhere unchanged if the whole magnetized substance 
thus introduced be placed in space of zero susceptibility (or 
unit permeability), and be itself of zero susceptibility. But 
this cannot be if there are circuits completely imbedded in 
matter of other than zero susceptibility; if, for instance, part 
of the given system consists of an electric circuit through 
the aperture of a soft iron ring. Hence to avoid loss of gener- 
ality we must suppose some part, if not the whole, of the 
intrinsic magnetization, which we are now introducing, to be 
placed in portions of space having in the original data, sus- 
ceptibility different from zero. The magnetizing force in these 
portions of space will be altered by the substitution of mag- 
netization for electric current, but to make the whole external 
effect the same, we have only to add in them an intrinsic mag- 
netization equal to the inductive magnetization lost by the 
change. 

720. As an illustration we may consider the familiar case of 
Ampere’s electro-dynamic solenoid (§ 505, foot-note), with a soft 
iron core; — what is commonly called a bar electro -magnet. 
First, suppose there to be no soft iron core. We may do away 
with the current and substitute a uniformly and longitudinally 
magnetized bar of steel, with flat ends, occupying the whole 
internal space of the cylinder. This will, at every external 
point, give the same resultant force as the solenoid; and its 
resultant force, according to the electro-magnetic definition, will 
throughout its substance be the same as the resultant force of 
the solenoid throughout the cylindrical space between planed 
cutting it perpendicularly through its ends. In the substance 
of the steel magnet, the resultant force, according to the polar 
definition, will (§ 479) be merely the resultant of the force 
calculable from positive and negative planes of imaginary mag- 
netic matter coincident with its two ends; and this is what 
would be the magnetizing force due to the intrinsic magnetiza- 
tion of the steel if (§ 697) we attribute magnetic susceptibility 
to its substance, without depriving it of its, intrinsic ipagnetiza- 
Jiqn* It is of very small amount except very near the ends of 
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the bar, and is, throughout the interior, opposite in direction to 
the resultant force of the solenoid. To pass then from the case 
of a bar electro-magnet with core of soft iron or other substance 
susceptible of magnetic induction, to an arrangement producing 
the same external effects with intrinsic magnetization of the 
core instead of electric currents round it ; we may first give to 
the core the intrinsic magnetization of the steel magnet we have 
just been considering, and superimpose upon this so much more 
of intrinsic magnetization as shall bring the whole magnetiza- 
tion of the core up to the resultant of the inductive magnetiza- 
tion which it has from the electric currents, and the uniform 
longitudinal magnetization which we attributed to the steel 
magnet. The core thus intrinsically magnetized and still retain- 
ing its magnetic susceptibility, will act the same upon all other 
magnets, and experience the same action from them, as the 
given electro-magnet. The same result may be also attained 
without attributing intrinsic magnetization to the core, in any 
case in which it i§ completely surrounded by matter of zero 
susceptibility; as is the case with an ordinary bar electro- 
magnet or horse-shoe electro-magnet, unless its ends be con- 
nected by an armature of soft iron or other susceptible substance 
(the substance of the electric conductor being supposed to be 
of zero-magnetic susceptibility). For in any such case the 
substance of the magnetic shells may be placed altogether 
outside the core of the electro-magnet, by hollowing them so 
that they may pass clear of the core round either end of it ; or 
some of them round one end and some round the other so as to 
enclose the core among them. Then by supposing the sub- 
stance of the shells to be of zero inductive susceptibility, we 
have a system in which the core is inductively magnetized in 
virtue of the intrinsic magnetization of the shells, to precisely 
the same degree as it was under the influence of the electric 
currents. The external resultant force is the same as that of 
the electro-magnet, being composed of a constituent due to the 
shells which is the same as that due to the electric currents, 
and a constituent due to the magnetization of the core, identical 
in the two cases, 

721. Supposing then electric currents done away with by the 
process of § 719, we may simply take the data to be;—- at any 

36-2 
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p^int (a?, y, z), intrinsic magnetization («, y), and inductive 

permeabilities tsr, w', u" along principal inductive axes (I, m, n), 
(f, m\ ri/}, (r, m", n"). Thus (35) becomes 

fif=cr{]f + iJ)+47r-4, 5"=?5r'(5'+5') + 4iri', S'' = nr'’ 01'' + Si") + irA'\ .(59), 

where I, I" denote the components along the principal 
inductive axes, of the resultant of jf, €5r, Hence for 

" in (40) we may put ^ + 47 r — ) /S', and so for the other 

■or -ST/ 

terms. Now by the elementary formula for transformation of 
rectangular components, we have 

(IE+5)-Sf+(F+S')-S"+(r+^'')-^"=(iF+^)^+(®+i)^+(?§ + 2)^' -(eO); 

and because (jp 4 - X) dx ((5r +^) dy + (|i^ 4 - jS) dz is a complete 

differential and ^ 4 -^ 4 - 0 , we have 

dx dy dz 

r r r dxdydz[(jf+x)XH&+^)YH^^z)z]^o{ei). 

J —00^ —aoJ —00 

Thus (53) becomes 

E=hf r r dxdydz(— + -^-+~) (62). 

J ^coJ —coJ —OH V 'cr / 

This is one of the transformed expressions promised in § 718. 

722. To find the others, substitute for S, S\ S" their values 
by (59); and then remarking that, by the transformation of 
rectangular components, 

(5 + 5) i + (F + 5') A' + ir + (i'+ 3^) a + (© + + (?^ + 2) 7 • (63), 

we find 

/*" /*“ (— 4irA^ 4?r4^^ 4irA ((>» 

=y j j + + — +-^ ^ 

Kemarking that (jp + X) dx + ((S + '^) dy (^+ Z) dz is a 
complete differential, put 

iF+*-S' »+a-f •••«■ 

Then integrating by parts in (64) as usual, we find 
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where [as in § 702 (2)] 
fd2 . 


\dx dy dzj 47r \ dx dy dz J 


..(67). 


Next, using in (66) the second of these expressions for p, and 
performing a set of integrations by parts ; then putting 

iP- dm .... 

and performing another set of integrations by parts, we find 
the following two formulae for E\— 

If fj\ “y'** [- (ir+ I)f - (® + i) ® - « +2) g + 16:r> ( + ^’ + ^) ] (69) 


where 




^Tr\dx dy dz / \dx dy dz. 


...(71). 


Lastly, replacing in (70) p and c by the first formula of (67) and 
the second of (71), integrating by parts, and using (68), we find 


which might have been had directly from (64) by taking the 
term Xa + + %y alone, and properly modifying the integral 

of it. Each of the three expressions (62), (64), (66), is remark- 
able as giving ^ by triple integration limited to space occupied 
by intrinsically magnetized matter : (although the integrations 
are marked as extending through all space, the evanescence 
of a, 7 , A, A', A", and p, wherever there is no intrinsic 
magnetization, limits the triple integrals to space where there 
is intrinsic magnetization). On the other hand, the expres- 
sions (70) and (70) his are remarkable as giving E by triple 
integration through space occupied by matter possessing mag- 
netization, whether intrinsically or by induction; that is to 
say, through those portions of space where there is intrinsic 
magnetization, and those portions where the permeability differs 
from unity. In (53) and (69) the integration extends generally 
through all space. 

723. Forces experienced hy matter under magnetic influence . — 
We shall still suppose, without loss of generality (§ Vl9), the 
electric currents in the given system to be done away with, and 
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q^proper distribution of induced magnetization to be substituted 
ftr them. Let 5 be a portion of matter altogether surrounded 
by space of zero susceptibility or unit permeability. The 
force and couple experienced by B, regarded as a rigid body, 
is determinable by an application of § 500, when the whole 
magnetization (intrinsic and induced) of every part of B, and 
the resultant force at every point of its volume due to magnet- 
ization elsewhere, are known ; or, vice versd^ when the magnet- 
ization of all other matter and the resultant force of B at every 
point of it, are known. 

724. I shall conclude by adapting to our present case, in 
which part of the magnetization varies in virtue of magnetic 
induction, the method of § 502 for expressing the resultant of 
magnetic force on a rigid body, in terms of variations of a 
function of its co-ordinates, which in § 503 was worked out 
for the case of intrinsic (or rigid) magnetization alone. First, 
for a moment let the induced magnetization become rigid, and let 
all the given matter become unsusceptible of magnetic induction. 
Suppose the whole magnetized substance to be divided into 
infinitely small bars lying each in the direction of the magnet- 
ization, whether intrinsic or induced, or intrinsic and induced; 
and let W denote the amount of work which would be undone 
in separating these rigidly magnetized bars to infinite distances 
from one another. By (7) of § 569 we have 

f* r dxdydzVip-^ a) (72). 

j ~oo./ —roJ —CO 


725. Let now B denote any portion of the magnetized matter 
completely surrounded by space of zero susceptibility ; and let 
A, prefixed to any function of (a:, y, z)^ or to any configurational 
function of the system, denote augmentation produced by in- 
finitesimal motion of B, the magnetization of B remaining un- 
changed (§ 72). The work required to produce this motion will 
be ATT ; and we have by (72) 

AW-if f f dadydz[VA(p+o‘)+(p--i-<r)AV].,.('^S). 

J -cdJ —CoJ —00 

Now apply Poisson’s equation 


^ ^ 
df ^ dz* 


= - 47r (p + 


or). 


(74), 
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and we find, by two steps of integration by parts, 

j I I / / dit:(i!/dxVA(p+tr)..(75), 

Hence instead of (73) we may write 

^00 r(Jt> |.00 

AW= dxdydzV A{p a) (76). 

J -00 J —ooj —00 

726. Consider now (part of the second member of this equa- 
tion) 

/*00 i.Q0 |.CO 

I docdydzYA<T. 

J — coj —ooJ -CO 

Put in it [§ 722 ( 71 )] 



and perform integrations by parts as usual. We find 

m- 

The second member of this expressed [§ 712 (83)], in terms of 
components along the principal axes of permeability, becomes 

-f"" r dxdydz(JA^+PA^'+rA^'') (79), 

J - CO J —CO J -CO 

where J, J', J" denote the 5 + ^, etc., of § 721, being the 

components of — 4^aIong these axes. We have 
, d^ dy dz 

727. Kemembering (§ 725) that A prefixed to any function 
of [x, y, z) denotes the augmentation which the function experi- 
ences when B is moved in any manner as a rigid body with its 
magnetization unchanged, while (80) expresses the actually 
varying inductive magnetization, we see that, throughout the 
volume of 

where Aj denotes augmentation produced by giving the actual 
motion to By and moving all other magnetized matter as if 
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i%idly connected with it, the axes of {ocy y, z) being held lixed. 
Bence (79) is equal to 

~htl f I - 

m:L dxdydz[{w -vivj' ~l)J'^lJ' .. . (82), 

where «r must be regarded as equal to unity through all space 
except that occuJ)ied by B, Now using the notation of § 730 
(93), we have 

dx dy dz 

and rectangular transformation gives 

TA r. r-A r, 7"a r« '^^a , ‘^^a a 

JA,J+J\J'+J A./ =^\^ + ry 

Using these in the second term of (82) and performing integra- 
tions by parts, we reduce that term to 

__ ITxJ^ + dyJ^^rzJW - 4^ + 3^i + d? j 

dx dy dz 

By (94) and (74) this becomes simply 

AOO ^00 i»CO 

/ / 1 dxdydza\V. (86), 

J -CoJ —00 i/ —00 

where cr must be regarded as zero through all space except that 
occupied by B. 

728. Now from the definitions of A and A, it follows that 

A,<r = Acr; and 

* ec 

aJ f I *Juedydzflw,y,z) = (i (87), 

J —00 J —00 J —00 

where / (a?, y, z) denotes any lunetion dependent on the 
configuration of the magnetized matter. Hence by taking 
f(Wy y^ z) = <rV we see that 

r r r dxdydzaAJ^-^r r r dxdydzVA<r...(88). 
a' —00 ./ —00*' —00 J —coJ ’•OdJ -00 

Substituting the second member of this equation for the second 

term of (82), and going back through (79) to (78); then 

transposing and halving, we find 


fjj: 


dxdydzV^ff=i^ 


dxdyii (/>A« + /'2Aar'+ /"‘A®") ■ 
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Finally, using this in (76), we find 


ATr= 


dxdydz[VAp-~^(J^Am+r*Aw'+J"^Am'')] . ( 90 ). 


729. Now to prove § 718: let B denote variation due to any 
motion of B as a rigid body, the magnetization of every portion 
of matter varying (according to its actual susceptibility) with 
the varying magnetizing force to which it is subjected. The 
work required to effect the motion of B, being infinitesimal, 
will be the same as if (according to the hypothesis of § 725) 
the actual magnetization were every where rigid. Hence if 
0 - c denote the work undone in removing B to an infinite 
distance from all other bodies possessing either intrinsic mag- 
netization or magnetic susceptibility different flora zero (that 
is to say, permeability differing from unity), and c a constant 
so far as the present variation is concerned [to be arbitrarily 
assigned later (731)], we have 

(91). 


730. Taking the variation of ( 66 ), § 722, we have 

[ f dxdydz(VSp + pBF) ,.,.(92), 

J —00 J ’'OoJ -00 

A'^ A"* 

as the term of the triple integral depending on — f- — 7 + — rr 
does not vary. Now putting 

P = + (93), 

OTT 


we have, by (15), 



As P is a quadratic function of ^ expression 
under the integral sign here is clearly a symmetrical function 

and we may write 

dx ' dy * dx * 


of 5 ^, 
ax 


dV dV , 
Ty' 

it thus 
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dp ^ dP d^v 


[XL. 


da 

JV^dP 


dy 

JV.dP 


dz 

dV, dP 1 . 


dx dy dz 


731. Taking the first triple term alone and performing inte- 
grations by parts, we have 

f f / 


, dP , dV^ dP dV^ dP 

dy^ .dV'^ dz^ ,dV 
“T~ a ' 7 - d-^ 

dx dy dz 


d dP d dP 
j dx 'dV ^ dy ’ 
\ ^Tx 


d dP 
dV^ dz 7^ 
^dy ^dz 




dxdydz V$p (96). 


Hence (92) becomes 

dxd!/dzrsp+^l" j" dxdydz [JHw + + J"Hw"] (97). 


Comparing this with (90), and remarking that, according to 
the definitions of A and S (§§ 725, 729), we have Ap-Sp, 


Atsr = Szff, A'st' = 3ar', and A®-"' = 3o-", we see that 

~3^=AF. (98), 

which proves § 718. In virtue of (98), (66), and (91) we may put 

r r dxdydzvp ( 99 ). 

J -asJ —coJ -<x> 


By § 566 we see that this implies assigning to c of § 729 a 
value equal to the work which, after B has been removed to an 
infinite distance, must be undone to divide into infinitely thin 
bars every part of the system* possessing intrinsic magnetization 
and separate these bars to infinite distances from one another ; 
their directions having been so chosen that when uninfluenced 
the magnetism of each is longitudinal. Thus we see that the 
function (B expressed by (99) is the ^'mechanical value” of the 
given magnetic system, according to the definition of § 567 
extended to include material susceptible of magnetic induction 
along with intrinsically magnetized matter. It is essentially 
positive. Were there no magnetic susceptibility in any of the 

- n flinnflh infinitely distant, if it has intrinsic magpetizatioD. 
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material concerned, it would be identical with the ffi of 
§§ 669, 670, 

By (66) we have 

+ 7+^1 -(m 

Compare § 717 (66), (58). For the particular case of zero sus- 
ceptibility (or unit permeability) throughout the system, and 
E have the same significations as in § 569 above. 

732. The expressions (62), (64), (66), (69), (70), (70) Us, for 
Ey and (99) for ffi, depend on the exclusion of electric currents 
by which (§ 721) we simplified the formula for magnetic 
induction; but as (§ 719) this simplification did not involve 
any loss of generality, it is in reality proved that the con- 
figurational function E, expressed by the formula 

2 /•« ^CO .^2 

L L ( w ^ j 

not involving the exclusion of electric currents, represents by 
its variations the forces experienced by detached portions of 
any system composed of intrinsically magnetized polar mag- 
nets, electromagnets, and inductively magnetized matter; 
thus: — The augmentation of this function produced by any 
motion of a rigid portion or portions of such a system, through 
space occupied by matter of zero susceptibility, is equal to the 
work gai^ed by permitting the motion. 

[Addition of date March 5th, 1884. The student is re- 
commended to exercise himself by going through the whole 
investigation of §§ 700—732, for the simple case of equal 
permeability in all directions. It will then be seen that the 
seeming difficulties of the investigation as given above, are 
merely mathematical complexities essential to the expression of 
the formulae concerned, when the matter is aeolotropic. 

In respect to mechanical values” of magnetic and electro- 
magnetic systems, the investigation for the case of isotropic 
matter is to be found in Article LXI. (“On the Mechanical 
Values of Distributions of Electricity, Magnetism, and Gal- 
vanism ”) of Vol. I., of my “ Mathematical and Physical Papers.” 

W. T.] 



XLL HYDEOKINETIC ANALOGY FOR THE MAGNETIC 
INFLUENCE OF AN IDEAL EXTREME DIAMAGNETIC. 


On the Forces experienced hy Solids immersed in a Moving 
Liquid, 

[From the Proceedings of the Boyal Society of Edinburgh for Feb. 1870.] 

733. Cyclic irrotational motion [V. M. § 60 {z)] once esta- 
blished through an aperture or apertures, in a moveable solid 
immersed in a liquid, continues for ever after with circulation 
or circulations unchanged, [V. M. § 60 (a)] however the solid be 
moved, or bent, and whatever influences there may be from other 
bodies. The solid, if rigid and left at rest, must clearly continue 
at rest relatively to the fluid surrounding it to an infinite dis- 
tance, provided there be no other solid within an infinite distance 
from it. But if there be any other solid or solids at rest within 
any finite distance from the first, there will be mutual forces 
between them, which, if not balanced by proper application of 
force, will cause them to move. The theory of the equilibrium 
of rigid bodies in these circumstances might be called Kinetico- 
statics; but it is in reality a branch cf physical statics simply. 
For we know of no case of true statfos in which some if not 
all of the forces are not due to motion; whether, as in the case 
of the hydrostatics of gases, thanks to Clausius and Maxwell, 
we perfectly understand the character of the motion, or, as in 
the statics of liquids and elastic solids, we only know that 

* The references [V, M. §§] are to the author’s paper on 
recently published in the Transactions of the Royal Society of Edinburgh (Iboy;, 
which contains definitions of all the new terms used in the present 
Proofs of such of the propositions now enunciated as require proof are 
be found in a continuation of that paper. [They are found in ^ bwo 
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some kind of molecular motion is essentially concerned. The 
theorems which I now propose to bring before the Koyal So- 
ciety regarding the forces experienced by bodies mutually in- 
fluencing one another through the mediation of a moving liquid, 
though they are but theorems of abstract hydrokinetics, are of 
some interest in physics as illustrating the great question of 
the 18th and 19th centuries :~Is action at a distance a reality, 
or is gravitation to be explained, as we now believe magnetic 
and electric forces must be, by action of intervening matter? 

734f. I. (Proposition.) Consider first a single fixed body with 
one or more apertures through it; as a particular example, a piece 
of straight tube open at each end. Let there be irrotational 
circulation of the fluid through one or more such apertures. It 
is readily proved [from V. M. § 63, Exam. (2.)]* that the velocity 
of the fluid at any point in the neighbourhood agrees in magni- 
tude and direction with the resultant electro-magnetic force, 
at the corresponding point in the neighbourhood of an electro- 
magnet replacing the solid, constructed according to the fol- 
lowing specification. The ^^core” on which the conductor is 
wound, is to be of any material having extreme diamagnetic 
inductive capacity f, and is to be of the same size and shape 
as the solid immersed in the fluid. The conductor is to form 
an infinitely thin layer or layers, with one circuit going round 
each aperture. The whole strength of current in each circuit 
reckoned in absolute electro-magnetic measure, is to be equal 
to the circulation of the fluid through that aperture divided by 
47r. The resultant electro-magnetic force at any point will be 
numerically equal to the resultant fluid velocity at the cor- 
responding point in the hydrokinetic system. 

735. Thus, considering, for example, the particular case of a 
straight tube open at each end, let the diameter be infinitely 
small in comparison with the length. The “circulation will 
exceed by but an infinitely small quantity the product of the 
velocity within the tube into the length. In the neighbour- 


* Or from Helmholtz’s original integration of the 
t Beal diamagnetic substances are, according to Faraday s very p 
language, relatively to lines of magnetic force, w 

The ideal substance of extreme v ■ a 

which completely ihedi qff lines of magnetic force, or which is ^rfectly imper 
VIOU3 to magnetic force [or of zero “ permeftbihty, 
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hocP of each end, at ^iistances from it great in comparison with the 
diaineter of the tube and short in comparison with the length, 
thd stream lines will be straight lines radiating from the end. 
The velocity, outwards from one end and inwards towards the 
other, will therefore be inversely as the square of the distance 
from the end. Generally at all considerable distances from the 
■ends, the distribution of fluid velocity will be the same as that 
of the magnetic force in the neighbourhood of an infinitely thin 
bar longitudinally magnetized uniformly from end to end, 

736. Merely as regards the comparison between fluid velocity 
and resultant magnetic forces, Euler's fanciful theory of magnet- 
ism (§ 578) is thus curiously illustrated. This comparison, 
which has been long known as part of the correlation between 
the mathematical theories of electricity, magnetism, conduction 
of heat, and hydrokinetics, is merely kinematical, not dynamical. 
When we pass, as we presently shall, to a strictly dynamical 
comparison relatively to the mutual force between two hard 
steel magnets, we shall find the same law of mutual action 
between two tubes, with liquid flowing through each, but with 
this remarkable difference, that the forces are opposite in the two 
cases; unlike poles attracting and like poles repelling in the 
magnetic system, while in the hydrokinetic analogue there is 
attraction between like ends and repulsion between unlike ends. 

737. II. (Proposition.) Consider two or more fixed bodies, such 
as the one described in Prop. I. [§ 734]. The mutual actions of 
two of these bodies are equal, but in opposite direction, to those 
between the corresponding electro-magnets. The particular 
instance referred to above shows us the remarkable result, that 
through fluid pressure we can have a system of mutual action, 
in which like attracts like with force varying inversely as the 
square of the distance. Thus, considering tubes open at each 
end, with fluid flowing through them, if the exit ends be placed 
in the neighbourhood of one another, and the entering ends be 
at infinite distances, the mutual forces resulting will be simply 
attractions according to this law. The lengths of the tubes on 
this supposition are infinitely great, and therefore, as is easily 
proved from the conservation of energy, the quantities flowing 
out per unit of time are but infinitesimally affected by the 
mutual influence. [When any change is allowed in the relative 
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positions of two tubes by which work is done, a diminuticm of 
kinetic energy of the fluid is produced within the tubes, and at 
88/1116 tiiii© 8/11 (lUffTnciitdtzoti of its kioGtic snorgy in tho 
external space. The former is equal to double the work donej 
the latter is equal to the work done; and so the loss of kinetic 
energy from the whole liquid is simply equal to the work 
done.] 

738. III. (Proposition.) Proposition 11. holds, even if one of 
the bodies considered be merely a solid, with or without apertures; 
if with apertures, having no circulation through them. In such 
a case as this, the corresponding magnetic system consists of a 
magnet or electro-magnet, and a merely diamagnetic body, not 
itself a magnet, but disturbing the distribution of magnetic force 
around it by its diamagnetic influence. Thus, for example, a 
spherical solid at rest in the field of motion due to a fixed body 
through apertures in which there is cyclic irrotational motion, 
will experience from fluid pressure a resultant force through 
its centre equal and opposite to that experienced by a sphere of 
infinite diamagnetic capacity, similarly situated in the neigh- 
bourhood of the , corresponding electro- magnet. Therefore, ac- 
cording to Faraday’s law for the latter, and the comparison 
asserted in Prop. I. [§ 734], it would experience a force from 
places of less towards places of greater fluid velocity, irrespectively 
of the direction of the stream lines in its neighbourhood; a 
result easily deduced from the elementary formula for fluid 
pressure in hydrokinetics. 

739. I have long ago shown [§ 646 above] that an elongated 
diamagnetic body in a uniform magnetic field tends, as tends 
an elongated ferromagnetic body, to place its length along th^ 
lines of force. Hence a long solid, pivoted on a fixed axis 
through its middle in a uniform stream of liquid, tends to place 
its length pei'pendicularly across the direction of motion; a 
known result (Thomson and Tait’s Natural Philosophy, § 335). 
Again, two globes held in a uniform stream with the line join- 
ing their centres perpendicular to the stream, require force to 
prevent them from mutually approaching one another. In the 
magnetic analogue, two spheres of diamagnetic or ferromagnetic 
inductive capacity repel one another when held in a line at 
right angles to the lines of force. A hydrokinetic result similar 
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tolthis applied to the case of two equal glphes, is to be found 
iu^homson and Tait’s Faiwral Philosophy y § 332. 

V 40 . IV. (Proposition.) If the body considered In III, § ?38 
(be an infinitely small globe ♦ and] be act6d on by force applied 
BO as always to balance the resultant of the fluid pressure, cal- 
culated for it according to 11. and III. for whatever position it 
may come to at any time, and if it be influenced, besides, by 
any other system of applied forces, superimposed on the former, 
it will move just as it would move, under the influence of the 
latter system of forces alone, were the fluid at rest, except in 
so far as compelled to move by the body's own motion through 
it. 'A particular case of this proposition was first published 
many years ago, by Professor James Thomson, on account of 
which he gave the name of " vortex of free mobility ” to the 
cyclic irrotational motion symmetrical round a straight axis. 
[Additimaly Sept. 14, 1872. — The same proposition holds for a 
globe of any dimensions, in a field of fluid motion consisting 
of circulation or circulations with infinitely fine rigid endless 
curve or curves for core, and no other rigid body in the liquid. 
Demonstration to appear in the Proceedings of the Royal Society 
of Edinburgh for 1871-2. f] 


Extrctcts from two Letters to Professor Frederick Guthrie, 
[From the Philosophical Magazine for June 1871.] 

Glasgow, Nov. 14iA, 1870. 

I HAVE to-day received the Proceedings^ of the Royal Society 
containing your paper “On Approach caused by Vibration, 
which I have read with great interest. The experiments you 
describe constitute very beautiful illustrations of the known 
theorem for fluid pressure in abstract hydrokinetics, with which 
I have been much occupied in mathematical investigations 
connected with vortex-motioil. 

741. According to this theorem, the average pressure at any 
point of an incompressible frictionless flmd* originally at rest, 

• [The propositioii ae onginallj published without limitation is ob^ously 
ialse, although that it is so 1 have 0^7 perceived to-di^.— Sept. 3, 1873.] 
t Proceedings of the Royal Society of Edinburghf 4, 1S73. 
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Jjtlt set in motion and kept in motion by solids moving to and 
fro, or whirling round in any manner, through a finite space of 
it, is equal to a constant diminished by the product of the 
density into half the squate of the velocity. This immediately 
explains the attractions demonstrated in your experiments ; 
for in each case the average square of velocity is greater 
on the side of the card nearest the tuning-fork than on the 
remote side. Hence obviously the card must be attracted by 
the fork as you have found it to be; but it is not so easy at 
first sight to perceive that the square of the average velocity 
must be greater on the surfaces of the tuning-fork next to the 
card than on the remote portions of the vibrating surface. 
Your theoretical observation, however, that the attraction must 
be mutual, is beyond doubt valid, as we may convince ourselves 
by imagining the stand which bears the tuning-fork and the 
card to be perfectly free to move through the fluid. If the 
card were, attracted towards the tuning-fork, and there were 
not an equal and opposite force on the remainder of the whole 
surface of the tuning-fork and support, the whole system would 
commence moving, and continue moving with an accelerated 
velocity in the direction of the force acting on the card — an 
impossible result. It might, indeed, be argued that this result 
is not impossible, as it might be said that the kinetic energy 
of the vibrations could gradually transform itself into kinetic 
energy of the solid mass moving through the fluid, and of the 
fluid escaping before and closing up behind the solid. But 
‘^common sense’’ almost sufiSces to put down such an argu- 
ment, and elementary mathematical theory, especially the 
theory of momentum in hydrokinetics explained in my article 
on “Vortex-motion,”* negatives it. 

742. The law of the attraction which you observed agrees per- 
fectly with the law of magnetic attraction in a certain ideal case 
which may be fully specified by the application of a principle 
explained in a short article [§ 733... 740] communicated to the 
Boyal Society of Edinburgh in February last [1870], as an abstract 
of an intended continuation of my paper on “Vortex-motion.” 
Thus, if we take as an ideal tuning-fork two globes or disks 

* Trarmctifm of the Royal Society of Edinburgh, read 29th April, 1867. 
m 37 
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fiQif)ving rapidly to-and*fro in the line joining their centres, the 
cdrresponding magnet will be a bar with poles of the same name 
as^its two ends and a double opposite pole in its middle. Again, 
the analogue of your paper disk is an equal and similar dia- 
magnetic of extreme diamagnetic inductive capacity [§ 734]. 
The mutual force between the magnetic and the diamagnetic 
will be equal and opposite to the corresponding hydrokinetic 
force at each instant. To apply the analogy, we must suppose 
the magnet to gradually vary from maximum magnetization to 
zero, then through an equal and opposite magnetization back 
through zero to the primitive magnetization, and so on periodi- 
cally. The resultant of fluid pressure on the disk is not at 
each instant equal and opposite to the magnetic force at the 
corresponding instant, but the average resultant of the fluid 
pressure is equal to the average resultant of the magnetic force. 
Inasmuch as the force on the diamagnetic is generally repul- 
sion from the magnet, however the magnet be held, and is 
unaltered in amount by the reversal of the magnetization, it 
follows that the average resultant of the fluid pressure is an 
attraction on the whole towards the tuning-fork, into whatever 
position the tuning-fork be turned relatively to it. . . . 

Nov. 23 , 1870 . 

743. . . . There are, no doubt, curiously close analogies 
between some of the circumstances of motion in contiguous 
fluids of different densities, and the distribution of magnetic 
force in a field occupied by substances of different inductive 
capacities. Thus, if in a great space occupied by frictionless 
incompressible liquid denser in some portions than in others, a 
solid be suddenly set in motion, the lines of the fluid motion 
first generated agree perfectly [compare §§ 751... 763 below] 
with the permanent lines of magnetic force in a correspond- 
ingly heterogeneous medium under the influence of a bar- 
magnet, to be substituted for the moveable solid and placed 
with its magnetic axis in the line of the solid’s motion. As to 
amounts, the fluid velocity multiplied into the density is simply 
equal to the resultant magnetic force at each point,, if the 
particular definition [the electromagnetic definition” (§517, 
PosUcript)] of the resultant magnetic force in a medium of 
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heterogeneous inductive capacity, given in the foot-note to 
[§ 516 above] § 48 of my paper on the “Mathematical Theory 
of Magnetism*” be adopted. But here the analogy ends; 
the rigidity in virtue of which a solid moveable in a fluid 
medium differing from it in magnetic inductive capacity keeps 
its form, does not exist [contrast § 751 below] in the hydro- 
kinetic analogue. . . . 


Report of an Address on the Attractions and Repulsions due to 
Vibration^ observed by Guthrie and Schellbach. 

[From the North British Daily Mail for Dec. 1^, 1870 ; and Proceedings of 
the Philosophical Society of Glasgow for Dec. 14, 1870.] 

744. The speaker began by stating that interesting papers 
had recently appeared in the Proceedings of the Royal Society 
and the Philosophical Magazine, by Professor Guthrie, in which 
some very curious hydrokirietic phenomena were described. 
From hints and suggestions in his paper, it seems that Prof. 
Guthrie connected in his own mind these phenomena with 
possibilities of explaining some of the more recondite actions 
in nature; and he (the speaker) believed that what gave the 
great charm to these investigations for Prof. Guthrie himself, 
and no doubt also for many of those who heard his expositions 
and saw his experiments, was, that the results belong to a class 
of phenomena to which we may hopefully look for discover- 
ing the mechanism of magnetic force, and possibly also the 
mechanism by which the forces of electricity and of gravity 
are transmitted. The speaker, however, did not lay any stress 
at present upon the possibility of applying these results directly 
to explain magnetism. He believed, on the contrary, that the 
true kinetic theory of magnetism (and the ultimate theory of 
magnetism is undoubtedly kinetic) [compare § 290 and § 546, 
foot-note above] involves quite a different class of motions from 
those to which the beautiful phenomena discovered by Prof. 
Guthrie are due. He rather wished to point out the close con- 
nexion that existed between the laws of some of these actions and 
the laws of magnetism, which, while involving some remark- 

* Philosophical Transactions, June 21, 1849. Published in Part I. for 1851. 
[§§ 504-528 above,] 
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atte coincidences, involves certain contrasts decisive against any 
hypothesis, such as the ingenious one [§573 above] of Euler, 
explaining magnetism by fluid motion directly comparable 
with that which forms the subject of the present communica- 
tion. 

745. One of the most brilliant steps made in philosophical 
exposition of which any instance existed in the history of science, 
was that [§ 634 foot-note, and § 643 above] in which Faraday 
stated, in three or four words, intensely full of meaning, the 
law of the magnetic attraction or repulsion experienced by 
inductively magnetized bodies. He pointed out that a small 
globe or cube of soft iron tended in a certain direction when 
free to move in the magnetic field ; while small detached frag- 
ments of inductively magnetized substances of the kind which 
he called diamagnetic, tended in the contrary direction ; and 
that the precise specification of the direction in which the 
diamagnetic tended “was from places of stronger to places of 
weaker force/' 

746. By means of diagrams, the speaker then showed the 
action of magnets upon small pieces of soft iron in various posi- 
tions, in the several cases in which the magnetic force is due 
to a bar-magnet, a horse-shoe magnet, and two bar-magnets 
placed side by side with their similar poles in the same direc- 
tion. A diagrammatic illustration of “the lines of magnetic 
force,” in the case of a bar-magnet, was also given. In the case 
of the horse-shoe magnet, it was pointed out that the small globe 
of soft iron would have a position of stable equilibrium in the 
line joining the poles, if free to move in the horizontal line 
bisecting that line at right angles ; this stable position being 
the point of greatest force. The attraction experienced would 
be towards this point ; so that if the globe were placed inside 
this point — that is to say, nearer the bend of the magnet — 
it would seem to be repelled on the whole by the mass of steel 
while moving towards the place of strongest force. In the case 
of two bar-magnets placed side by side [§ 645 above] with their 
similar poles in the same direction, it was pointed out that, for 
each pair of similar poles, there is a zero, or place of no force, 
mid-way between the two bars, and nearly in the line joining 
the ends. A globe of soft iron moveable midway between the 
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two bars is repelled, as it were, from each of the poiats of zero 
force, and finds a position of maximum force, which is one of 
stable equilibrium, on either side of either of the zeros. Fara- 
day’s law [§ 634, foot-note above] showed that the soft iron was 
attracted from places of weaker to places of stronger force, 
quite irrespectively of the directions of the lines of force and 
thus summed up a great variety of very curious and puzzling 
phenomena in one sentence. 

747. This expression is perfectly applicable to small bodies 
at rest in an irrotationally moving fluid ; with the substitution 
of “stream lines,” instead of Faraday’s “lines of magnetic force,” 
and “greater or smaller fluid velocity,” instead of “ stronger or 
weaker magnetic force.” 

748. Mathematicians were content to investigate the general 
expression of the resultant force experienced by a globe of soft 
iron in all such cases; but Faraday, without mathematics, 
divined the result of the mathematical investigation [§§ 638, 
639, and §§ 671... 681 above] ; and, what has proved of infinite 
value to the mathematicians themselves, he has given them an 
articulate language in which to expiess their results. Indeed, 
the whole language of the magnetic field and “lines of force” 

IS Faraday’s. It must be said for the mathematicians that they 
greedily accepted it, and have ever since been most zealous in 
using it to the best advantage. 

749. Suppose a tube sunk in a perfect fluid, and the fluid 
by some means set to enter the one end and flow out by the 
other, the particles of it would follow the lines of magnetic 
force. The magnetic field of force in the neighbourhood of a 
bar-magnet corresponded exactly with the straight tube taking 
water in at one end and discharging it at the other. If two 
such tubes were presented with like ends to each other, they 
attracted, but with unlike ends, they repelled, — thus acting 
differently from two magnets placed in similar relative positions. 
But, except in being precisely opposite in direction, the resul- 
tant action between the supposed tubes and that between two 
bar-magnets follows rigorously the same law, both as to magni- 
tude and as to line of action. This conclusion, and some 
others, containing the explanation of most of the experiments 
now to be shown to the Society, had been worked out mathe- 
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maSkically by the speaker, and communicated by him to the 
Royal Society of Edinburgh*. 

750. It had been found by Faraday that the lines of magnetic 
force were diverted outwards from itself by a diamagnetic -body 
placed in the field. If a body existed of extreme diamag- 
netic inductive capacity, the lines of magnetic force would pass 
altogether round it, and none of them through it. This is pre- 
cisely the phenomenon, with reference to stream lines, which is 
met with in the hydrokinetic analogue. The speaker then drew 
attention to some small egg-shells which were suspended so as 
to move freely, each in a horizontal circle. By slightly waving 
the hand in front of the egg-shells they were attracted, and the 
same phenomenon was produced by holding in their neighbour- 
hood a vibrating tuning-fork. This corresponded to the beha- 
viour of a diamagnetic in the magnetic field, only that the 
direction of the motion was opposite. By means of a very 
delicate anemometer it was shown that the phenomena were 
independent of currents of air. The speaker showed that 
in whatever position, with one exception, the fork was held, 
the attraction was produced. The magnetic analogue to this 
fork would be a nou-magnetic frame substituted for the tuning- 
fork, and bearing two small magnets laid across the end.s, with 
similar poles pointing towards each other. In this case there 
would be a zero point in the middle, between the near poles. 
The same is true of the fluid velocity in the case of the tuning- 
fork. It would repel the suspended egg-shells from the zero point; 
but the experiment was one of too great delicacy for a lecture- 
room. Some very interesting experiments upon flames had 
been made by Mr Tatlock, his assistant, which the speaker 
had much pleasure in showing to the Society. A vibrating 
fork was supported horizontally, and the flame of a candle 
brought near the vibrating ends. All that part of the flame on 
a level with the fork was repelled, and bent down in the oppo- 
site direction, as if by a current of air. On the vibration being 
stopped, the flame at once assumed its upright form. A tall 
flame, obtained from ordinary coal gas, was next brought into 


Proceedings, Royal Society, Edinburgh, Pohiuoxy 1870 [§§ 783—740, above.] 
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proximity to the vibrating fork, when the middle part of the 
flame was drawn out towards the fork, the upper and lower 
parts being repelled. In concluding, the speaker remarked, 
that it would be very wrong if he were to say that these 
experiments on the hydrokinetic analogue contained a direct 
opening up of the question of the mechanism of magnetic 
forces. They did not go any way towards explaining magnetic 
forces ; but it was impossible to look upon them without feel- 
ing that they suggested the possibility of some very simple 
dynamical explanation. 



XLIL General HydroUnetic Analogy for Induced Magnetism, 

February 1872 . [Compare § 743 above.] 

751. Imagine an infinitely fine-grained porous solid per- 
meated by a frictionless incompressible liquid. The con- 
stitution of the supposed porous material will, for brevity, 
be designated as molecular, and although we might suppose 
it to depend on perforations in all directions, apd every- 
where opening into one another all through a continuous 
rigid solid, it will generally be more convenient to imagine it 
as made up of two classes of constituents;— (1) small detached 
rigid particles or molecules, each somehow held absolutely at 
rest, unless we find it convenient to apply force to it and move 
it: (2) closed infinitely fine curves of solid matter. It will be 
convenient to suppose each molecule to be a ring (that is to 
say a solid with at least one perforation through it) ; or at all 
events to suppose a considerable proportion of the molecules 
through any finite portion of space to be annular. This sup- 
position gives the foundation (§§ 573... 583 above) for the hydro- 
kinetic analogue to a permanent polar magnet. Thus (§ 574) 
cyclic irrotational motion [“ Vortex Motion,” § 59 (/) and § 
60 (^)*] through an infinitesimal solid ring constitutes a perfect 
analogy for an infinitely small portion of a permanent polar 
magnet. Again, when the kinematic analogy for a linear closed 
current (§ 535 above) is desired, we shall suppose an infinitely fine 
closed curve, which to avoid circumlocution I shall call an ityoid 
{Proceedings, Royal Society of Edinburgh, Dec. 18, 1871)> of ^olid 
material to be placed, threading through among the inter- 
stices of the molecules and everywhere infinitely near the 
line of the electric current, but not in any case passing through 
the perforation of an annular molecule. By u.sing a temporary 
membrane drawn across such an ityoid (“ Vortex Motion,” § d2) 


* Tranmiions, Royal Society of Edinburgh, April, 1867 and Deo, 1869. 
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to generate cyclic irrotational motion, with no circulation 
through any other aperture than that of the ityoid itself, a per- 
fect hydrokinetic analogue to the electro-magnetic effect of a 
fixed linear current of constant strength is obtained. An infi- 
nite number of ityoids placed infinitely near one another, no- 
where in contact, but everywhere leaving suflScient interstices 
for the liquid to flow among them, gives the foundation for the 
hydrokinetic analogue to a solid electro-magnet (§ 535 above). 

752. Let any cylindrical or prismatic portion of the supposed 
porous solid, terminated by planes perpendicular to the cylin- 
drical surface or sides, be fixed in a tube of impermeable mate- 
rial fitting close to it all round, but leaving its ends free. This 
porous plug will constitute an obstruction, but not an absolute 
barrier, against the flow of a liquid through the tube. Imagine 
now two perfectly fitting frictionless pistons to be placed on 
the tube at any distance on the two sides of the plug, and let 
the whole space bounded by the pistons, the tube, and the im- 
permeable constituents of the porous solid, be occupied by 
frictionless incompressible liquid. Let the liquid be set in 
motion by force applied to either or both the pistons. The 
motion will be determinate in every part of the fluid according 
to the condition [Thomson and Taits Natural Philosophy,^ , 
Example (3)] that the kinetic energy is less than that of any 
other motion of the liquid consistent with the given motion of 
the pistons. If the lengths of the clear portions of tube between 
the pistons and the two ends of the obstructing plug be very 
great in comparison with the diameter of the tube, it is easily 
seen that however coarse or heterogeneous be the porous mate- 
rial, the motion of the liquid will be sensibly uniform and in 
parallel lines through all the distant parts of the tube. But if 
the porous material be infinitely fine-grained and homogeneous 
as to the average structure of all equal and similar finite por- 
tions, the motion of the liquid will be unifoim and in paiallel 
lines at all finite distances on each side of the plug. If, as an 
extreme case, the plug be a continuous solid, with an infinite 
number of infinitely fine cylindrical perforations parallel to its 
length, the velocity of the liquid through it would be uniform, 
and would be to the velocity through the clear portions of the 
tube, in the inverse ratio of the areas tiaversed, that is to say, 
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inlblie ratio of the sectional area of the clear tube to the sum of 
th| sectional areas of the perforations. The mass of the fluid 
in4he perforations at any instant, would be to the mass in an 
equal length of the clear tube, as the sectional area of the tube 
to the sum of the sectional areas of the perforations; and 
therefore the kinetic energy of the whole motion in the per- 
forations would be to the kinetic energy in an equal length of 
the clear tube, in the inverse ratio of the areas, that is to say, 
in the ratio of the whole sectional area of the tube to the sum 
of the sectional areas of the perforations. Hence, generally the 
greater the obstruction offered by a plug consisting of any kind 
of porous material, the greater will be the ratio of the kinetic 
energy of the liquid permeating through it, to that of the liquid 
moving freely in an equal length of clear tube ; and (borrowing 
the word permeability ” from Le Sage), we may say that the 
permeability of the plug is inversely as the kinetic energy of 
the liquid permeating through it, when the velocity of the fluid 
in the clear parts of the tube is given. 

753. If we were only occupied with hydrokinetics it would 
be natural to call the permeability of the clear parts of the tube 
unity. This would make unity the measure of perfect permea- 
bility, and would give always a proper fraction for the measure 
of the permeability of a porous solid. But in view of the 
magnetic analogy it is more convenient to call the permeability 
of some particular porous material unity, and to define the 
permeability of any other material as the number by which we 
must multiply the kinetic energy of the fluid permeating 
through a plug of it, to find the kinetic energy in a plug of 
equal length of the standard material fixed in the same tube. 
And further, for the magnetic analogy (compare § 732 above) it 
is convenient to attribute to the supposed liquid such a density 
that 47r times the kinetic energy of liquid permeating a solid of 
unit permeability, reckoned per unit volume of the whole space 
occupied by porous solid and liquid shall be equal to half the 
square of the ^'flux;” the word flux being borrowed from 
Fourier’s theory of the conduction of heat and adapted to the 
use we have to make of it by the following definition ; — 

754. The component flux in any direction is the whole volume 
of the liquid traversing a plane perpendicular to this direction 
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per utiit of area per unit of time. In the complicated motion of 
the. liquid through the interstices of the porous solid, the com- 
ponent velocity perpendicular to any plane may be in contrary 
directions at different points of the plane ; but in reckoning the 
flux we must take the excess (positive or negative) of the 
quantity crossing in the direction called positive above that 
which crosses in the direction called negative. By considering 
a tetrahedral portion of space (whether clear or occupied by 
porous solid) bounded by three mutually rectangular planes 
and a fourth plane cutting them all, we see immediately that 
the composition of fluxes follows the ordinary law of the com- 
position of velocities or the composition of forces ; an elemen- 
tary proposition due to Fourier. 

755. Let X, Y, Z denote, for any possible motion of the 

liquid, the components of flux at any point (x, y, z) referred to 

rectangular co-ordinates. X, Y, Z must (§ 540 above) fulfil the 

equation dX dY dZ ^ ... 



called the “equation of continuity.” 

756. In general the permeability of a porous solid may be 
supposed to be different in different directions. When it is so 
the structure is of course to be called mdotropic (Thomson and 
Tait’s Natural Philosophy, § 676; quoted above, § 604, foot- 
note). Still denoting by X, Y, Z the components of flux in 
three directions at right angles to one another, denote by Q the 
kinetic energy per unit of volume, which must be a quadratic 
function of X, Y, Z. Hence, by the ordinary analysis of quad- 
ratic functions, we see that there are three determinate direc- 
tions (I, m, n), (I', m\ n% (f, m \ n), at right angles to one 
another, to be called (according to analogy of ordinary usage) 
the principal axes of permeability, and three determinate con- 
stants OT, w, 'st" to be called the principal permeabilities, in 
terms of which we have the following expression for Q : — 

1 [{IX+mT+nZ)^ {VX+m'Y+n'ZX^i]N^±^±!!^l (2). 

757. Now let us suppose the whole of space to be occupied 
by a rigid porous solid of infinitely fine-grained texture with 
different degrees of permeability and ceolotropic quality in 
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d|0fiweni parts; and let a frictionless incompressible liquid 
inltiallj at rest fill all the interstices. In a portion M of the 
porous solid (to represent the “ inducing magnet in the mag- 
netic analogue), let some of the constituent molecules be an- 
nular, and let the apertures of some of the rings be temporarily 
closed by infinitely thin flexible and extensible membranes. 
(It is a matter of indifference whether there be other rings or 
not either in M or elsewhere.) Let impulsive pressure be 
applied to these membranes, uniform on each, but not neces- 
sarily of equal values for the different membranes; and in- 
stantly let all the membranes be dissolved. The motion of the 
fluid will be everywhere irrotational and determinate [“ Vortex 
Motion,” § 62 and § 62 (c)*], and will be of the class called 
polycyclic Vortex Motion,” § 60 (^) *], The kinetic energy of 
the whole fluid motion produced will [Thomson and Tait’s 
Natural Philosophy,^ 317 Em7nple(S)] be less than that of any 
other motion consistent with the incompressibility of the fluid, 
having the same normal component velocity at each point of the 
supposed membrane surfaces. A partial application of the same 
theorem shows that if we leave out of account the fluid motion 
within any surface S, completely enclosing M, and consider the 
normal component velocity as given at each point of this sur- 
face, the kinetic energy of the fluid motion through the rest of 
space will be less than that of any other motion with the same 
normal component velocity at each point of S. 

758. To find the analytical expression of this condition let 
jjjdxdydz denote integration through all space except that 
enclosed by S. Then X, Y, .2' must, subject to equation (1), be 
such functions of {x, y, z) as to make ffJQdxdydz a minimum. 
Hence, X denoting an indeterminate multiplier, we have 

yjjsQd^dydz + X (^ + = 0 (3). 

Applying the usual process of integration by parts to the terms 
involving X, we find 

SJfJdxdyiiX (‘ 3 ^+ = j;dS\(lSX-HniY+ niZ) 

* Tramactiom, Royal Society of Edinburgh, April 1867 and Dec. 1869. 
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wh^re jjdS denotes integration over the whole bounding surface 
of the space included in the triple integral, and Z, n are the 
direction-cosines of the normal. For the infinitely distant 
parts of the boundary the double integral vanishes, as by hypo- 
thesis there is no motion there ; and for the boundary of M 
(which is the remainder of the boundary of the space included 
in the triple integral) the double integral vanishes, because the 
condition that the normal component velocity is given over th^ 
boundary of requires that 

IhX + mS F— 0. 


Hence as Q involves only Z, F, Z, and not their differential 
coefficients, the variational equation (3) gives 

dQ __dX 

dX^dx^ dV^dy^ dZ~"dz 


These equations, with (1) and (2), §§ 755, 75C, and 

IX nZ = X .(5), 

for every point of the boundary of M, where N denotes the 
given normal component velocity, suffice to determine Z, F, Z 
for every point of space external to M, Comparing them with 
equations (43), (42), and (40) of § 713 above, we see that they are 
simply the equations of the magnetic induction through space 
external to M, due to any distribution of magnetization or of 
electric currents within M\ if ur, w , 'US ' be the three principal 
magnetic permeabilities, and (I, m, ?i), (I', m\ n), {I", m", n") the 
principal axes at any point (x, y, z) ; X, Y, Z the components 
of the resultant force at the same point according to the electro- 
magnetic definition ; and N its normal component at any 
point of a surface Mf which completely encloses the inducing 
magnet. 


759. Considering next the fluid motion within the space M, 
and its electro-magnetic analogue, we see from equations (42) 
of § 713 above, thah 

ddQ_ d^_£m 

dydZ dzdY’ dzdX dxdZ’ dx dY dy dX 


where they are ndt zero are equal to the component intensities 
of the electric flow (§ 539 above), at {x, y, z), in a determinate^ 
distribution of electric currents, which, with the magnej^, 
induced by it throughout space, produces resultant 
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flaignetic forca(X, Y, Z) at any point {x^ y, z). Suppose now any 
tuition to be given (§751 above) to solid material in space external 
toiif, or any cyclic irrotational motion of the liquid to be 
jgelierated by the aid of membranes temporarily stopping aper- 
tures of solids in the space external to M; this will alter the 
motion already existing by compounding with it the motion 
which the supposed actions external to M would produce of 
Aemselves in the liquid if given motionless. Now from (4) it 
^follows that throughout M, the values of the functions (6) 
are zero for the second supposed component of the motion. 
Hence, throughout M the functions (6) being linear functions 
of the flux components, remain unchanged in the altered motion 
of the liquid. It follows that their values through any portion 
of space, throughout which the molecular constitution of the 
solid matter is completely given, are determinable from the 
cyclic constants of the fluid motion through all the rings in this 
part of space, independently of the molecular constitution, or of 
circulations through apertures in other parts of space. From 
this, lastly, we see that if M be moved in any manner, transla- 
tionally or rotationally, with all its parts kept rigidly connected, 
and the axes of co-ordinates moving along with it, and if it be 
brought to rest in an altered position, the values of the functions 
(6) will be the same as they were before the motion. This 
motion of if as a rigid body implies, of course, motions and 
changes of molecular arrangement in the solid matter of sur- 
rounding space which are altogether arbitrary, subject only to 
the condition of making way for M 
760. The analogy may be further extended to include the re- 
sultant force experienced by the inducing magnet, or by any 
moveable solid portion of matter experiencing its inductive in- 
fluence. To do this, consider the effect of any variation of the 
solid matter concerned in the hydrokinetic analogue. First, it 
must be remarked that the effect of the change in the molecular 
distribution of the solid matter in the space M upon the motion 
of the fluid, cannot be determined from mere knowledge of the 
change which it produces in that average quality of tbe material 
which I have defined above (§ 752) as its permeability. 
without changing the permeability we may so alter the molecu- 
b^OTangement within if as to change to any we please 
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the flux of the fluid in this space, an(j[ therefore also the fluid 
mijlrtion through space external to M. Conceive, for instance, 
an infinitesimal molecular change to be produced which, 
without altering the “permeability” of the group, shall very 
much contract infinitesimal apertures through which there is 
circulation. This may be done either by altering the' shapes 
of infinitesimal molecular rings, or by bringing other molecules 
towards the apertures of rings so as to obstruct passage through 
them. The circulation through each aperture remains (“Vortex 
Motion,'’ § 59*) constant, but it is clear that the whole kinetic 
energy may be diminished as much as we please by the sup- 
posed process. 

761. Let now A denote the solid matter in any portion of 
space which may be either the whole of M or altogether external 
to ilf. Let the permeability outside of A be uniform through 
some finite space all round it. Keeping A rigid throughout, 
alter its position infinitesimally; keep the permeability un- 
changed in the space immediately contiguous with it, by forces 
applied to surrounding molecules obliged to give way to it 
during its motion; and keep all other portions of solid matter 
in external space rigidly connected with one another. The 
work done by forces applied to A and the surrounding mole- 
cules to produce their supposed motions must be equal to the 

oo .cc .(X) 

augmentation experienced by the integral 1 | / Qdxdydz. 

This is the same as the amqunt of work required to give the 
corresponding motion to the portion of matter corresponding 
to A in the magnetic analogue ; a consequence of § 731 above, 
with the consideration that both in the hydrokinetic system 

1 ^ ^ D d dQ d dQ 

and the magnetic analogue, the values ot ^ fY~ dy d^ ’ 

are (§ 759 above) not altered by the supposed change of A b 
position. 

762. The necessarily complicated character of the dynamical 
action required to produce the supposed motion of A and re- 
arrangement of the surrounding molecules disappears altogether 
in the case in which a finite shell of space contiguous with A dih'’ 


TransaciUiftf, Royal Society of Edinburgh, April 1867 and Dec.J^ 
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ind is free from solid molecules. In this case the (general- 

[) component forces required to give any infinitesimal motion 
iWiptever to A (compare § 502 above), will be simply the differen- 
tia co^efficients of Q ^with reference to the corresponding 
^ Oo-ordinates ; and the forces required to balance A in any posi- 
tion, will be equal and opposite to these forces. Hence the 
force required to balance A in this case of the hydrokinetic 
system^will be equal and opposite to the force required to bal- 
ance a rigid bod^ corresponding to A in the magnetic analogue. 
In the latter, the analogue to the space round clear of solids, 
but traversed by liquid, may [notwithstanding the different 
convention (§ 753 above) more generally adopted] be air. This 
particular convention being adopted for an instant, the magnetic 
analogue for all portions of space occupied by the “porous^ 
solid,” described in § 751 above, or by continuous finite solid 
substance, will be diamagnetic material of any permeability 
from unity (that of air) to zero (that of ideal substance of ex- 
treme diamagnetic quality). The analogue of M may be either 
a real ordinary electro-magnet consisting of an electric current, 
or distribution of currents through solid conductors of diamag- 
netic material ; or an ideal polar-magnet (§ 697 above) of dia- 
magnetic inductive quality. But it is to be remarked that % 
choosing air for the magnetic analogue of space unobstructed by 
solids in the hydrokinetic system, we exclude all ferro-magnetic 
induction from the analogy. 

763. Using now the general proposition of § 761, and making 
the proper particular suppositions regarding the moveable body 
A, we not only prove Propositions II. and III. of ^ 737, 738 
above, but extend their application to real bodies of any degrees 
of diamagnetic inductive capacity instead of the ideal bodies of 
‘'extreme” diamagnetic quality (zejo magnetic permeability) 
imagined in those propositions. 
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round is free from solid molecules. In this case the (general- 
ized) component forces required to give any infinitesimal motion 
whatever to A (compare § 502 above), will be simply the differen- 
tial co-efficients of Q ,with reference to the corresponding 
co-ordinates; and the forces required to balance A in any posi- 
tion, will be equal and opposite to these forces. Hence the 
force required to balance A in this case of the hydrokinetic 
system* will be equal and opposite to the force required to bal- 
ance a rigid bod^ corresponding to A in the magnetic analogue. 
In the latter, the analogue to the space round A^ clear of solids, 
but traversed by liquid, may [notwithstanding the different 
convention (§ 753 above) more generally adopted] be air. This 
particular convention being adopted for an instant, the magnetic 
analogue for all portions of space occupied by the “porous 
solid,” described in § 751 above, or by continuous finite solid 
substance, will be diamagnetic material of any permeability 
from unity (that of air) to zero (that of ideal substance of ex- 
treme diamagnetic quality). Tlie analogue of M may be either 
a real ordinary electro-magnet consisting of an electric current, 
or distribution of currents through solid conductors of diamag- 
netic material ; or an ideal polar-magnet (§ C97 above) of dia- 
magnetic inductive quality. But it is to be remarked that by 
choosing air for the magnetic analogue of space unobstructed by 
solids in the hydrokinetic system, we exclude all ferro-magnetic 
induction from the analogy. 

763. Using now the general proposition of § 761, and making 
the proper particular suppositions regarding the moveable body 
A, we not only prove Propositions 11. and III. of §§ 737, 738 
above, but extend their application to real bodies of any degrees 
of diamagnetic inductive capacity instead of the ideal bodies of 
extreme’' diamagnetic quality (zero magnetic permeability) 
imagined in those propositions. 
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